Critical Analysis of the Bogoliubov Theory of Superfluidity

S. ADAMS^1 and J.-B. BRU^2

Institut für Mathematik, Fakultät II, Sek. Ma 7-4, Technische Universität Berlin, Straße des 17. Juni 136, D-10623 Berlin, Germany and School of Theoretical Physics, Dublin Institute for Advanced Studies, 10 Burlington Rd., Dublin 4, Ireland.

Abstract

The microscopic theory of superfluidity [1–3] was proposed by Bogoliubov in 1947 to explain the Landau-type excitation spectrum of^4He. An analysis of the Bogoliubov theory has already been performed in the recent review [4]. Here we add some new critical analyses of this theory. This leads us to consider the superstable Bogoliubov model [5]. It gives rise to an improvement of the previous theory which will be explained with more details in a next paper [6]: coexistence in the superfluid liquid of particles inside and outside the Bose condensate (even at zero temperature), Bose/Bogoliubov statistics, “Cooper pairs” in the Bose condensate, Landau-type excitation spectrum...

Keywords : Bogoliubov, helium, superfluidity, Landau, excitation, spectrum, Cooper, Bose,

condensation.

Copyright © 2002 by the authors. Reproduction of this article in its entirety, by any means, is permitted for non-commercial purposes.

1TU-Berlin, email: adams@math.tu-berlin.de 2School of Theoretical Physics, email: jbbru@stp.dias.ie

1. Introduction

The first microscopic theory of superfluidity was originally proposed in 1947 by Bogoliubov in three revolutionary papers on the theory of interacting Bose gas [1–3]. His Weakly Imperfect Bose Gas (WIBG) arising from the truncation of a full interacting gas, was a starting point for this theory. However, only very few rigorous results concerning his WIBG and ansätze were known until 1998-2000. Then, the recent papers [7–11] expressed for the first time a rigorous analysis of this Bogoliubov model (WIBG) in the sense that the grand-canonical thermodynamic behavior is finally given at all temperatures and densities.

A deeper analysis of the Bogoliubov theory, including all recent studies [7–12] and some new critical analyses, has already been done from the point of view of rigorous results in the recent review [4]. However, the intention of our work is to check more carefully the Bogoliubov theory and its problematic ansätze in order to get solutions and explanations not included in [4].

Our detailed analysis gives rise to an improved new microscopic theory of superfluidity for liquid helium explained in [6]. Here we review and give a critical discussion of the standard microscopic theory of superfluidity, specially the Bogoliubov truncation and approximations corresponding to both canonical and grand-canonical Bogoliubov theories of superfluidity, see section 2. This will lead us in section 3 to our proposal for a new microscopic theory of superfluidity, for which we provide the physical arguments.

Notice that a recent historical overview of superfluidity is given in the paper [13]. Here we take into account only homogeneous gases. Concerning the inhomogeneous case, a rigorous proof that a 100% superfluid liquid occurs, corresponding also to a 100% Bose condensate, was performed for the first time with dilute trapped gases at zero-temperature whose the number of particles goes to infinity with an interacting potential converging to a Dirac function, see [14, 15].

2. The Bogoliubov theory of superfluidity

We give here a detailed analysis of the Bogoliubov theory to emphasize on its different problems and questions.

2.1. Setup of the problem: the full interacting Bose gas

Let an interacting homogeneous gas of n spinless bosons with mass m be enclosed in a cubic box Λ =^3×_{α=1} L ⊂ R^3. We denote by φ (x) = φ (‖x‖) a (real) two-body interaction potential satisfying:

(A) φ (x) ∈ L^1 (R^3) .

(B) Its (real) Fourier transformation

λ_k = � R^3

d^3xφ (x) e^{−ikx}, k ∈ R^3,

satisfies: λ_0 > 0 and 0 ≤ λ_k ≤ λ_0 for k ∈ R^3.

