Macroscopic evolution of particle systems with random field Kac interactions^∗

Mustapha Mourragui,^1 Enza Orlandi,^2 Ellen Saada^3

Abstract. We consider a lattice gas interacting via a Kac interaction J_γ (|x−y|) of range γ^{−1}, γ > 0, x, y ∈ ZZ^d and under the influence of an external random field given by independent bounded random variables with a translation invariant distribution. We study the evolution of the system through a conservative dynamics, i.e. particles jump to nearest neighbor empty sites, with rates satisfying a detailed balance condition with respect to the equilibrium measure. We prove that rescaling space as γ^{−1} and time as γ^{−2}, in the limit γ → 0, for dimension d ≥ 3, the macroscopic density profile ρ satisfies, a.s. with respect to the random field, a nonlinear integral differential equation, with a diffusion matrix determined by the statistical properties of the external random field. The result holds for all values of the density, also in the presence of phase segregation, and the equation is in the form of the flux gradient for the energy functional.

1 Introduction

We consider a d-dimensional particle system interacting via a two-body Kac potential and an external random field given by independent bounded random variables with a translation invariant distribution, and look for its macroscopic behavior. Problems where a stochastic contribution is added to the energy of the system naturally arise in condensed matter physics, where the presence of impurities causes the microscopic structure to vary from point to point. Some of the vast literature on these topics may be seen by consulting the references [BMT], [OS], [FGK]. Equilibrium statistical properties of spin systems with random magnetic field have been intensively investigated, e.g. [AW], [BK], [FFS] and [I]. A review of some developments in the theory of the Ising model in random field is given in [N].

Kac potentials J_γ are two-body interactions with range γ^{−1} and strength γ^d, where γ is a dimensionless scaling parameter. When γ → 0, i.e. very long range compared with the interparticle distance, the strength of the interaction becomes very weak, but in such a way that the total interaction between one particle and all the others is finite. Kac potentials were introduced in [KUH], and then generalized in [LP], to present a rigorous derivation of the van der Waals theory of a gas-liquid phase transition. Since then several papers appeared on the subject, and recent ones studied spin systems with Kac potential for γ small but finite. We mention only [COP], [Bo], [CP], [LMP]; [COP1], [COPV] are devoted to random field Kac models, in dimension d = 1. Time evolution of the macroscopic profile in particle systems interacting via long range Kac potentials were investigated either for conservative dynamics [LOP], [GL], [GLM], [MM] or for non conservative ones [DOPT]. For reviews concerning these models, see [Be], [GLP], [P].

Given β and θ positive parameters we consider the formal Hamiltonian H^{β,α}_γ (η) = − β 2 ∑ x,y∈ZZ^d J_γ (x − y)η(x)η(y) − θ ∑ x∈ZZ^d α(x)η(x), (1.1) ∗ work supported by the CNR-CNRS agreement no. 11421, MURST/Cofin 01-02 /02-03, University of Rouen. 1 LMRS, UMR 6085, Université de Rouen, 76821 Mont-Saint-Aignan cedex, France. Mustapha.Mourragui@univ-rouen.fr 2 Dipartimento di Matematica, Universitá di Roma Tre, L.go S.Murialdo 1, 00156 Roma, Italy. orlandi@matrm3.mat.uniroma3.it 3 CNRS, LMRS, UMR 6085, Université de Rouen, 76821 Mont-Saint-Aignan cedex, France. Ellen.Saada@univ-rouen.fr

Key Words : Kawasaki dynamics, random environment, Kac potential, nongradient system 2000 Mathematics Subject Classification : 60K35, 82C22

where η = (η(x), x ∈ ZZ^d), η(x) ∈ {0, 1}; η(x) = 1 if there is a particle at site x and η(x) = 0 if site x is empty. The external random field α = (α(x), x ∈ ZZ^d) is a collection of independent bounded random variables with translation invariant distribution.

Given the Hamiltonian (1.1), one can construct in a standard way, see [Li], [Sp], an evolution conserving the total number of particles, the so-called Kawasaki dynamics, which can be described as follows. Particles attempt to jump to nearest neighbor sites at rates depending on the energy difference before and after the exchange, provided the nearest neighbor target sites are empty; attempted jumps to occupied sites are suppressed. The rates are chosen in such a way that the system satisfies a detailed balance condition with respect to a family of Gibbs measures, parametrized by the so-called chemical potential λ ∈ IR, for some fixed temperature T , with β and θ fixed, and for γ finite. We are interested in the influence of the random field and the Kac type interaction on the transport properties of such a system, in particular on the rate of bulk diffusion. The relevant features of the system are the absence of translation invariance, for a given disorder configuration, and the non validity of the gradient condition. We will come back to this point later.

Transport properties for Kawasaki dynamics with β = 0 and θ = 1 in (1.1) have been studied by A. Faggionato in her thesis [F] and by A. Faggionato and F. Martinelli in [FM]. They proved that under diffusive scaling and in dimension d ≥ 3, the system has a hydrodynamic limit and gave a variational formula for the bulk diffusion. The diffusion matrix turns out to be a nonlinear function of the density, continuous in the open interval (0, 1); it is determined by the temperature T , always assumed constant and therefore omitted in the notation, and by the statistical properties of the external random field. Given the presence of both the random field and the exclusion rule, to obtain an hydrodynamic limit was not at all obvious. In the absence of the exclusion rule the rate of bulk diffusion is the result of diffusive scaling of a single particle moving with reversible rates in the random field. If the exclusion rules are present but the field is constant the bulk diffusion turns out to be independent of the density of particles. However when the random field and the exclusion rules are present, one obtains a nonlinear dependence of the bulk diffusion on the density. The case of a periodic field in one dimension had been solved exactly [W], in this case the bulk diffusion is constant, it does not depend on the density.

Same model as in [F] and [FM] was considered in [Q] in which results about a hydrodynamic behavior of the model in all dimensions were announced but not proved.

The equilibrium statistical picture of systems with Hamiltonian (1.1) with both β and θ different from zero and J_γ positive presents an interplay between the ferromagnetic properties of the interaction and the randomness of the external field, [AW], [BK]. To understand whether some of these aspects could be detected in studying the particles evolution, in this paper we look for the macroscopic behavior of such a system. It turns out that in the diffusive scaling regime we are analyzing the system (γ → 0 with space and time scaling γ^{−1} and γ^{−2}), the equilibrium statistical properties of the full model described by the Hamiltonian (1.1) are not relevant. There, the only relevant properties are those of the local part of the Hamiltonian, i.e the one corresponding to β = 0 in (1.1). Namely the non linear partial integral differential equation we obtain for the density profile of the particle system, see (2.24), depends only through the diffusion matrix on the equilibrium statistical properties of the local part of the Hamiltonian (1.1). This has been already observed in some other special cases, see [BL], [GL], [GLM], [MM]. A key ingredient in our analysis is that the dynamics with β ≠ 0 is in fact a weak perturbation of the one with β ≡ 0. This can be seen both at the levels of rates and current, see (3.8) and (4.6).

We note that if we consider a hydrodynamic space scale ϵ^{−1} much larger than γ^{−1}, say ϵ = γ^δ, δ > 1, then the diffusion matrix will depend on the equilibrium statistical properties of the full Hamiltonian (1.1). Results in this direction, for a particular system, have been shown in [R] for all choices of initial densities and for systems under only Kac type interaction, i.e corresponding to θ = 0 in (1.1), in [LOP] and [G] for initial densities restricted to a special region of phase diagram, the so called spinodal region.

To be more precise, we study the Kawasaki dynamics in a torus of diameter γ^{−1}. We rescale space as γ^{−1} and time as γ^{−2}. In the limit γ → 0 we show that in dimension d ≥ 3, the empirical densities converge, almost surely with respect to the random field, to the solution of a partial integral differential equation, see Section 2. The diffusion coefficient depends on the statistical properties but not on the realizations of the random field. To establish the hydrodynamic limit we need to prove some version of Fick’s law, namely to replace the microscopic current (i.e the difference between the rate at which a particle jumps from site x to site y and the rate at which a particle jumps from y to x, x and y being nearest neighbors), by the gradient of the density field multiplied by the diffusion coefficient. The system turns out to be of the so-called nongradient type. Roughly speaking, the gradient condition says that the microscopic current is already the gradient of a function of the density field. The method developed by S.R.S. Varadhan ([V], see also [Q1], [VY], [KL]) for nongradient systems is to replace the microscopic current by a gradient plus a fluctuation term. However, in the presence of the random field, such a decomposition does not hold microscopically, because the fluctuations of the gradient of the density field arising from the random field are large. In [F] and [FM] this problem has been solved by introducing a mesoscopic scale such that the gradients could be considered over sufficiently large mesoscopic distances to reduce stochastic fluctuations by the central limit theorem.

The limit equation they obtained for the evolution of the density field is a nonlinear second order partial differential equation with diffusion coefficient continuous with respect to the density field. To derive the limit equation for the model with β ≠ 0 and θ ≠ 0, we use the results of [F] and [FM], and take into account that the invariant measures for the unperturbed dynamics are not invariant for the dynamics with β ≠ 0. This fact induces the presence of a new term, which is crucial in order to recognize that the limiting equation has the form of the gradient flux for an energy functional. The limiting equation for the density profile of our system is the non linear partial integral equation ∂ρ ∂t = ∇ · ( σ(ρ)∇ δG δρ ) , (1.2)

where the energy functional G(ρ) is of the form G(ρ) = ∫ drg_0(ρ(r)) − β 2 ∫ ∫ J(r − r^′)ρ(r)ρ(r^′ )drdr^′, (1.3) g_0 being the (strictly convex) free energy density and σ(ρ) the conductivity, or mobility, (see [Sp], Part 2, Section 2) of the system with only short range interaction, i.e. corresponding to β ≡ 0 in (1.1). The free energy density g_0 is given by g_0(ρ) = ρλ_0(ρ) − p_0(λ_0(ρ)),

where p_0(λ) = IE [ log ( 1 + e^{(λ+θα(0))} )] , IE stands for expectation with respect to the disorder, and, for any given ρ ∈ [0, 1], λ_0(ρ) satisfies

ρ = dp_0 dλ (λ_0(ρ)) = IE [ e^{(λ0(ρ)+θα(0))} 1 + e^{(λ0(ρ)+θα(0))} ] . (1.4)

To simplify notation we write λ_0 instead of λ_0(ρ), if no confusion arises. We derive (1.2) under some mild regularity property on J, therefore (1.2) holds even if the functional G has minimizers having non constant density profiles. In this case phase segregation could occur; see [GL1], [A], [CCO] for results on existence, properties and qualitative behavior of solutions of equations of type (1.2) with functional (1.3) in the presence of phase segregation. In [GL2] solutions corresponding to interface dynamics are considered.

Since we study the evolution of the system at fixed temperature we assume that the latter has been absorbed into (1.1). To relate (1.2) with equation (2.24), recall that, in a regime of linear response, the diffusion matrix is linked to the mobility via the Einstein-relation, see [Sp], D(ρ) = σ(ρ)(χ(ρ))^{−1}, where χ(ρ) is the static compressibility

χ(ρ) = [λ^′_0(ρ)]^{−1} = IE [ e^{(λ0(ρ)+θα(0))} ( 1 + e^{(λ0 (ρ)+θα(0))}

)_2 ] . (1.5)

The variational characterization derived for D(ρ) in [F] and [FM] is reported in (2.20).

