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Problem 1. Suppose that {Xn, n ≥ 1} is a sequence of i.i.d nonnegative random variables, that is, Xn ≥ 0

a.s. If E(X1) = ∞, show that 1
n

∑n
k=1 Xk → ∞ a.s.

Problem 2. Let µ be a probability measure on R and let φ be its characteristic function. Show that µ has

no atoms if

lim
T→∞

1

2T

∫ T

−T

e−itaφ(t) dt = 0 for all a ∈ R.

Problem 3. Let X ∈ R, E(|X|) < ∞. Let F be a sub-σ-algebra. Show that there exists a sequence

{Pn : n ≥ 1} of finite partitions of Ω such that σ(Pn) ⊆ σ(Pn+1) ⊆ F for all n ≥ 1, and

lim
n→∞

E

(∣∣∣∣∣ ∑
A∈Pn

E(X|A)1A − E(X|F)

∣∣∣∣∣
)

= 0.