Using periodic boundary conditions, the corresponding Hamiltonian of the system acting on the boson Fock space F^B_Λ is equal to

H_{Λ,λ0>0} = � k∈Λ^∗

ε_ka^∗_ka_k + U^{MF}_Λ + ~U_Λ, (2.1)

with

~U_Λ ≡ 1 2V � k_1,k_2,q≠0∈Λ^∗

λ_qa^∗_{k1+q}a^∗_{k2−q}a_{k1} a_{k2} , (2.2)

U^{MF}_Λ ≡ λ_0 2V � k_1,k_2∈Λ^∗

a^∗_{k1} a^∗_{k2} a_{k2} a_{k1} = λ_0 2V � N^2_Λ − N_Λ � . (2.3)

Here N_Λ ≡ � k∈Λ^∗

a^∗_ka_k

is the particle number operator, ε_k = ℏ^2k^2/2m represents the one-particle energy spectrum and

Λ^∗ = � k ∈ R^3 : k_α =

2πn_α L , n_α = 0, ±1, ±2, ..., α = 1, 2, 3 �

is the set of wave vectors. Also, note that a^#_k = {a^∗_k or a_k} are the usual boson creation/annihilation operators in the one-particle state ψ_k (x) = V^{− 1}2 e^{ikx}, k ∈ Λ^∗, x ∈ Λ, acting on the boson Fock space F^B_Λ ≡^{+∞}⊕_{n=0} H^{(n)}_B ,

with H^{(n)}_B defined as the symmetrized n-particle Hilbert spaces

H^{(n)}_B ≡ � L^2 (Λ^n) � symm , H (0) B = C,

see [16, 17]. Under assumptions (A) and (B) on the interaction potential φ (x), the full Hamiltonian H_{Λ,λ0>0} is superstable [16].

2.2. The Bogoliubov truncation and approximation

In order to get a microscopic explanation of the (phenomenological) Landau’s theory of superfluidity [18, 19], it is crucial to get a Landau-type excitation spectrum for the model (2.1). Indeed Landau [18,19] understood for the first time that the properties of quantum liquids like 4He (or^3He) can be entirely described by the spectrum of collective excitation, which for liquid 4He, has two branches : “phonons” for long-wavelength excitations and “rotons” for a relatively short-wavelength collective excitations. This second assumption ensures the superfluidity of the Bose system. The computation of the spectrum of the full interacting model (2.1) is far from being solved for general two-body potential φ (x). For a large class of interaction potentials φ (x), the standard canonical or grand-canonical thermodynamic functions (free-energy density or pressure) of the Bose gas (2.1) in full interaction are unknown.

Two ways to extract some thermodynamic properties from the original model (2.1) would be either to use a very particular two-body potential φ (x) (see [20–25]), or to truncate the full interaction of (2.1).

As an example, the Mean-Field Hamiltonian

H^{MF}_Λ ≡ T_Λ + U^{MF}_Λ = T_Λ + λ_0 2V � N^2_Λ − N_Λ �

consists of either taking a constant two-body interaction potential φ (x) in the box Λ , or cutting-off the terms with q ≠ 0 in the full interaction of (2.1). This model has been analyzed exhaustively via the Imperfect Bose Gas

H^{IBG}_Λ ≡ T_Λ + λ_0 2V N^2_Λ

in [26–32] and is thermodynamically ”very close” to the Perfect Bose Gas, see the discussions in [4, 33, 34].

The Bogoliubov WIBG, coming from the microscopic (Bogoliubov) theory of superfluidity [1– 4,8,11,35,36], is also an example of such truncation procedures. Indeed, if one expects that the Bose-Einstein condensation, which occurs for the Perfect Bose-Gas in the mode k = 0, persists for a weak interaction φ (x), then according to Bogoliubov [1–3, 35, 36] the most important terms in (2.1) should be those in which at least two operators a^∗_0, a_0 appear. We are thus led to consider the following truncated Hamiltonian [1–3, 35, 36] :

H^B_{Λ,λ0>0} ≡ T_Λ + U^D_Λ + U^{ND}_Λ + U^{BMF}_Λ , (2.4)

where we recall that λ_0 > 0 (hypothesis (B)) and

T_Λ ≡ � k∈Λ^∗

ε_ka^∗_ka_k,

U^D_Λ ≡ 1 2V � k∈Λ^∗\{0}

λ_ka^∗_0a_0 � a^∗_ka_k + a^∗_{−k}a_{−k} � , (2.5)

U^{ND}_Λ ≡ 1 2V � k∈Λ^∗\{0}

λ_k � a^∗_ka^∗_{−k}a^2_0 + a^{∗2}_0 a_ka_{−k} � , (2.6)