In section 2 we introduce the model and state the main result, the macroscopic behavior of the system. In section 3, after explaining the strategy of proof, we obtain some basic estimates. In section 4, we derive the hydrodynamic limit equation.

2 The model and the main results

Let the scaling parameter γ ∈ (0, 1) be such that γ^{−1} ∈ IN. We denote by Λ the d-dimensional torus of diameter 1, by Λ_γ ≡ ZZ^d/γ^{−1}ZZ^d the discrete torus, and by |V | the cardinality of any finite non empty subset V ⊂ ZZ^d.

For a fixed A > 0, let Ω_D = [−A, A]^{ZZ d} be the set of disorder configurations on ZZ^d. On Ω_D we define a product, translation invariant probability measure IP . We denote by IE the expectation with respect to IP , and by α ≡ (α(x), x ∈ ZZ^d), α(x) ∈ [−A, A], a disorder configuration in Ω_D. They represent external magnetic fields acting on the particles. A configuration α ∈ Ω_D induces in a natural way a disorder configuration α_γ on Λ_γ , by identifying a cube centered at the origin of side γ^{−1} (γ^{−1} odd and integer) with the torus Λ_γ . By a slight abuse of notation whenever in the following we refer to a disorder configuration either on Λ_γ or on ZZ^d we denote it by α.

We denote by S_γ ≡ {0, +1}^{Λγ} and S ≡ {0, +1}^{ZZd} the configuration spaces, both equipped with the product topology. We denote by η a configuration, either in S_γ or in S.

Given a realization α ∈ Ω_D of the magnetic field, for β and θ positive parameters, the Hamiltonian will be (1.1) restricted to the torus Λ_γ , namely a real-valued function defined on S_γ as the sum of two terms

H^{β,α}_γ (η) = βH_γ (η) + θH^α_s (η) , (2.1)

where H^α_s is the local, one body interaction,

H^α_s (η) = − ∑ x∈Λ_γ α(x)η(x) (2.2)

and H_γ is the long range Kac interaction,

H_γ (η) = − 1 2 ∑ (x,y)∈Λ_γ ×Λ_γ J_γ (x − y)η(x)η(y) . (2.3)

The pair interaction J_γ (x − y), the so-called Kac potential, is such that J_γ (x − y) ≡ γ^dJ(γ(x − y)) for J ∈ C^2(Λ, IR) with J(r) = J(−r) (symmetry).

We denote by μ^{β,α,λ}_γ the grand canonical Gibbs measure on S_γ associated to the Hamiltonian (2.1) with chemical potential λ ∈ IR μ^{β,α,λ}_γ (η) = 1 Z^{β,α,λ} γ exp{−H^{β,α}_γ (η) + λ ∑ x∈Λ_γ η(x)} , η ∈ S_γ , (2.4)

where Z^{β,α,λ}_γ is the normalization factor, so that μ^{β,α,λ}_γ is a probability measure on S_γ . When β = 0, μ^{0,α,λ}_γ becomes a random Bernoulli product measure, that we denote by μ^{α,λ}_γ (η) ≡ μ^{0,α,λ}_γ (η) = 1 Z^{0,α,λ}_γ exp{−θH^α_s (η) + λ ∑ x∈Λ_γ η(x)} , η ∈ S_γ . (2.5)

If λ = 0, we simply write μ^α_γ . Similarly, for α ∈ Ω_D, λ ∈ IR, μ^{α,λ} is the corresponding random product measure on the infinite product space S, and when λ = 0, we denote it by μ^α. Moreover, for a probability measure μ and a bounded function f, both defined on S or S_γ , we denote by E^μ(f) the expectation of f with respect to μ, and by P^μ the corresponding probability.

The potential λ, sometimes called annealed chemical potential, can be adjusted to the average density ρ of particles as follows. For ρ ∈ [0, 1], the function λ_0(ρ) is determined by (cf. (1.4))

IE [∫ η(x)dμ^{α,λ0 (ρ)}(η) ] = IE [ e^{θα(x)+λ0(ρ)} 1 + e^{θα(x)+λ0(ρ)} ] = ρ . (2.6)

The disordered Kawasaki dynamics with parameter β ≥ 0 is the Markov process on S_γ defined through its infinitesimal generator L^{β,α}_γ , acting on functions f : S_γ → IR as ( L^{β,α}_γ f ) (η) = ∑ e∈E ∑ x∈Λ_γ C^{β,α}_γ (x, x + e; η)(∇_{x,x+e}f)(η) , (2.7)

where E = {e_1, . . . , e_d} is the canonical basis of IR^d and e a generic element of E. For x, y ∈ Λ_γ , η ∈ S_γ , (∇_{x,y}f)(η) = f(η^{x,y}) − f(η), where η^{x,y} is the configuration obtained from η by interchanging the values at x and y:

η^{x,y}(z) = η(x) if z = y η(y) if z = x η(z) otherwise.

(2.8)

The rate C^{β,α}_γ is given by C^{β,α}_γ (x, y; η) = Φ { (∇_{x,y}H^{β,α}_γ )(η) } . (2.9)

Here Φ ∈ C^2(IR, (0, ∞)) satisfies^∗ Φ(0) = 1 and the detailed balance condition

Φ(E) = exp(−E)Φ(−E) . (2.10)

This is equivalent to the existence of a function ψ ∈ C^2(IR, (0, ∞)) such that

Φ(E) = exp(−E/2)ψ(E), ψ(E) = ψ(−E), ψ(0) = 1 . (2.11)

∗ The case Φ(0) ∈ (0, ∞) can be recovered by a time change.

Notice that C^{β,α}_γ (x, y; η) has the following properties:

a) detailed balance condition, see (2.10) or (2.11); b) positivity and boundedness: there exists a > 0 such that a^{−1} ≤ C^{β,α}_γ (x, y; η) ≤ a (2.12) c) translation invariance C^{β,α}_γ (x, y; η) = C^{β,τz α}_γ (x − z, y − z; τ_zη) = τ_z C^{β,α}_γ (x − z, y − z; η) (2.13) where for z in ZZ^d, τ_z denotes the space shift by z units on S × Ω_D defined for all η ∈ S, α ∈ Ω_D and g : S × Ω_D → IR by

(τ_zη)(x) = η(x + z), (τ_zα)(x) = α(x + z), (τ_z g)(η, α) = g(τ_z η, τ_z α) . (2.14)

For each λ ∈ IR, the generator L^{β,α}_γ is self-adjoint in L^2(μ^{β,α,λ}_γ ) (cf. (2.4)). We could alternatively have fixed the number of particles, and got a density ρ ∈ [0, (|Λ_γ |)^{−1}, · · · , 1]. Then the generator L^{β,α}_γ is self-adjoint in L^2(ν^{β,α}_{ρ,Λγ} ) for the canonical measure

ν^{β,α}_{ρ,Λγ} (η) = 1 Z^{β,α}γ exp{−H^{β,α}(η)}1I_{∑_{x∈Λγ η(x)=ρ|Λγ |}} , η ∈ S_γ , (2.15)

with Z^{β,α}_γ the corresponding normalization factor.

We shall denote the generator of the Markov process associated to the Hamiltonian θH^α_s , i.e. with β = 0, see (2.2), by L^α_γ ( L^α_γ f ) (η) = ∑ e∈E ∑ x∈Λ_γ C^α(x, x + e; η)(∇_{x,x+e}f)(η) , (2.16)

where f is a function on S_γ , and C^α(x, y; η) = Φ {θ(∇_{x,y}H^α_s )(η)} . (2.17) The rate C^α(x, y; η) satisfies properties (2.10), (2.12) and (2.13). We call the process with generator L^α_γ the Disordered Lattice Gas process (DLG) or the unperturbed process, to distinguish from the process generated by L^{β,α}_γ to which we refer as the perturbed process. The DLG process for θ = 1 is the one considered in [F] and [FM]. The invariant measures for the DLG process are, for λ ∈ IR, the random product measures μ^{α,λ}_γ defined in (2.5), or alternatively, for ρ ∈ [0, |Λ_γ|^{−1}, · · · , 1], the canonical measures obtained by setting β = 0 in (2.15), ν^α_{ρ,Λγ} (η) ≡ ν^{0,α}_{ρ,Λγ} (η) , η ∈ S_γ . (2.18) Same way, the operator L^α_γ is selfadjoint in L^2(μ^{α,λ}_γ ), or alternatively in L^2(ν^α_{ρ,Λγ} ).

Our goal is to establish a law of large numbers for the density field, starting from a sequence of measures on S_γ associated to some initial density profile ρ_0. We show that for almost any disorder configuration α ∈ Ω_D, the density field converges, as γ decreases to 0, to the unique weak solution of a non-linear integral parabolic equation with initial condition ρ_0. In order to write this equation we introduce some notation, and define, after [F] and [FM] the diffusion coefficient of the integral parabolic equation. For g ∈ IG, where

IG ≡ {g : S × Ω_D → IR; local and bounded } , (2.19)

Γ_g (η) = ∑ x∈ZZ^d ( τ_xg ) (η, α) is a formal expression, but the difference (∇_{0,e}Γ_g )(η) = Γ_g (η^{0,e})−Γ_g (η) for e ∈ E makes sense. Recall that a function g : S × Ω_D → IR is local if the support Δ_g of g, i.e. the smallest subset of ZZ^d such that g depends only on {(η(x), α(x)); x ∈ Δ_g }, is finite; g is bounded if sup_η sup_α |g(η, α)| < ∞. For each ρ ∈ (0, 1), let D(ρ) = {D_{i,j} (ρ), 1 ≤ i, j ≤ d} be the symmetric matrix defined, for every a ∈ IR^d, by the variational formula

(a, D(ρ)a) = 1 2χ(ρ) inf_{g∈IG} d∑ i=1 IE [ E^{μα,λ0 (ρ)} ( C^α(0, e_i; η) { a_i∇_{0,ei} η(0) + (∇_{0,ei} Γ_g )(η) }_2)] , (2.20)

where λ_0(ρ) is defined in (2.6) and χ(ρ) is the static compressibility, see (1.5), given by

χ(ρ) = IE [∫ η(0)^2dμ^{α,λ0(ρ)}(η) − (∫ η(0)dμ^{α,λ0 (ρ)}(η) )_2] = ρ(1 − ρ) . (2.21)

In [FM], Theorem 2.1, for d ≥ 3 and ρ ∈ (0, 1), the existence of the symmetric diffusion matrix defined in (2.20) has been proved. Moreover, the coefficients D_{i,j} (·) are nonlinear continuous functions of ρ ∈ (0, 1), and there exists a positive constant C, depending on dimension and bounds on the random field, such that

C^{−1}1I ≤ D(ρ) ≤ C1I , ρ ∈ (0, 1) , (2.22)

where 1I is the d × d identity matrix. The upper bound is an immediate consequence of (2.20); the lower bound is more delicate. In the sequel we assume that the diffusion matrix D(·) can be continuously extended to the closed interval [0, 1]. In [FM], subsection 4.8, the derivation of the hydrodynamic limit in the case when D(ρ) does not have a continuous extension is explained, requiring further hypotheses to be satisfied. Continuity of D(ρ) in d ≥ 2 is not enough to prove uniqueness of weak solutions of the hydrodynamic equation. To guarantee this uniqueness, we shall assume below that the diffusion coefficient is Lipschitz continuous in ρ. This assumption together with the uniform ellipticity bounds, see (2.22), guaranties the existence of Lipshitz continuous solutions of (2.24), see [VY]. The Lipshitz continuous property for D(·) has not been proved for the DLG model. To prove regularity properties for the diffusion matrix, duality methods have been introduced; we refer to [LOV1], [LOV2] and references therein. For a discussion of the relation between the variational formula (2.20) and the classical Green-Kubo formula, see [Sp], part ll, Section 2.2.

We are now ready to state the main result. Fix a positive time T . For a measure μ_γ on S_γ , denote by P^{β,α}_{μγ} the probability measure on the path space D([0, T ], S_γ ) corresponding to the Markov process (η_t)_{t∈[0,T ]} with generator γ^{−2}L^{β,α}_γ starting from μ_γ , and by E^{β,α}_{μγ} the expectation with respect to P^{β,α}_{μγ} . For t ∈ [0, T ], η ∈ S_γ , let the empirical measure π^γ_t be defined by

π^γ_t (r) ≡ π^γ (r; η_t) = γ^d ∑ x∈Λ_γ η_t(x) δ_{γx}(r) , r ∈ Λ , (2.23)

where δ_u(·) is the Dirac measure on Λ concentrated on u. Since η(x) ∈ {0, 1}, relation (2.23) induces from P^{β,α}_{μγ} a distribution Q^{β,α}_{μγ} of (π^γ_t (r); r ∈ Λ, t ∈ [0, T ]) on the Skorohod space D([0, T ], M_1(Λ)), where M_1(Λ) is the space of nonnegative measures on Λ with total mass bounded by 1, equipped with the weak topology induced through duality by C(Λ), the continuous real functions from Λ to IR, according to < π, U > = ∫ Λ G(r)π(dr) . The space M_1(Λ) is compact under the topology of weak convergence. As γ → 0 we expect the distributions (Q^{β,α}_{μγ} )_{γ≥0} of the empirical measures to converge to the Dirac measure concentrated on the trajectories ρ(t, r).

Theorem 2.1 Let d ≥ 3, (β, θ) ∈ IR^2_+ and assume that D(ρ) defined in (2.20) can be continuously extended to the closed interval [0, 1]. Consider a sequence of probability measures μ_γ on S_γ associated to the initial profile ρ_0 in the following sense:

lim_{γ→0} μ_γ { | | ⟨π^γ_0 , G⟩ − ∫ G(u)ρ_0(u) du | | | > δ } = 0 for every continuous function G : Λ → IR and every δ > 0. Then, for almost any disorder configuration α ∈ Ω_D, the sequence of probability measures (Q^{β,α}_{μγ} )_{γ≥0} is tight and all its limit points Q^∗ are concentrated on absolutely continuous paths whose densities ρ ∈ C([0, T ], M_1(Λ)) are the weak solutions of the equation

∂_tρ = d∑ k,m=1 ∂_k { D_{k,m}(ρ) { ∂_mρ − βχ(ρ) ( ∂_mJ ∗ ρ )}} , ρ(0, ·) = ρ_0(·)

(2.24)

with χ(ρ) given in (2.21), satisfying ∫_T 0 ds ( ∫ Λ ‖∇ρ(s, u)‖^2du )] < ∞ ,

where ‖ · ‖ is the euclidean norm. Moreover if the diffusion matrix D(·) is locally Lipschitz continuous for ρ ∈ (0, 1), then (Q^{β,α}_{μγ} )_{γ≥0} converges in the limit γ → 0 to Q^∗. This limit point is concentrated on the unique weak solution of equation (2.24).

Through the text J, β, θ, Φ, and A (the bound on α(x)) will be kept fixed. We therefore avoid to write explicitly the dependence on these quantities. The proof of Theorem 2.1 is given through several steps in the next sections.

3. Strategy of proof and basic estimates

3.1. The steps to prove theorem 2.1

Following [GPV] we divide the proof of the hydrodynamic behavior (i.e. of Theorem 2.1) in three steps: tightness of the measures (Q^{β,α}_{μγ} )_{γ≥0}, which enables to work with a weak limit Q^∗ of Q^{β,α}_{μγ} , as γ → 0, an energy estimate to provide some regularity for functions in the support of Q^∗, and identification of the support of Q^∗ as weak solution of (2.24). We then refer to [KL], Chapter IV, that presents arguments, by now standard, to deduce the hydrodynamic behavior of the empirical measures from the preceding results and the uniqueness of the weak solution to equation (2.24).

Proposition 3.1 (Tightness) For almost any disorder configuration α ∈ Ω_D, the sequence (Q^{β,α}_{μγ} )_{γ≥0} is tight and all its limit points Q^∗ are concentrated on absolutely continuous paths π(t, du) = ρ(t, u)du whose density ρ is positive and bounded above by 1 : Q^∗ { π : π(t, du) = ρ(t, u)du } = 1 , Q^∗ { π : 0 ≤ ρ(t, u) ≤ 1 } = 1 . (3.1)

This proof is sketched in subsection 3.3.

We then show that Q^∗ is supported on densities ρ that satisfy (2.24) in the weak sense. For ℓ ∈ IN denote by η^ℓ(x) the average density of η in a cube of width 2ℓ + 1 centered in x ∈ Λ_γ , namely

η^ℓ(x) = 1 (2ℓ + 1)^d ∑ y:|y−x|≤ℓ η(y). (3.2)

For a function G on Λ, e ∈ E, ∂^γ_e G denotes the discrete (space) derivative in the direction e ( ∂^γ_e G ) (γx) = γ^{−1}[G(γ(x + e)) − G(γx)] (3.3)

with ∂^γ_k G as a short notation for ∂^γ_{ek} G for 1 ≤ k ≤ d, and ⋆ denotes the discrete convolution (J ⋆ η)(x) ≡ (J ⋆ π^γ )(γx; η) = γ^d ∑ z∈Λ_γ J(γ(x − z))η(z) . (3.4)

Proposition 3.2 (Identification of the limit equation) Let d ≥ 3 and assume that D(ρ) defined in (2.20) can be continuously extended in [0, 1]. Then, for almost any disorder configuration α ∈ Ω_D, any function G in C^{1,2}([0, T ] × Λ) and any δ > 0, we have

lim sup c→0 lim sup a→0 lim sup γ→0 P^{β,α}_{μγ} (| B^{G,γ}_{a,c} | | ≥ δ) = 0, (3.5)

where

B^{G,γ}_{a,c} = γ^d ∑ x∈Λ_γ G(T, γx)η_T (x) − γ^d ∑ x∈Λ_γ G(0, γx)η_0(x) − γ^d ∑ x∈Λ_γ ∫_T 0 ∂_sG(s, γx)η_s(x)ds

+ ∑ 1≤k,m≤d ∫_T 0 dsγ^{d−1} ∑ x∈Λ_γ ( ∂^γ_k G ) (s, γx) { D_{k,m} ( η^{[aγ−1]} s (x) )

× { (2c)^{−1} [ η^{[aγ−1]} s (x + cγ^{−1}e_m) − η^{[aγ−1]}_s (x − cγ^{−1}e_m) ] − βγχ ( η^{[aγ−1]} s (x) ) ((∂^γ_mJ) ⋆ π^γ_s ) (γx; η) }} (3.6)

χ(·) is defined in (2.21) and P^{β,α}_{μγ} is the probability measure on the path space D([0, T ], S_γ) corresponding to the Markov process (η_t)_{t∈[0,T ]} with generator γ^{−2}L^{β,α}_γ starting from μ_γ .

This result is proved in section 4.

The last statement is an energy estimate needed, together with the assumption that the diffusion matrix is locally Lipschitz continuous, to prove uniqueness of the weak solutions. It states that for almost any disorder configuration α ∈ Ω_D, every limit point Q^∗ of the sequence (Q^{β,α}_{μγ} )_{γ≥0} is concentrated on paths whose densities ρ satisfy the following energy estimate.

Proposition 3.3 (Energy estimate) Let d ≥ 3 and assume that D(ρ) defined in (2.20) can be continuously extended in [0, 1]. For almost any disorder configuration α ∈ Ω_D, let Q^∗ be a limit point of the sequence (Q^{β,α}_{μγ} )_{γ≥0}. Then, E^{Q∗} [ ∫ T 0 ds ( ∫ Λ ‖∇ρ(s, u)‖^2du )] < ∞ , (3.7) where ‖ · ‖ is the euclidean norm in IR^d.

3.2. Basic estimates

In this section we derive some results we need later on. In the first lemma, we show that the jump rates of L^{β,α}_γ are a perturbation of the ones of L^α_γ . This will enable us to transform non equilibrium estimates with respect to the perturbed process into equilibrium estimates for the unperturbed process (see Remark 3.8).

Lemma 3.4 For every Φ as in (2.10), J as in (2.3), x ∈ Λ_γ , e ∈ E, η ∈ S_γ , for all α ∈ Ω_D C^{β,α}_γ (x, x + e; η) − C^α(x, x + e; η) = γβΦ^′(θ[∇_{x,x+e}H^α_s ](η))[η(x + e) − η(x)] ( (∂^γ_e J) ⋆ η ) (x) + γ^2R_2(x, x + e)(η)

(3.8)

with sup_{e∈E} sup_{x∈Λγ} sup_{η∈Sγ} |R_2(x, x + e)(η)| ≤ C (3.9)

for a positive constant C ≡ C(β, θ, A, J, Φ).

Proof. We have [∇_{x,x+e}H^α_s ](η) = (η(x + e) − η(x))(α(x + e) − α(x)) (3.10) [∇_{x,x+e}H_γ ](η) = −γ(η(x + e) − η(x)) {( (∂^γ_e J) ⋆ η ) (x) − γ^d(∂^γ_e J)(0) } (3.11)

so that a Taylor expansion to the second order of the function Φ yields the result. We write (cf. (2.9), (2.17))

C^{β,α}_γ (x, x + e; η) − C^α(x, x + e; η) = γR_1(x, x + e)(η) + γ^2R_2(x, x + e)(η) (3.12)

with |R_1(x, x + e)(η)| = |βΦ^′(θ[∇_{x,x+e}H^α_s ](η))[η(x + e) − η(x)] ( (∂^γ_e J) ⋆ η ) (x)| ≤ C_1 . (3.13)

Similar analysis holds for the second term of (3.12) obtaining |R_2(x, x + e)(η)| ≤ C (3.14) for C_1 and C positive constants depending on A (the bound on α(x)), β, θ, C(J) = 2 sup_{1≤i≤d,u∈Λ} |∂_iJ(u)|, and Φ (via sup_{u∈[−2θA,2θA]} |Φ^′(u)| and sup_{u∈[−2θA−βC(J),2θA+βC(J)]} |Φ^{′′}(u)|). Notice that as a consequence we recover here that the jump rates are bounded.