U^{BMF}_Λ ≡ λ_0 2V a^{∗2}_0 a^2_0 + λ_0 V a^∗_0a_0 � k∈Λ^∗\{0}

a^∗_ka_k. (2.7)

This first step in the Bogoliubov theory, i.e. this truncation, is actually far from being exact. The Bogoliubov model H^B_{Λ,λ0>0} manifests, for high densities, a coexistence of two Bose condensations in the grand-canonical ensemble [4,7,8,10,11]. The first Bose condensation appears on the single mode k = 0 due to the nondiagonal interaction U^{ND}_Λ cf. [4, 7–10]. But it saturates for high densities and then coexists with a conventional Bose-Einstein condensation on modes next to the zero-mode ( ‖k‖ = 2π/L), see [4, 11]. Then, for high densities, to be at least selfconsistent in this procedure, the terms in (2.1) involving the 6 modes ‖k‖ = 2π/L should not have been neglected in the truncation of the full interaction!

The Bogoliubov model (2.4) is ”simpler” than the full Hamiltonian (2.1) but it is still nondiagonal. A very ingenious Bogoliubov treatment to solve this problem was to consider the two operators a_0/ √ V , a^∗_0/ √ V as complex numbers:

a_0/ √ V → c, a^∗_0/ √ V → c,

since for large V, a_0/ √ V , a^∗_0/ √ V almost commute. This assumption is called the Bogoliubov approximation. Attempts of mathematical justification of this procedure and its intimate connection with representations of the Canonical Commutations Relations (CCR) was the subject of several papers, see e.g. [17, 37, 38]. A very interesting analysis was done by Ginibre [39] where he thermodynamically treated this problem for the full Hamiltonian (2.1). This Bogoliubov treatment implies a new self-adjoint operator H^B_{Λ,λ0>0} (0, c) (cf. (A.1) with α = 0) depending on operators {a_k}_{k∈Λ}∗_{\{0}}. This operator is well-defined on the Boson Fock space F^′_B ≡^{+∞}⊕_{n=0} H^{(n)}_{B,k≠0},

constructed on the Hilbert space H^′ spanned by � ψ_k = e^{ikx}/ √ V � k∈Λ^∗\{0}

, where H^{(n)}_{B,k≠0} are the

symmetrized n-particle Hilbert spaces appropriate for non-zero momentum bosons (H^{(0)}_B = C). However, the Hamiltonians H_{Λ,λ0>0} and H^B_{Λ,λ0>0} commute with the total particle-number N_Λ, whereas H^B_{Λ,λ0>0} (0, c) (A.1) does not: � H^B_{Λ,λ0>0} (0, c) , N_Λ � ≠ 0.

Then, in the canonical ensemble, Bogoliubov [3] suggests a different but similar way corresponding to a canonical Bogoliubov theory of superfluidity, whereas the intuitive Bogoliubov approximation takes place only in the grand-canonical Bogoliubov theory of superfluidity: see below.

2.3. Canonical Bogoliubov theory of superfluidity [3, 35, 40–43]

Let us consider the Bogoliubov Hamiltonian H^B_{Λ,λ0>0} in the canonical ensemble. Since N_0 = a^∗_0a_0 is a non-negative self-adjoint operator, the operator (N_0 + I)^{−1/2} is correctly defined and bounded. Let ζ_k = a^∗_0 (N_0 + I)^{−1/2} a_k, ζ^∗_k = a^∗_k (N_0 + I)^{−1/2} a_0, k ∈ Λ^∗. (2.8)

Then for k ≠ 0 these operators satisfy the canonical commutation relations (CCR), and via (N_0 + I)^{−1/2} a_0 = a_0N^{−1/2}_0 the Hamiltonian H^B_{Λ,λ0>0} (2.4) can be written as

H^B_{Λ,λ0>0} = � k∈Λ^∗

ε_kζ^∗_kζ_k +

N_0 V λ_0 � k∈Λ^∗\{0}

ζ^∗_kζ_k + λ_0 2V N_0 (N_0 − I) + N_0 2V � k∈Λ^∗\{0}

λ_k � ζ^∗_kζ_k + ζ^∗_{−k}ζ_{−k} �

+ 1 2 � k∈Λ^∗\{0}

λ_k � ζ^∗_kζ^∗_{−k}

N^{1/2}_0 (N_0 − I)^{1/2} V + N^{1/2}_0 (N_0 − I)^{1/2} V ζ_kζ_{−k} � . (2.9)