In the following, we avoid to write explicitly the terms of order γ^2, by replacing them with O_u(γ^2), which should be understood in the standard sense of O(γ^2), but uniformly with respect to the disorder α, and either to configurations η or to the history of the process.

We start by adapting to our dynamics some arguments used in non gradient methods. We first recall the definitions of the entropy and the Dirichlet form associated to the generator of a Markov process. Recall from section 2 that for a realization α and a density ρ the Gibbs measure μ^{α,λ0(ρ)}γ is Bernoulli product. For a probability measure μ on S_γ , denote by H(μ|μ^{α,λ0 (ρ)}_γ ) the relative entropy of μ with respect to μ^{α,λ0 (ρ)}_γ :

H(μ|μ^{α,λ0 (ρ)} γ ) = sup_f { ∫ f(η)μ(dη) − log ∫ e^{f (η)}μ^{α,λ0(ρ)} γ (dη) } .

In this formula the supremum is carried over all bounded functions on S_γ . Since μ^{α,λ0(ρ)}γ gives a positive probability to each configuration, μ is absolutely continuous with respect to μ^{α,λ0 (ρ)}_γ and we have an explicit formula for the entropy: H(μ|μ^{α,λ0 (ρ)} γ ) = ∫ log { dμ dμ^{α,λ0 (ρ)} γ } dμ . Moreover, since there is at most one particle per site, there exists a constant C_0 ≡ C_0(θ, A) such that H(μ|μ^{α,λ0 (ρ)} γ ) ≤ C_0γ^{−d} (3.15)

for all probability measures μ on S_γ (cf. comments following Remark V.5.6 in [KL]).

For f ∈ L^2(μ^{α,λ}_γ ) denote by D^α(f) the Dirichlet form associated to the operator L^α_γ

D^α(f) = − ∫ S_γ f(η)L^α_γ f(η)dμ^{α,λ}_γ (η) . (3.16)

Denote by S = [L^{β,α}_γ + (L^{β,α}_γ )^∗]/2 the symmetric part of the operator L^{β,α}_γ in L^2(μ^{α,λ}_γ ). Then (see [KL], Appendix 1 ), − ∫ S_γ f(η)Sf(η)dμ^{α,λ}_γ (η) = − ∫ S_γ f(η)L^{β,α}_γ f(η)dμ^{α,λ}_γ (η) ≥ 0 . By abuse of notation we thus denote D^{β,α}(f) = − ∫ S_γ f(η)L^{β,α}_γ f(η)dμ^{α,λ}_γ (η) .

The first application of Lemma 3.4 is a bound on D^{β,α}(f) by the Dirichlet form D^α of the DLG dynamics.

Lemma 3.5 For any β > 0 and α ∈ Ω_D, there exists a positive constant C^′_0 ≡ C^′_0(J, β, θ, A) such that for any f ∈ L^2 ( μ^{α,λ0}_γ ) and for any M > 0,

−D^{β,α} ( f ) ≤ − (1 − M) D^α ( f ) + C^′_0 γ^{2−d} M ‖f‖^2_{L2(μ}α,λ_{γ )} . (3.17)

Proof. By (3.12),

D^α(f) − D^{β,α}(f) = ∑ e∈E ∑ x∈Λ_γ ∫ f(η)(∇_{x,x+e}f)(η)[γR_1(x, x + e)(η) + γ^2R_2(x, x + e)(η)]dμ^{α,λ0}_γ (η) . (3.18)

By the elementary inequality 2uv ≤ Bu^2 + B^{−1}v^2 which holds for any B > 0 and by (3.13), we obtain ∫ f(∇_{x,x+e}f)γR_1(x, x + e)dμ^{α,λ0}_γ ≤ M 4a ∫ (∇_{x,x+e}f)^2dμ^{α,λ0}_γ + aγ^2 M ∫ (R_1(x, x + e))^2f^2dμ^{α,λ0}_γ ≤ M 4 ∫ C^α_γ (x, x + e; η) [ f(η^{x,x+e}) − f(η) ]_2 dμ^{α,λ0}_γ (η) + aγ^2 M C^2_1 ‖f‖^2_{L2(μ}α,λ_{0γ )},

(3.19) where we choose B = M(2a)^{−1}, for an arbitrary M > 0, and a comes from (2.12). Taking into account

(3.14) we deal similarly with the second term of the integral in the r.h.s. of (3.18). Combining the previous

estimates with (3.18) we obtain D^α(f) − D^{β,α}(f) ≤ M 2 ∑ e∈E ∑ x∈Λ_γ ∫ C^α(x, x + e; η) [ f(η^{x,x+e}) − f(η) ]_2 dμ^{α,λ0}_γ (η)

+ a dγ^{2−d} M { C^2_1 + γ^2C^2 } ‖f‖^2_{L2(μ}α,λ_{0γ )}. (3.20)

Since L^α is selfadjoint in L^2(μ^{α,λ}_γ )

D^α(f) = 1 2 ∑ e∈E ∑ x∈Λ_γ ∫ C^α(x, x + e; η) [ f(η^{x,x+e}) − f(η) ]_2 dμ^{α,λ0}_γ (η). (3.21)

We then obtain from (3.20) that

−D^{β,α}(f) ≤ (M − 1)D^α ( f ) + a dγ^{2−d} M { C^2_1 + γ^2C^2 } ‖f‖^2_{L2(μ}α,λ_{0γ )}

Since γ < 1 we obtain (3.17) by setting C^′_0 = ad { C^2_1 + C^2 } . The next lemma transforms nonequilibrium exponential estimates for the perturbed process into eigenvalue

problems for L^α_γ using Lemma 3.5 and the Feynman-Kac formula. For α ∈ Ω_D, B > 0 and for a bounded

function X^γ : IR^+ × S_γ × Ω_D → IR define Γ ( s, X^γ + Bγ^{−2}L^α_γ ) = sup spec_{L2(μ}α,λ_{0γ )} { X^γ ( s, ·, α ) + Bγ^{−2}L^α_γ }

≡ sup {‖f ‖_{L1(μα,λ0γ )} =1,f ≥0} {∫ X^γ (s, η, α)f(η)dμ^{α,λ0}_γ (η) − Bγ^{−2}D^α (√ f )} . (3.22)

Lemma 3.6 For any positive constants B and M < 1, for any bounded function X^γ : IR^+ × S_γ × Ω_D → IR

twice continuously differentiable in its first variable, such that for some C̃ > 0, sup_{t,η,α} ( |∂_tX^γ ( t, η, α ) | + |∂^2_t X^γ ( t, η, α ) | ) < C̃, we have for any T > 0, α ∈ Ω_D,

log E^{β,α}_{μα,λ0γ} [ exp { Bγ^{−d} ∫_T 0 X^γ ( s, η_s, α ) ds }]

≤ ∫_T 0 Γ_μα,λ_{0γ} ( s, Bγ^{−d}X^γ + γ^{−2}(1 − M)L^α_γ ) ds + C^′_0 γ^{−d} M T ,

where C^′_0 is the constant introduced in Lemma 3.5.

Proof. Fix T > 0. For η ∈ S_γ , let

V (η, T ) = E^{β,α}_η [ exp { Bγ^{−d} ∫_T 0 X^γ ( s, η_s, α ) ds }] , (3.23) where E^{β,α}_η denotes the expectation with respect to the process generated by L^{β,α}_γ starting from the Dirac measure δ_η . By Feynman-Kac formula (cf. Appendix 1, section 7 in [KL]), V is the stochastic representation at time T of the solution of equation { ∂_su(η, s) = γ^{−2}L^{β,α}_γ u(η, s) + Bγ^{−d}X^γ (T − s, η, α)u(η, s) , u(η, 0) ≡ 1. (3.24)

To simplify notation we set F (T − s, η) = Bγ^{−d}X^γ (T − s, η, α). Multiplying (3.24) by u, integrating w.r.t. μ^{α,λ0}_γ and applying (3.17) we obtain (cf. [VY], lemma 3.7) ∂_s ( 1 2 ∫ u^2(η, s)dμ^{α,λ0}_γ (η) )

= ∫ u(η, s) ( γ^{−2}L^{β,α}_γ u(η, s) + F (s, η)u(η, s) ) dμ^{α,λ0}_γ (η)

≤ sup f ∈L^2(μ^{α,λ0}_γ ) { ∫ f [ F (T − s, ·) + γ^{−2}(1 − M)L^α_γ ] fdμ^{α,λ0}_γ ∫ f^2dμ^{α,λ0}_γ } ∫ u^2(η, s)dμ^{α,λ0}_γ (η)

+ C^′_0 γ^{−d} M ∫ u^2(η, s)dμ^{α,λ0}_γ (η) = [ Γ ( T − s, F + γ^{−2}(1 − M)L^α_γ ) + C^′_0 γ^{−d} M ] ∫ u^2(η, s)dμ^{α,λ0}_γ (η) ,

(3.25)

This implies that ∂_s ( 1 2 Log ∫ u^2(η, s)dμ^{α,λ0}_γ (η) ) ≤ Γ ( T − s, F + γ^{−2}(1 − M)L^α_γ ) + C^′_0 γ^{−d} M and then, since u(., 0) ≡ 1 Log ∫ u(η, T )dμ^{α,λ0}_γ (η) ≤ 1 2 Log ∫ u^2(η, T )dμ^{α,λ0}_γ (η) ≤ ∫_T 0 Γ ( T − s, F + γ^{−2}(1 − M)L^α_γ ) ds + C^′_0 γ^{−d} M T

= ∫_T 0 Γ ( u, F + γ^{−2}(1 − M)L^α_γ ) du + C^′_0 γ^{−d} M T This together with the representation (3.23) concludes the proof of the Lemma.

Next lemma is an important consequence of the previous one, and we will repeatedly use it in the following.

Lemma 3.7 Under hypotheses of Lemma 3.6, for any positive constants B and M < 1, we have

lim sup γ→0 E^{β,α}_{μγ} [| | ∫_T 0 X^γ (s, η_s, α)ds | | | ]

≤ ( lim sup γ→0 ∫_T 0 Γ ( s, X^γ + B(1 − M)γ^{d−2}L^α_γ ) ds )

∨ ( lim sup γ→0 ∫_T 0 Γ ( s, −X^γ + B(1 − M)γ^{d−2}L^α_γ ) ds )

+ B ( C_0 + C^′_0M^{−1}T ) ,

(3.26) where C_0, C^′_0 are the constants introduced in (3.15) and Lemma 3.5.

Proof. Using (3.15) and the entropy inequality we obtain that

E^{β,α}_{μγ} [| | ∫_T 0 X^γ (s, η_s, α)ds | | | ] ≤ C_0B + Bγ^d log E^{β,α}_{μα,λ0γ} [ exp { B^{−1}γ^{−d} | | | ∫_T 0 X^γ ( s, η_s, α ) ds | | | }] (3.27)

for all B > 0. Since e^{|x|} ≤ e^x + e^{−x} and

lim sup γ→0 { γ^d log(a_γ + b_γ ) } ≤ { lim sup γ→0 (γ^d log a_γ ) } ∨ { lim sup γ→0 (γ^d log b_γ ) }

applying Lemma 3.6 we obtain (3.26).

Remark 3.8 . Note that if for any K > 0

lim sup γ→0 ∫_T 0 Γ ( s, ±X^γ + Kγ^{d−2}L^α_γ ) ds = 0 (3.28)

then, from Lemma 3.7, letting first γ → 0 then B → 0 we obtain

lim sup γ→0 E^{β,α}_{μγ} [| | ∫_T 0 X^γ (s, η_s, α)ds | | | ] = 0.

This remark allows us to state the replacement lemma for the perturbed process. For any local function g(η, α), for η ∈ S_γ and α ∈ Ω_D, for ρ ∈ [0, 1], λ_0(ρ) chosen according to (1.4), define ~g(ρ) ≡ IE [ E^{μα,λ0 (ρ)} γ [g] ] (3.29)

Lemma 3.9 (Replacement lemma for the L^{β,α} process) Let g(η, α) be a local function on S_γ × Ω_D . For any fixed b > 0 let

B_{bγ}−1 (η, α) = | | | | | 1 (2bγ^{−1} + 1)^d ∑ |y|≤bγ^{−1} [ τ_yg(η, α) − g̃(η^{[bγ−1]}(0)) ] | | | | | (3.30)

Then, for any δ > 0, IP a.s.

lim sup b→0 lim sup γ→0 P^{β,α}_{μγ} ∫_T 0 { γ^d ∑ x∈Λ_γ τ_xB_{bγ}−1 (η_s, α) } ds ≥ δ = 0 . (3.31)

Proof. Taking into account Remark 3.8, it is enough to show that for any positive K

lim sup b→0 lim sup γ→0 sup spec_{L2(μ}α,λ_{0γ )}{γ^d ∑ x∈Λ_γ τ_xB_{bγ}−1 (η, α) + KL^α_γ } = 0 .

This has been shown in [F], subsection 1.13, and [FM], proposition A.9; the proof relies on the one and

two blocks estimates. Thanks to the ergodicity of the random field α and the subadditivity properties of

sup spec, the [GPV] techniques can be adapted to the random case, see also [K], [CX].

We conclude this subsection with a computation used in the next section to identify the limit equation.

Recall the definition of ψ given in (2.11). Denote by κ(.) the function κ(E) = e^{−E/2}ψ^′(E).

Lemma 3.10 For any f : S_γ → IR ∫ κ ( θ[∇_{x,y}H^α_s ](η) ) f(η)dμ^{α,λ0}_γ (η) = − ∫ κ ( θ[∇_{x,y}H^α_s ](η) ) f(η^{x,y})dμ^{α,λ0}_γ (η) .

Proof. By the explicit formula (2.5) for the measure μ^{α,λ0}_γ and by a change of variables we obtain ∫ κ ( θ[∇_{x,y}H^α_s ](η) ) f(η)dμ^{α,λ0}_γ (η) = 1 Z^{α,λ0}_γ ∑ η∈S_γ e^{− θ2 [∇x,y Hαs ](η)}ψ^′ ( θ[∇_{x,y}H^α_s ](η) ) f(η)e^{−θHαs (η)}e^{λ0} ∑ x∈Λγ η(x)

= 1 Z^{α,λ0}γ ∑ η∈S_γ e^{− θ2 [Hαs (ηx,y )+Hαs (η)]}ψ^′ ( θ[∇_{x,y}H^α_s ](η) ) f(η)e^{λ0} ∑ x∈Λγ η(x)

= 1 Z^{α,λ0}_γ ∑ η∈S_γ e^{− θ2 [Hαs (ηx,y )+Hαs (η)]}ψ^′ ( − θ[∇_{x,y}H^α_s ](η) ) f(η^{x,y})e^{λ0} ∑ x∈Λγ η(x)

= 1 Z^{α,λ0}γ ∑ η∈S_γ e^{− θ2 [∇x,y Hαs ](η)}ψ^′ ( − θ[∇_{x,y}H^α_s (η)] ) f(η^{x,y})e^{−θHαs (η)}e^{λ0} ∑ x∈Λγ η(x)

= − ∫ κ ( θ[∇_{x,y}H^α_s ](η) ) f(η^{x,y})dμ^{α,λ0}_γ (η) ,

where we have used that ψ is odd so that ψ^′(−E) = −ψ^′(E).

Corollary 3.11 For any f, g : S_γ → IR ∫ Φ^′ ( θ[∇_{x,y}H^α_s ] )( ∇_{x,y}f) ( ∇_{x,y}g)dμ^{α,λ0}_γ = − 1 2 ∫ Φ ( θ[∇_{x,y}H^α_s ] )( ∇_{x,y}f) ( ∇_{x,y}g)dμ^{α,λ0}_γ .

Proof. By (2.11), Φ^′(E) = −(Φ(E)/2) + κ(E), so that we have ∫ Φ^′ ( θ[∇_{x,y}H^α_s ] )( ∇_{x,y}f) ( ∇_{x,y}g)dμ^{α,λ0}_γ = − 1 2 ∫ Φ ( θ[∇_{x,y}H^α_s ] )( ∇_{x,y}f) ( ∇_{x,y}g)dμ^{α,λ0}_γ + ∫ κ ( θ[∇_{x,y}H^α_s ] )( ∇_{x,y}f) ( ∇_{x,y}g)dμ^{α,λ0}_γ .

The second term of the right hand side is equal to 0, because the function ( ∇_{x,y}f) ( ∇_{x,y}g) is invariant under

the transformation η → η^{x,y}, and by Lemma 3.10.

3.3. Tightness and energy estimate

Proof of proposition 3.1. Tightness can be proven either by using, as in [KL], the Garcia-Rodemich- Rumsey inequality or by adapting to our model the exponential martingale argument used in [VY]. Lemma 4.1 in [VY] depends only on the uniform boundedness of the jump rates and can be easily extended to our model. Lemma 4.2 in [VY], in which the equilibrium measure plays a role, can be adapted applying first next lemma, then Lemma 3.7.

Lemma 3.12 Let f : S_γ × Ω_D → IR. For any disorder configuration α, any v ∈ IR and any 0 ≤ s ≤ t ≤ T , we have E^{β,α}_μ [ v ( f(η_t, α) − f(η_s, α) )] ≤ C_0B + Bγ^d log E^{β,α}_{μα,λ0γ} [ exp { B^{−1}γ^{−d}v ( f(η_{t−s}, α) − f(η_0, α) )}]

for any initial measure μ and B > 0, where C_0 is the constant introduced in (3.15).

Proof. Denote by ( S^{β,α}_γ (t) ) t∈[0,T ] the semigroup associated to the generator γ

−2L^{β,α}_γ . We have E^{β,α}_μ [ v ( f(η_t, α) − f(η_s, α) )] = E^{β,α}_{Sβ,αγ (s)μ} [ v ( f(η_{t−s}, α) − f(η_0, α) )] . We conclude by the entropy inequality, as in (3.27).

The limit points Q^∗ are actually concentrated on functions in C([0, T ], M_1(Λ)), since every jump produces a discontinuity of order O_u(γ^d). Furthermore, since there is at most one particle per site, for any continuous function G : Λ → IR, the quantity | < π^γ_t , G > | is IP −a.s. bounded by γ^d ∑ x∈Λ_γ |G(γx)| that converges to ∫ Λ |G(r)|dr as γ → 0. All limit points Q^∗ of the sequence (Q^{β,α}_{μγ} )_{γ≥0} are thus concentrated on paths such that sup_{t∈[0,T ]} | < π_t, G > | ≤ ∫ Λ |G(r)|dr. The trajectories are therefore absolutely continuous with respect to the Lebesgue measure: (3.1) is satisfied.

Proof of proposition 3.3. It is the same as in [FM], (3.2), Lemma 3.1, section 4.7. However, the first step of the latter proof requires an application of the Feynman Kac formula, for which we have to replace for our dynamics (4.49) by Lemma 3.7, Remark 3.8.

4. Identification of the limit

We prove in this section Proposition 3.2. Let Q^∗ be a limit point of the sequence (Q^{β,α}_{μγ} )_{γ≥0} and assume, without loss of generality, that Q^{β,α}_{μγ} converges to Q^∗.

Fix a function G in C^{1,2}([0, T ] × Λ). For any α ∈ Ω_D consider the P^{β,α}_{μγ} martingales with respect to the natural filtration associated with (η_t)_{t∈[0,T ]}, M^G_t ≡ M^{G,γ,β,α}_t and N^G_t ≡ N^{G,γ,β,α}_t , t ∈ [0, T ], defined by

M^G_t = < π^γ_t , G_t > − < π^γ_0 , G_0 > − ∫_t 0 ( < π^γ_s , ∂_sG_s > +γ^{−2}L^{β,α}_γ < π^γ_s , G_s > ) ds , N^G_t = ( M^G_t )_2

− ∫_t 0 { γ^{−2}L^{β,α}_γ ( < π^γ_s , G_s > )_2 − 2 < π^γ_s , G_s > γ^{−2}L^{β,α}_γ < π^γ_s , G_s > } ds , where π^γ_s is the empirical measure at time s, see (2.23). A computation of the integral term of N^G_t shows that the expectation of the quadratic variation of M^G_t vanishes as γ ↓ 0. Therefore, by Doob’s inequality, for every δ > 0, lim_{γ→0} P^{β,α}_{μγ} [ sup 0≤t≤T |M^G_t | > δ ] = 0 . (4.1)

Thanks to (2.13), a summation by parts permits to rewrite the integral term of M^G_t as ∫_t 0 < π^γ_s , ∂_sG_s > ds + ∫_t 0 { γ^{d−1} d∑ k=1 ∑ x∈Λ_γ ( ∂^γ_k G_s ) (γx)J^{γ,β,α}_{x,x+ek} (η_s) } ds , (4.2)

where J^{γ,β,α}_{x,x+ek} (η) is the current over the bond (x, x + e_k) : J^{γ,β,α}_{x,x+ek} (η) ≡ J^{β,α}_{x,x+ek} = C^{β,α}_γ (x, x + e_k; η) [ η(x) − η(x + e_k) ] . (4.3)

We will often omit to write the dependence of J^{γ,β,α}_{x,x+ek} (η) on γ and η. We split the current as J^{β,α}_{x,x+ek} = J^α_{x,x+ek} + [ J^{β,α}_{x,x+ek} − J^α_{x,x+ek} ] , (4.4)

where J^α_{x,x+ek} = C^α(x, x + e_k; η) [ η(x) − η(x + e_k) ] (4.5)

is the current of the DLG process, i.e the one generated by L^α_γ . By Lemma 3.4, J^{β,α}_{x,x+ek} − J^α_{x,x+ek} = − βγΦ^′ ( θ ( ∇_{x,x+ek} H^α_s ) (η) )( η(x) − η(x + e_k) )_2( (∂^γ_e J) ⋆ η ) (x) + O_u(γ^2) .

(4.6)

In the decomposition (4.4) the non gradient difficulties come from the first term J^α_{x,x+ek} , for which we will follow the techniques developed in [F] and [FM]. For the remaining term, considerations in the spirit of [GLM] and [MM] apply. Having in mind (3.6), set, for 0 < a < 1, 0 < c < 1, k = 1, . . . , d, VV^{γ,c,a}_k (η, α) = J^{β,α}_{0,ek} + d∑ m=1 D_{k,m} ( η^{[aγ−1]}(0) ) { (2c)^{−1} [ η^{[aγ−1]}(cγ^{−1}e_m) − η^{[aγ−1]}(−cγ^{−1}e_m) ]

−βγχ ( η^{[aγ−1]}(0) ) ((∂^γ_mJ) ⋆ π^γ ) (0; η) } . (4.7)

Next theorem is the main step in the proof of Proposition 3.2.