The canonical Bogoliubov approximation for the Hamiltonian (2.9) corresponds to

N_0 V → |c|^2 ,

N^{1/2}_0 (N_0 − I)^{1/2} V → |c|^2 . (2.10)

The procedure implies the model H^B_{Λ,λ0>0} (0, c) (A.1) where the operators {a_k}_{k∈Λ}∗_{\{0}} are replaced by {ζ_k}_{k∈Λ}∗_{\{0}} . By (2.8), this model now conserves the number of particles, i.e. we can treat it in the canonical ensemble with some parameter c.

To exclude this uncertainty Bogoliubov proposed to eliminate the operator N_0 from (2.9) at the cost of further approximations, see [3, 35] and discussion in [40]. Since

N_{Λ,k≠0} ≡ � k∈Λ^∗\{0}

a^∗_ka_k = � k∈Λ^∗\{0}

ζ^∗_kζ_k, N_0 = N_Λ − N_{Λ,k≠0},

he used the following approximation

N^2_0 2V + N_0 V � k∈Λ^∗\{0}

ζ^∗_kζ_k ≃

N^2_Λ 2V (2.11)

in the sum of the second and the third terms of (2.9) and

N_0 V ≃ N_Λ V → ρ (2.12)

in the third, the fourth and the fifth terms to arrive to an approximating Hamiltonian for the canonical ensemble with density ρ:

~H^B_{Λ,λ0>0} (ρ) = � k∈Λ^∗\{0}

(ε_k + ρλ_k) ζ^∗_kζ_k + ρ 2 � k∈Λ^∗\{0}

λ_k � ζ^∗_kζ^∗_{−k} + ζ_kζ_{−k} �

+λ_0

N^2_Λ 2V − 1 2 ρλ_0. (2.13)

Since the last two terms are constants in the canonical ensemble we get a bilinear form in Bose-operators {ζ_k}_{k∈Λ}∗_{\{0}}. Therefore, using the Bogoliubov canonical u-v transformation (see Appendix A with a_k → ζ_k), we finally get the well-known Bogoliubov gapless spectrum (cf. (A.4) with λ_0 = 0 and α = 0).

This canonical approach involves two main assumptions: (2.10) and (2.11)-(2.12). By analogy with some examples in the grand-canonical ensemble [7, 8, 10, 39], the canonical Bogoliubov approximation (2.10) should be true, but we should be very doubtful concerning (2.11)-(2.12). The approximation (2.11), taken in terms of operators, change the original Bogoliubov Hamiltonian H^B_{Λ,λ0>0} drastically, whereas (2.12) imposes a completely condensed particles density by fixing |c|^2 = ρ. This last assumption is not true for the original Bogoliubov Hamiltonian H^B_{Λ,λ0>0} (at least not in the grand-canonical ensemble, see [7–11]). Experimentally (cf. [44,45]), an estimate of the fraction of condensate in liquid^4He at zero-temperature is only 9% !

In fact it is true that the Bogoliubov approach is applicable to the weakly interacting gas but it does not mean that we reach the dilute limit. Following a perturbation theory, the depletion of the condensate, i.e., N_Λ − N_0 is zero in the lowest-order: see for example (2.108)- (2.109) in Section 2.4 of [4]. We could replace N_0 by N_Λ everywhere it appears apart from the lowest-order Hartree term. This analysis is done after considering the creation/annihilation operators on the ground state as arbitrary chosen complex numbers. However, the crucial point is that, by keeping the creation/annihilation operators on the ground state, the nondiagonal interaction (2.6) of the Bogoliubov Hamiltonian implies a contribution in the second order, see [4,6,9]. This contribution is absolutely not negligible: this term is able to change drastically the thermodynamics of the system [4, 6, 7, 9]. It is the origin of the depletion of the condensate fraction and also of the quasi-particle systems with the Landau spectrum [6]. Therefore the criticism of (2.11)-(2.12) is relevant. Some discussions corresponding to the problem of the condensate depletion can be found in [35,36,46–50]. Indeed Bogoliubov (and Zubarev) realized the difficulty with his ansatz of 100% of condensate: his u-v transformation (Appendix A) implies a diminution of the condensate because of a repulsion between particles.