Theorem 4.1 Let d ≥ 3 and assume that D(ρ) defined in (2.20) can be continuously extended in [0, 1]. Then, for almost any disorder configuration α ∈ Ω_D, for any G ∈ C^{1,2}([0, T ] × Λ),

lim sup c→0 lim sup a→0 lim sup γ→0 E^{β,α}_{μγ} [ | |γ^{d−1} ∫_T 0 ∑ x∈Λ_γ G_s(γx)τ_xVV^{γ,c,a}_k (η_s, α) ds | | ] = 0 (4.8)

for k = 1, . . . , d. By a summation by parts, Theorem 4.1 allows to conclude the proof of Proposition 3.2. Details can be found in [KL], section VII.1.

Before proving Theorem 4.1 we introduce some notation and recall some tools of non gradient methods. We refer mainly to [F], [FM], see also [V], [VY] and [KL], section VII. Given α ∈ Ω_D, denote by L^α ≡ L^{0,α} the pregenerator of the DLG process in infinite volume (cf. (2.16)),

(L^αf) (η) = ∑ e∈E ∑ x∈ZZ^d C^α(x, x + e; η)(∇_{x,x+e}f)(η) , (4.9) where f is a local function on S. We refer to [Li] for the construction of the process in the infinite volume setting, and we recall that for every λ ∈ IR, L^α can be extended to a self-adjoint operator on L^2(μ^{α,λ}). For a finite non empty subset V of ZZ^d, ρ ∈ [0, |V |^{−1}, . . . , 1] and α ∈ Ω_D, the canonical measure ν^α_{ρ,V} is defined as in (2.18), with Λ_γ replaced by V . We denote by M^α(V ) the set of all canonical measures as ρ varies in [0, |V |^{−1}, . . . , 1], and by ν^α a generic element of M^α(V ). Let G ⊂ IG, see (2.19), be the space of bounded cylinder functions h for which there exists a finite non empty set V ⊂ ZZ^d such that the support of h(·, α) is contained in V and, for any given disorder configuration α ∈ Ω_D, all canonical expectations on V are null: G = { h ∈ IG ; support of {h(·, α)} ⊂ V and ∀α ∈ Ω_D , ∀ν^α ∈ M^α(V ), E^{να} [h(·, α)] = 0 } . (4.10)

Given a positive density 0 < ρ < 1, f and g in G, define

V_ρ(h, g) = lim_{ℓ→∞}(2ℓ)^{−d}IE [ E^{μα,λ0 (ρ)} ( ∑ |x|≤ℓ− √ ℓ τ_xh , ( −L^α_{0,ℓ} )_{−1} ∑ |x|≤ℓ− √ ℓ τ_xg )] , (4.11)

where L^α_{0,ℓ} is obtained from L^α by restricting jumps to the cube Λ_{0,ℓ}. In the extreme densities cases ρ = 0 or ρ = 1, i.e. when the measure is concentrated on configurations η = 0 or η = 1 in Λ_{0,ℓ}, for any ℓ ∈ ZZ, set V_ρ(h, g) = 0. It has been shown in [F] and [FM], Theorem 7.2, that the above limit exists and is finite. Moreover V_ρ(·, ·) defines a semi-inner product on G. When h = g we write V_ρ(h) in place of V_ρ(h, h).

We consider the orthogonal decomposition of G, endowed with the semi-inner product V_ρ, along L^α IG = {L^αg : g ∈ IG} and its orthogonal subspace (L^α IG)^⊥. As explained briefly in the introduction, the general strategy for non gradient systems is to write the current, which has zero average with respect to all canonical and grandcanonical measures, as a linear combination of the density gradient and a fluctuation term J^α_{0,e} ≃ ∇_{0,e}η(0) + L^αg . We are neglecting the diffusion coefficient for simplicity. The fluctuation term belongs to G, while the presence of the disorder induces ∇_{0,e}η(0) /∈ G.

This aspect is present also in the non disordered systems considered in [VY]. In this paper S.R.S. Varadhan and H.T. Yau study the hydrodynamic behavior of a generic lattice gas with a translation invariant and finite range Hamiltonian satisfying some mixing conditions, with a stochastic dynamics reversible with respect to Gibbs measures. In this case the canonical expectations of ∇_{0,e}η(0) in a cube of size n decay as a power of n when n ↑ ∞. Differently, in the case of the DLG process one can check that for any n ∈ IN, sup ρ∈[0,1] E^{ναρ,Λ0,n} [∇_{0,e}η(0)] = O(1) . (4.12)

Namely for any disorder configuration α ∈ Ω_D and any chemical potential λ ∈ IR,

E^{μα,λ} [∇_{0,e}η(0)] = e^λ(e^{θα(e)} − e^{θα(0)}) (1 + e^{θα(e)+λ})(1 + e^{θα(0)+λ})

. (4.13)

By the equivalence of ensembles, see [FM], Appendix A, for a positive constant c and for any density ρ on the cube Λ_{0,n}, | |Eμ^{α,λ} [∇_{0,e}η(0)] − Eν^α_{ρ,Λ0,n} [∇_{0,e}η(0)] | | ≤ c n^d (4.14)

provided λ in (4.14) is chosen such that E^{μα,λ} ( |Λ_{0,n}|^{−1} ∑ x∈Λ_{0,n} η(x) ) = ρ. For densities ρ such that λ is almost 0 one obtains (4.12). Here λ = λ_{Λ0,n} (α, ρ) is the empirical chemical potential, to distinguish from the annealed chemical potential, see (1.4).

Exploiting that IE [ E^{μα,λ} [∇_{0,e}η(0)] ] = 0, [F] and [FM] considered the gradient of the density in two sufficiently large regions. By the ergodicity of the random field α, the density fluctuations in these regions are small provided the dimension d is larger or equal to 3.

To be more precise, given s = 2ℓ + 1 with ℓ ∈ IN and e ∈ E, let Λ^e_{1,s} and Λ^e_{2,s} be a couple of adjacent cubes of diameter s, centered respectively at −(ℓ + 1)e and at ℓe. For any given configuration η, denote by m^{1,e}_s , m^{2,e}_s , and m^e_s the densities respectively in Λ^e_{1,s}, Λ^e_{2,s}, and Λ^e_{2,s} ∪ Λ^e_{1,s}. Given an integer s^′ with s ≤ s^′, set ϕ^e_{s,s}′ = E^{μα} [ m^{2,e}_s − m^{1,e}_s |m^e_s′ ] and ψ^e_{s,s}′ = m^{2,e}_s − m^{1,e}_s − ϕ^e_{s,s}′ . (4.15) Note that IE[ϕ^e_{s,s}′ ] = 0. The main step to obtain a generalized Fick’s law, see [FM], Theorem 7.18, is to show the property

(P) for d ≥ 3 and for any e ∈ E, ( (ψ^e_{n,n})/n ) n≥0 is a Cauchy sequence in the space G endowed with the semi-inner product V_ρ, and its limit points (ψ_e)_{e∈E} form a basis of the subspace (L^α IG)^⊥.

Then the current J^α_{0,ek} can be substituted in the limits n → ∞ after γ → 0 by some negligible fluctuation L^αg plus d∑ m=1 D_{k,m}(ρ) [ m^{1,ek}_n − m^{2,ek}_n ] n − d∑ m=1 D_{k,m}(ρ) ϕ^{ek}_{n,n} n , (4.16)

where ρ is the density in a particular mesoscopic region centered in 0. Then, [FM], Theorem 5.3 shows that suitable spatial averages of (ϕ^e_{n,n})/n are indeed negligible when d ≥ 3, by letting first γ → 0 then n → ∞. An important step in [F] and [FM] section 7.2, to show property (P) is the introduction of the following auxiliary functions: For the integer s = 2ℓ + 1, ℓ ∈ IN and e ∈ E, let

W^e_s = − 1 |Λ^e_{1,s}| ∑ x∈Λ^e_{1,s} { 1 |Λ^e_{2,s}| ∑ y∈Λ^e_{2,s} ω^α_{x,y} } ,

where ω^α_{x,y} = ( 1 + e^{−θ(α(x)−α(y))(η(x)−η(y))} )( η(x) − η(y) ) and Λ^e_{1,s} and Λ^e_{2,s} are the cubes defined before (4.15). When x and y are nearest neighbors, ω^α_{x,y} is the current associated to a particular choice of the rate C^α(x, y; η) corresponding to Φ(E) = 1 + e^{−E} in (2.17). It has the important property to have mean zero with respect to any measure ν^α in M^α(V ), V ⊂ ZZ^d being any bounded set containing x and y. Furthermore it yields a simple integration by parts formula ∫ ω^α_{x,y}f(η)dν^α(η) = ∫ [η(x) − η(y)](∇_{x,y}f)(η)dν^α(η) .

It is proven in [FM], Theorem 7.10, that for any e ∈ E and 0 ≤ ρ ≤ 1,

lim_{n↑∞} V_ρ ( 2ρ(1 − ρ)λ^′_0(ρ) ψ^e_{n,n} n − W^e_n n ) = 0 . (4.17)

Moreover, if for g ∈ IG and h ∈ G we define ( h, g ) ρ,0 = ∑ x∈ZZ^d IE [ E^{μα,λ0(ρ)} (h, τ_xg) ] (4.18) we obtain by the definition of V_ρ(., .) the following properties (cf. Lemma 7.1 of [FM]). V_ρ ( h, L^αg ) = − ( h, g ) ρ,0 , V_ρ ( J^α_{0,ek} , J^α_{0,em} ) = δ_{k,m} 2 IE [ E^{μα,λ0 (ρ)} ( C^α(0, e_k; η) ( ∇_{0,ek} η(0) )_2)] , V_ρ ( J^α_{0,ek} , W^{em}_n n ) = −δ_{k,m}2ρ ( 1 − ρ ) , (4.19)

where δ_{k,m} is the Kroenecker delta. Thanks to (4.17) and the last identity in (4.19) one obtains, cf. [FM], Theorem 7.18, that lim_{n→∞} V_ρ ( J^α_{0,ek} , ψ^{em}_{n,n} n ) = V_ρ ( J^α_{0,ek} , ψ_{em} ) = −δ_{k,m}χ(ρ) . (4.20) We now turn to the proof of theorem 4.1.

proof of Theorem 4.1. From [FM], Theorem 7.22, for all 1 ≤ k ≤ d,

inf_{g∈IG} lim sup n↑∞ sup 0≤ρ≤1 V_ρ ( J^α_{0,ek} + d∑ m=1 D_{k,m}(ρ) ψ^{em}_{n,n} n + L^αg(η, α) ) = 0 , (4.21)

where J^α_{0,ek} is the current of the DLG process, see (4.5), D(ρ) is the diffusion matrix of (2.20), and ψ^{em}_{n,n} the quantity defined in (4.15). By similar arguments as in [KL], chapter VII p. 179, for each δ > 0, there exists g^{k,δ} : [0, 1] × S × Ω_D → IR^d with g^{k,δ}(ρ, ·, ·) ∈ IG, g^{k,δ} smooth in the first variable, such that

lim sup n↑∞ sup 0≤ρ≤1 V_ρ ( J^α_{0,ek} + d∑ m=1 D_{k,m}(ρ) ψ^{em}_{n,n} n + L^αg^{k,δ} ) ≤ δ . (4.22)

Notice that g^{k,δ} depends on α, η and on the local average (ℓ^d_δ )^{−1} ∑ |y|≤ℓ_δ η(y) where ℓδ is the diameter of

the support in η of g^{k,δ}. To keep notation light we denote it simply by g^{k,δ}(η, α).

We claim that IP -a.s.,

lim sup γ→0 E^{β,α}_{μγ} [ | | ∫_T 0 ds ( γ^{d−1} ∑ x∈Λ_γ G_s(γx)τ_xL^{β,α}_γ g^{k,δ} (η_s, α) )| | ] = 0 , (4.23)

for all real smooth, bounded functions G_s(u) = G(s, u) defined on IR_+ × Λ_γ . Indeed ∫_T 0 ds ( γ^{d−1} ∑ x∈Λ_γ G_s(γx)τ_xL^{β,α}_γ g^{k,δ} (η_s, α) )

= γ^{d+1} ∑ x∈Λ_γ [G_T (γx)τ_xg(η_T , α) − G_0(γx)τ_xg(α, η_0)] + γM̃^{α,G}_γ (T ) + R^{α,G}_γ (T ) .

(4.24)

In the r.h.s. of (4.24), the first term is of order γ. The P^{β,α}_{μγ} -martingale (M̃^{α,G}_γ (t))_{t∈[0,T ]} has quadratic variation of order O_u(γ^d). The error term R^{α,G}_γ (T ) is coming from ignoring the action of the generator on (ℓ^d_δ )^{−1} ∑ |y|≤ℓ_δ η(y); as in [KL], chapter VII, we can easily obtain that supt∈[0,T ] |R α,G γ (t)| tends to zero in probability and IP -a.s., as γ → 0 and δ → 0. This yields (4.23).

We will therefore through the rest of the proof ignore the action of the generator on the non local variable of g^{k,δ}, and consider effectively g^{k,δ} as a function only of η and α. Then it is equivalent to prove (4.8) or

lim sup δ→0 lim sup c→0 lim sup a→0 lim sup γ→0 E^{β,α}_{μγ} [ | | ∫_T 0 γ^{d−1} ∑ x∈Λ_γ G_s(γx) [ τ_xVV^{γ,c,a}_k (η_s, α) + τ_xL^{β,α}_γ g^{k,δ}(η_s, α) ] ds | | | ] = 0 .

(4.25) Next, split VV^{γ,c,a}_k (η, α) + L^{β,α}_γ g^{k,δ} (η, α) = Y^{γ,c,a,δ}_k (η, α) + Z^{γ,c,a,δ}_k (η, α) (4.26) where Y^{γ,c,a,δ} k (η, α) = J^α_{0,ek} + L^α_γ g^{k,δ}(η, α) + d∑ m=1 D_{k,m} ( η^{[aγ−1]}(0) ) (2c)^{−1} [ η^{[aγ−1]}(cγ^{−1}e_m) − η^{[aγ−1]}(−cγ^{−1}e_m) ] , Z^{γ,c,a,δ} k (η, α) = ( J^{β,α}_{0,ek} − J^α_{0,ek} ) + ( L^{β,α}_γ − L^α_γ ) g^{k,δ}(η, α) − βγ d∑ m=1 D_{k,m} ( η^{[aγ−1]}(0) ) χ ( η^{[aγ−1]}(0) ) ((∂^γ_mJ) ⋆ π^γ ) (0; η) .

(4.27)

To conclude the proof of the theorem, taking into account (4.25), it is enough to show the two lemmas:

Lemma 4.2 For almost any disorder configuration α, for any function G ∈ C^{1,2}([0, T ] × Λ),

lim sup δ→0 lim sup c→0 lim sup a→0 lim sup γ→0 E^{β,α}_{μγ} [ | | ∫_T 0 γ^{d−1} ∑ x∈Λ_γ G_s(γx)τ_xY^{γ,c,a,δ}_k (η_s, α) ds | | | ] = 0

for k = 1, . . . , d. Lemma 4.3 For almost any disorder configuration α, for any function G ∈ C^{1,2}([0, T ] × Λ),

lim sup δ→0 lim sup c→0 lim sup a→0 lim sup γ→0 E^{β,α}_{μγ} [ | | ∫_T 0 γ^{d−1} ∑ x∈Λ_γ G_s(γx)τ_xZ^{γ,c,a,δ}_k (η_s, α) ds | | | ] = 0

for k = 1, . . . , d. Proof of Lemma 4.2. Set P^{γ,c,a,δ} k (G, s, η, α) = γ^{d−1} ∑ x∈Λ_γ G_s(γx)τ_xY^{γ,c,a,δ}_k (η, α) . (4.28)

By Corollary 3.7, it is enough to show that for any C > 0, for any function G, for almost any α ∈ Ω_D,

lim sup δ→0 lim sup c→0 lim sup a→0 lim sup γ→0 ∫_T 0 ( sup spec_L2_{(μ}α,λ_{0 )} { P^{γ,c,a,δ} k (G, s, ·, α) + Cγ^{d−2}L^α_γ }) ds = 0 .

This is the main content of [F] and [FM], Theorem 3.2, with the only observation that there the term L^αg^{k,δ} does not appear: in their case by stochastic calculus it is possible to show (see [FM], formula (4.4)) that this term is irrelevant.

Proof of Lemma 4.3. We start by analyzing the first addend of Z^{γ,c,a,δ}_k , the difference J^{β,α}_{0,ek} − J^α_{0,ek} . Set

F^k_1 (η, α) = −βΦ^′ ( θ ( ∇_{0,ek} H^α_s ) (η) )( η(e_k) − η(0)

)_2

. (4.29)

By (4.6) we obtain γ^{d−1} ∑ x∈Λ_γ G(γx) [ J^{β,α}_{x,x+ek} − J^α_{x,x+ek} ] = γ^d ∑ x∈Λ_γ G(γx) ( (∂^γ_k J) ⋆ η ) (x)τ_xF^k_1 (η, α) + O_u(γ) .

Denote

A_{a,γ} ((η_s)_{s∈[0,T ]}) = ∫_T 0 γ^{d−1} { ∑ x∈Λ_γ G_s(γx) [ J^{β,α}_{x,x+ek} (η_s) − J^α_{x,x+ek} (η_s) ]} ds

− ∫_T 0 γ^d ∑ x∈Λ_γ G_s(γx) ( (∂^γ_k J) ⋆ η_s ) (x) { 1 (2aγ^{−1} + 1)^d ∑ |y|≤aγ^{−1} τ_{x+y}F^k_1 (η_s, α) } ds .

The smoothness of G and J induce that, for any α ∈ Ω_D,

lim_{a→0} lim sup γ→0 sup (η_s)_{s∈[0,T ]} | |A_{a,γ} ((η_s)_{s∈[0,T ]}) | | = 0 . (4.30)

Recalling (3.29), write ~F k_1 (ρ) = IE [ E^{μα,λ0 (ρ)} ( F^k_1 )] . (4.31)

By applying (4.30) together with Lemma 3.9 to the local function F^k_1 (η, α), we have IP a.s.

lim_{a→0} lim_{γ→0} E^{β,α}_{μγ} [| |γ^d ∑ x∈Λ_γ ∫_T 0 G(γx)τ_xB^{β,1}_{k,γ,a}(η_s, α)ds | | ] = 0 , (4.32)

where B^{β,1}_{k,γ,a}(η, α) = γ^{−1} ( J^{β,α}_{0,ek} (η) − J^α_{0,ek} (η) ) − β ( (∂^γ_k J) ⋆ π^γ ) (0; η) ~F^k_1 (η^{[aγ−1]}) .

Next we consider the second term of Z^{γ,c,a,δ}_k , the difference ( L^{β,α} − L^α ) g^{k,δ}, and repeat the same steps

as for the first term. Recalling that g^{k,δ} is a local and bounded function, by Lemma 3.4 we have ( L^{β,α} − L^α ) g^{k,δ}(η, α) = d∑ m=1 ∑ y∈Λ_γ γβΦ^′ ( θ(∇_{y,y+em} H^α_s )(η) )( η(y + e_m) − η(y) )( (∂^γ_mJ) ⋆ η ) (y) [ ∇_{y,y+em} g^{k,δ} ] (η, α) + O_u(γ^2)O_u(ℓ^{−d}),

where ℓ is the diameter of the support of g^{k,δ} . By the smoothness of J, a Taylor expansion yields γ^{d−1} ∑ x∈Λ_γ G(γx)τ_x ( L^{β,α} − L^α ) g^{k,δ}(η, α)

= γ^d d∑ m=1 ∑ x∈Λ_γ G(γx) ( (∂^γ_mJ) ⋆ π^γ ) (γx; η)τ_xF^{k,m,δ}_2 (η, α) + O_u(γ)O_u(ℓ^{−d}) for the local and bounded functions F^{k,m,δ}_2 given by F^{k,m,δ} 2 (η, α) = β ∑ y∈Λ_γ Φ^′ ( θ(∇_{y,y+em} H^α_s )(η) )( ∇_{y,y+em} η(y) )[ ∇_{y,y+em} g^{k,δ} ] (η, α) . (4.33)

Denote

B^{β,δ,2}_{k,γ,a}(η, α) = γ^{−1} ( L^{β,α} − L^α ) g^{k,δ}(η, α) − d∑ m=1 ( (∂^γ_mJ) ⋆ π^γ ) (0; η)~F_2^{k,m,δ} ( η^{[aγ−1]}(0) ) + O_u(γ)O_u(ℓ^{−d}) .

By Lemma 3.9, for any fixed δ > 0,

lim_{a→0} lim_{γ→0} E^{β,α}_{μγ} [| |γ^d ∑ x∈Λ_γ ∫_T 0 G(γx)τ_xB^{β,δ,2}_{k,γ,a}(η_s, α)ds | | ] = 0 . (4.34)

We conclude the proof by collecting the estimates (4.32), (4.34) and using Lemma 4.4 below.