2.4. Grand-canonical Bogoliubov theory of superfluidity [1, 2, 48, 51–57]

Now, let us consider the more well-known approach, i.e. the grand-canonical Bogoliubov theory of superfluidity. Originally proposed by Bogoliubov [1,2], and essentially advocated by Beliaev [51, 52], Hugenholtz and Pines [53–56], Tserkovnikov [48], and Tolmachev [57], to remove the problem of non-conservation of the particle number, they suggested to use the grand-canonical ensemble from the very beginning, i.e. they introduced a chemical potential α:

H^B_{Λ,λ0>0}(α) = H^B_{Λ,λ0>0} − αN_Λ. (2.14)

Then the Bogoliubov approximation gives the Hamiltonian H^B_{Λ,λ0>0} (α, c) (see Appendix A).

Remark 2.1. The models, ~H^B_{Λ,λ0>0} (ρ) (2.13) in the canonical ensemble and H^B_{Λ,λ0>0} (α, c) (A.1) in the grand-canonical ensemble, represent two different Bose systems even for |c|^2 = ρ.

After the gauge transformation (A.2), the Hamiltonian (A.1) depends only on x = |c|^2. Then, in [51, 53, 55, 57] the authors proposed to fix x = |c|^2 using the variation principle combined with the ground state ψ_0 of the Perfect Bose Gas: ∂ ∂ |c|^2 � ψ_0, H^B_{Λ,λ0>0}(α, c)ψ_0 � F^B_Λ = ∂ ∂ |c|^2 � 1 2 λ_0 |c|^4 V − α |c|^2 V � = 0, (2.15)

i.e.

α = λ_0 |c|^2 . (2.16)

For a given total particle density ρ the chemical potential should be excluded from (2.16) by the subsidiary condition, which defines |c|^2 as a function of ρ. If one does this in the first approximation [51, 53, 55], then one gets |c|^2 = ρ, which returns us to (2.13). Therefore using again the Bogoliubov canonical u-v transformation (see Appendix A), we again get the Bogoliubov gapless spectrum (cf. (A.4) with λ_0 = 0 and α = 0).

The clever Bogoliubov approximation on the model H^B_{Λ,λ0>0} is in fact true in terms of the thermodynamic behavior, see [4,7,8,10]. However, the main assumption (2.16) which is crucial to get a gapless spectrum is false, in the sense that the theory is not rigorously consistent. Actually, in [5], the authors show for the first time that the condition (2.16) for |c|^2 > 0 involves a positive chemical potential where the pressure of the original Hamiltonian H^B_{Λ,λ0>0} does not exist. Then, in [4,7,8,10], it is shown that the thermodynamically relevant spectrum of the original Hamiltonian H^B_{Λ,λ0>0} always has a gap for any chemical potential α in the existence domain of the pressure.

2.5. Remark on the spectrum of excitations

Before we embark on a strong revision of the Bogoliubov theory, we want to make precise the definition of the excitation spectrum of a system of particles. In particular, which is the relevant ensemble between the canonical and grand-canonical one, in terms of physical excitation spectrum?

It is clear that the spectrum of excitations should be understood as the spectrum of the corresponding Hamiltonian. Considering for example the Perfect Bose Gas, this spectrum is given by {ε_k}_{k∈R} in the canonical ensemble whereas in the grand-canonical ensemble it equals {ε_k − α}_{k∈R}, i.e. the spectrum has a gap for α < 0. Of course, the presence of this gap comes only from the Lagrange multiplier α associated with the operator N_Λ/V [58]. The excitation spectrum of the Perfect Bose Gas is then {ε_k}_{k∈R}. The chemical potential α has no physical relevance in terms of spectrum of excitations, i.e. the physical spectrum of excitations should be seen only in the canonical ensemble.

An absence of gaps in the grand-canonical ensemble is only a specific case. For example, it is only in the presence of the conventional Bose-Einstein condensation that this property holds for the Perfect Bose Gas and then for the Mean-Field Bose Gas or the Imperfect Bose Gas, see [26–33]. This fact can also not be generalized to any Bose system having a Bose condensation, i.e. a gap on the spectrum in the grand-canonical ensemble may appear even if no gap exists in the canonical ensemble. For the Bogoliubov microscopic theory of superfluidity, the spectrum in the two ensembles gives the same result . However, it is only because of the drastic Bogoliubov assumption (2.16), that all effects of the chemical potential on the spectrum are removed in the grand-canonical ensemble (β, α).

Consequently, in terms of the spectrum of excitations, a Bose system should be thermodynamically analyzed only in the canonical ensemble.

3. A new microscopic theory of superfluidity?

To correct the Bogoliubov microscopic theory of superfluidity, the main guiding principle should be to get a gapless Hamiltonian, or at least a Hamiltonian whose spectrum seems to be gapless. Considering the complex Bose system (2.1), we should also truncate the Hamiltonian but, of course, in a different way than Bogoliubov did, see the above discussion in subsection 2.2. Regarding the last subsection 2.5, this truncation should be understood in the framework of the canonical ensemble. In this ensemble (β, ρ) and in terms of thermodynamic properties, the full Hamiltonian (2.1) is completely equivalent to the model

H_{Λ,0} = � k∈Λ^∗

ε_ka^∗_ka_k + ~U_Λ = � k∈Λ^∗

ε_ka^∗_ka_k + 1 2V � k_1,k_2,q≠0∈Λ^∗

λ_qa^∗_{k1+q}a^∗_{k2−q}a_{k1} a_{k2} , (3.1) see (2.1)-(2.2), since the Mean-Field interaction U^{MF}_Λ (2.3) is simply a constant on the Hilbert space H^{(n=[ρV ])}

B . Here β is the inverse temperature, and ρ the fixed full particle density, whereas n = [ρV ] , defined as the integer part of V ρ, is the number of particles. Formally, the Mean-Field interaction U^{MF}_Λ does not change the “physical properties” of a Bose system (cf. [33, 34]) and the “physical” effect of the interaction potential should express itself by means of interaction ~U_Λ. This nondiagonal interaction ~U_Λ (2.2) is then the only interaction to truncate following the first Bogoliubov procedure. We then get the following (nondiagonal) superstable Bogoliubov Hamiltonian in the canonical ensemble:

H^{SB}_Λ ≡ H^B_{Λ,λ0=0} + U^{MF}_Λ , (3.2)

see (2.3) and (2.4) for λ_0 = 0. In the canonical ensemble, the superstable Bogoliubov Hamiltonian H^{SB}_Λ is also equivalent to the model H^B_{Λ,0}. Now, considering that the canonical Bogoliubov approximation is true, we directly get

H^{SB}_{Λ,λ0} (c) = ^H^{SB}_{Λ,0} (c) + λ_0 2 � ρ^2V − ρ � , (3.3)

in the canonical ensemble with

^H^{SB}_{Λ,0} (c) = � k∈Λ^∗\{0}

ε_kζ^∗_kζ_k + 1 2 � k∈Λ^∗\{0}

λ_k |c|^2 � ζ^∗_kζ_k + ζ^∗_{−k}ζ_{−k} �

+ 1 2 � k∈Λ^∗\{0}

λ_k � c^2ζ^∗_kζ^∗_{−k} + c^2ζ_kζ_{−k} � .

The Hamiltonian ^H^{SB}_{Λ,0} (c) is again a bilinear form in Bose-operators {ζ_k}_{k∈Λ}∗_{\{0}} (2.8) diagonalizable with the Bogoliubov canonical u-v transformation (Appendix A with a_k → ζ_k). We then get the well-known Bogoliubov gapless spectrum for any x = |c|^2 ≥ 0 (cf. (A.4) with λ_0 = 0 and α = 0).

Remark 3.1. Under the assumption |c|^2 = ρ we have the equality H^{SB}_Λ (c) = ~H^B_{Λ,λ0=0} (ρ). The paper [6] shows that this assumption is exact only for ρ → ∞.

The second term of (3.3) should not be taken into account on the thermodynamic level, since it is a constant. In the canonical-ensemble, this means also that we can directly consider the Hamiltonian H^B_{Λ,0} (see (2.4) with λ_0 = 0) instead of the superstable Hamiltonian H^{SB}_Λ . The Hamiltonian H^B_{Λ,0} corresponds to the original Bogoliubov truncation done on H_{Λ,0}. But, unfortunately, in the grand-canonical ensemble, this Bose system is drastically instable at high densities, i.e. the terms of repulsion are not strong enough to prevent the system from collapse, see Appendix B. In order to analyze the thermodynamic properties of H^B_{Λ,0} in the canonical ensemble, one should consider its supertabilized form [33, 34], i.e. the superstable Hamiltonian H^{SB}_Λ (cf. [6]). Then, we should concentrate our discussion only on the superstable gas H^{SB}_Λ , whose thermodynamic properties exist in the two ensembles (can./grand-can.) at all densities.