Lemma 4.4 For 1 ≤ k, m ≤ d,

lim_{δ→0} sup_{0≤ρ≤1} | | | |δ^{k,m} ~F k_1 (ρ) + ~F k,m,δ_2 (ρ) − βχ(ρ)D_{k,m}(ρ) | | | | = 0 . (4.35)

Proof. Applying Corollary 3.11 with f(η) = g(η) = η(0) to (4.29), we have ~F k_1 (ρ) =IE [ E^{μα,λ0 (ρ)} ( F^k_1 )]

= β 2 IE [ ∫ Φ ( θ ( ∇_{0,ek} H^α_s ) (η) )( η(e_k) − η(0)

)_2 dμ^{α,λ0 (ρ)}(η) ] . (4.36)

Corollary 3.11 applied to (4.33), with f(η) = η(y) and g(η, α) = g^{k,δ}(η, α), reversibility and summation

by parts imply that, for 1 ≤ m ≤ d and 1 ≤ k ≤ d, ~F_2^{k,m,δ}(ρ) ≡ IE [ E^{μα,λ0(ρ)} ( F_2^{k,m,δ} )]

= − β 2 ∑ y∈Λ_γ IE [ E^{μα,λ0(ρ)} ( Φ ( θ ( ∇_{y,y+em} H^α_s ) (η) )( ∇_{y,y+em} η(y) )( ∇_{y,y+em} g^{k,δ}(η, α) ))]

=β ∑ y∈Λ_γ IE [ E^{μα,λ0(ρ)} ( Φ ( θ ( ∇_{y,y+em} H^α_s ) (η) )( η(y + e_m) − η(y) ) g^{k,δ} (η, α) )]

= − β ( J^α_{0,em} , g^{k,δ} ) ρ,0 ,

(4.37)

where (., .)_{ρ,0} was defined in (4.18).

By (4.19) the terms ~F^k_1 (ρ) in (4.36) and ~F^{k,m,δ}_2 (ρ) in (4.37) can be written as δ_{k,m} ~F^k_1 (ρ) = βV_ρ ( J^α_{0,ek} , J^α_{0,em} ) (4.38) ~ F^{k,m,δ} 2 (ρ) = βV_ρ ( J^α_{0,em} , L^αg^{k,δ} ) . (4.39)

We obtain that sup 0≤ρ≤1 β^{−1} | | |δ_{k,m} ~F k_1 (ρ) + ~F^{k,m,δ}_2 (ρ) − βχ(ρ)D_{k,m}(ρ) | | |

= lim sup n↑∞ sup 0≤ρ≤1 | |V_ρ(Jα_{0,em} , Jα_{0,ek} +^d∑ ℓ=1 D_{k,ℓ}(ρ) ψ^{eℓ}_{n,n} n + L^αg^{k,δ} )| | .

By Schwartz inequality the right hand side of this equality is bounded by

lim sup n↑∞ sup 0≤ρ≤1 { V^{12}_ρ ( J^α_{0,em} ) V^{12}_ρ ( J^α_{0,ek} + d∑ ℓ=1 D_{k,ℓ}(ρ) ψ^{eℓ}_{n,n} n + L^αg^{k,δ} ) }

which is bounded, see (4.22), by C √ δ for some positive constant C. To conclude the proof of the lemma it remains to let δ ↓ 0.

Acknowledgements. We are grateful to A. Faggionato for sending us her PhD thesis. We thank M. Cassandro, P. Picco, E. Presutti, and in particular L. Triolo for helpful discussions. M.M. and E.S. thank Università Roma Tre, and E.O. Université de Rouen, for hospitality.

References [A] Asselah A.: Stability of a wave front for a non local conservative evolution. Proc. Royal Soc. Edinburgh 128A(1998), 219–234.

[AW] Aizenman M., and Wehr J.: Rounding of first order phase transitions in systems with quenched disorder.

Comm. Math. Phys. 130(1990), 489–528.

[BMT] Balian R., Maynard R. and Toulouse G. (eds) III- condensed matter. Amsterdam:North Holland (1979).

[Be] Bertini L.: Dynamic fluctuations for Kac and related models. Markov Proc. and Related Fields 8, no 2(2002), 365–379.

[BL] Buttá P. and Lebowitz J. L.: Hydrodynamic limit of Brownian particles interacting with short and long range forces. J. Stat. Phys. 94(1999), 653–694.

[Bo] Bodineau T.: Interfaces in a one dimensional Ising spin system. Stoch. Proc. Appl. 61(1996), 1–23. [BK] Bricmont J. and Kupiainen A.: Phase transition in the three-dimensional random field Ising model.

Comm. Math. Phys. 116(1988), 539–572.

[CX] Carmona R.A., and Xu L.: Diffusive Hydrodynamic Limits for Systems of Interacting Diffusions with Finite Range Random Interaction. Comm. Math. Phys. 188(1997), 565-584.

[CCO] Carlen E., Carvalho M. and Orlandi E.: Algebraic rate of decay for the excess free energy and stability of fronts for a no–local phase kinetics equation with a conservation law, I. J. Stat. Phys. 95 No 5/6(1999). Algebraic rate of decay for the excess free energy and stability of fronts for a non local phase kinetics equation with a conservation law. Comm. Par. Diff. Eq. 25(2000), 847-886.

[COP] Cassandro M., Orlandi E., and Presutti E.: Interfaces and typical Gibbs configurations for one-dimensional Kac potentials. Probab. Th. Related Fields, 96(1993), 57–96.

[COP1] Cassandro M., Orlandi E., and Picco P.: Typical configurations for one-dimensional random field Kac model. Ann. Probab. 27, No 3 (1999), 1414–1467.

[COPV] Cassandro M. , Orlandi E., Picco P., Vares M.E.: Typical configurations for one-dimensional random field Kac model: localization of the phases. in preparation.

[CP] Cassandro M., Presutti E.: Phase transitions in Ising systems with long but finite range interactions.

Markov Proc. and Related Fields 2(1996), 241–262.

[DOPT] De Masi A., Orlandi E., Presutti E. and Triolo L.: Glauber evolution with Kac potentials I. Mesoscopic and macroscopic limits, interface dynamics. Nonlinearity 7(1996), 287–301. Glauber evolution with Kac potentials II. Fluctuation. Nonlinearity 9(1996), 27–51. Glauber evolution with Kac potentials. III. Spinodal decomposition. Nonlinearity 9(1996), 53–114.

[F] Faggionato A.: Hydrodynamic limit of a disordered system. Ph.D. Thesis. Scuola Normale Superiore, Pisa (2002).

http://www.ma.utexas.edu/mp arc/c/03/03-37.ps.gz [FM] Faggionato A. and Martinelli F.: Hydrodynamic limit of a disordered lattice gas. Preprint, (2003).

http://www.ma.utexas.edu/mp arc/c/03/03-39.ps.gz [FFS] Fisher D. S., Fröhlich J., and Spencer T.: The Ising model in a random magnetic field. J. Stat. Phys.

34(1984), 863–870.

[FGK] Fisher D. S., Grinstein G.M. and Khurana A.: Theory of random magnets. Physics Today, vol 14 , no 12 (1988).

[G] Giacomin G.: Van der Waals limit and phase separation in a particle model with Kawasaki dynamics. J.

Stat. Phys. 65(1991), 217–234.

[GL] Giacomin G. and Lebowitz J. L.: Phase segregation dynamics in particle systems with long range interaction I. Macroscopic limits. J. Stat. Phys. 87(1997), 37–61.

Phase segregation dynamics in particle systems with long range interaction II. Interface motion, SIAM J. Appl. Math. 58(1998), 1707–1729.

[GLM] Giacomin G., Lebowitz J. L. and Marra R.: Macroscopic evolution of particle systems with short and long-range interactions. Nonlinearity 13(2000), 2143–2162.

[GLP] Giacomin G., Lebowitz J. L. and Presutti E.: Deterministic and Stochastic Hydrodynamic Equations Arising From Simple Microscopic Model Systems. Stochastic Partial Differential Equations: Six Perspectives (Math. Surveys Monogr., vol 64) Providence, RI: American Mathematical Society (1999).

[GPV] Guo M.Z., Papanicolaou G.C. and Varadhan S.R.S.: Nonlinear diffusion limit for a system with nearest neighbor interactions. Comm. Math. Phys. 118(1988), 31–59.

[KUH] Kac M., Uhlenbeck G., and Hemmer P.C.: On the van der Waals theory of vapour-liquid equilibrium. I.

Discussion of a one-dimensional model. J. Math. Phys. 4(1963), 216–228. II. Discussion of the distribution functions. J. Math. Phys. 4(1963), 229–247. III. Discussion of the critical region. J. Math. Phys. 5(1964), 60–74.

[K] Koukkous A.: Hydrodynamic behavior of symmetric zero-range processes with random rates. Stoch.

Proc. Appl. 84(1999), 297–312.

[KL] Kipnis C. and Landim C.: Hydrodynamic limit of interacting particle systems. (1999) Springer-Verlag.

[I] Imbrie J.: The ground states of the three-dimensional random field Ising model. Comm. Math. Phys 98 (1985), 145–176.

[Li] Liggett T.: Interacting particles systems. (1985), Springer, Berlin.

[LOP] Lebowitz J. L., Orlandi E. and Presutti E.: A particle model for spinodal decomposition. J. Stat. Phys.

63 (1991), 933–974.

[LMP] Lebowitz J.L., Mazel A., Presutti E.: Liquid-vapor phase transitions for systems with finite range interactions. J. Stat. Phys. 94 (1999) No 5-6, 955–1025.

[LOV1] Landim C., Olla S. and Varadhan S.R.S.: Finite-dimensional approximation of the self diffusion coefficient for the exclusion process. Ann. Probab. 30(2002), no 2, 483–508.

[LOV2] Landim C., Olla S. and Varadhan S.R.S.: Symmetric simple exclusion process: regularity of the self diffusion coefficient Comm. Math. Phys. 224 no. 1(2001), 307–321.

[LP] Lebowitz J. and Penrose O.: Rigorous treatment of the Van der Waals Maxwell theory of the liquid-vapour transition. J. Math. Phys. 7(1966), 98–113.

[MM] Marra R. and Mourragui M.: Phase segregation dynamics for the Blume-Capel model with Kac interaction.

Stoch. Proc. Appl. 88(2000), 79–124.

[N] Nattermann T.: Theory of the random field Ising model . P. Young ed. Spin glasses and random fields.

277 World scientific (1998); preprint: http:// arXiv:cond-mat/9705295 (1997) [OS] Osterwalder K., Stora K. (eds): Critical phenomena, random systems, gauge theories, vol II. (1986) Amsterdam:North Holland.

[P] Presutti E.: From Statistical Mechanics towards Continuum Mechanics, Notes of lectures held at the Max-Planck Institute, Leipzig, 1999.

[Q] Quastel J.: Diffusion in disordered media. in T. Funaki and W. Woyczinky, editors, Proceedings on stochastic method for nonlinear PDE, IMA volumes in Mathematics 77(1995), Springer-Verlag, 65–79.

[Q1] Quastel J.: Diffusion of color in simple exclusion process. Comm. Pure Appl. 45(1992), no 6, 623–679. [R] Rezakhanlou F.: Hydrodynamic limit for a system with finite range interactions. Comm. Math. Phys.

129(1990), 445–480.

[Sp] Spohn, H. Large scale dynamics of interacting particles. (1991), Springer, Berlin. [V] Varadhan S.R.S.: Nonlinear diffusion limit for a system with nearest neighbor interactions II. in Asymptotic Problems in Probability Theory : Stochastic Models and Diffusion on Fractals, edited by K. Elworthy and N. Ikeda, Pitman Research Notes in Mathematics 283, Wiley (1994).

[VY] Varadhan S. R. S. and Yau H.T.: Diffusive Limit of Lattice Gas with Mixing Conditions. Asian J. Math.

1(1997), 623–678.

[W] Wick W. D.: Hydrodynamic limit of non gradient interacting particle process. J. Stat. Phys. 54(1989), 832–892.