At this point, the reader may be very critical about this intuitive explanation of the gapless spectrum in the canonical ensemble, for the moment based on only two assumptions: a truncation of the full Hamiltonian [or H_{Λ,0} (3.1)] implying H^{SB}_Λ [or H^B_{Λ,0} (2.4)], and the canonical Bogoliubov approximation (2.10).

A first important question concerns the truncation. The Bogoliubov one was false: it was not rigorously consistent with the grand-canonical thermodynamic behavior of the Bogoliubov Hamiltonian and the appearance of a second Bose condensation outside the zero-mode [4,7–10], see subsection 2.2. We are going to explain why the truncation done here is also better from this point of view.

Actually, the paper [9] is very useful to point out the origin of this second Bose condensation for the Bogoliubov Hamiltonian H^B_{Λ,λ0>0} (2.4). Indeed, the apparition of the second (conventional) Bose-Einstein condensation for the Bogoliubov WIBG comes from the term of repulsion

λ_0 2V a^{∗2}_0 a^2_0 = λ_0 2V � N^2_0 − N_0 � , with N_0 ≡ a^∗_0a_0, (3.4)

which implies the saturation of the first (non-conventional) Bose condensation by excluding particles in the zero mode, since for any k ≠ 0 the similar terms of repulsion � λ_0 2V a^{∗2}_k a^2_k = λ_0 2V � N^2_k − N_k � , with N_k ≡ a^∗_ka_k � k∈Λ^∗\{0}

(3.5)

in the full Hamiltonian (2.1) are neglected in the Bogoliubov truncation. All terms (3.4)-(3.5) come from the Mean-Field (also called the “forward scattering”) interaction U^{MF}_Λ (2.3). Consequently, keeping the interaction (2.3) in the superstable Bogoliubov Hamiltonian (3.2) allows us to avoid the appearance of a second Bose condensation, which would be inconsistent with this truncation.

A second remark concerns the canonical Bogoliubov approximation. In the grand-canonical ensemble (β, α), it is proven by Ginibre [39] that the Bogoliubov approximation is exact for any superstable Hamiltonian, including H^{SB}_Λ . We believe that this procedure works also in the canonical ensemble, and we are going to prove it for this specific model in [6].

Before going further, let us add an important remark. The canonical Bogoliubov approximation (2.10) done here for the superstable model H^{SB}_Λ may be interpreted, in the grand-canonical ensemble, as using the Bogoliubov approximation only on H^B_{Λ,λ0=0}, i.e. not in U^{MF}_Λ (2.3). In the grand-canonical ensemble, doing this incomplete Bogoliubov approximation seems to be inexact [39].

This last procedure for the grand-canonical ensemble was used in papers [5, 59, 60]. Indeed, the same truncation and so the corresponding Bogoliubov Hamiltonian H^{SB}_Λ was previously proposed by N. Angelescu, A. Verbeure and V.A. Zagrebnov in 1992 [5]. The main object of this superstable model was, for the authors [5], to correct the instability for positive chemical potentials of the Bogoliubov Hamiltonian (2.4). At the same time, the aim in [5] was to find a gapless Bogoliubov spectrum. In [60] the authors use a “generalized” Bogoliubov approximation. This “generalized” Bogoliubov approximation corresponds to partially changing the operators � a_0/ √ V , a^∗_0/ √ V � by a suitable function � b (c) , b (c) � in (3.2) except in the Mean-Field interaction U^{MF}_Λ (2.3). Then, they prove a Bose condensation in zero-mode via second-order phase transition and a linear asymptotic of the elementary excitation spectrum in condensed phase for ‖k‖ → 0, see also discussions in Section 3.4 of [4].

In [6] we show that the first procedure (partial Bogoliubov approx.) done in [5] is true but the other one [60] (partial generalized Bogoluibov approx.) performed on the superstable model (3.2) in the grand-canonical ensemble is inexact, in the sense that it is equivalent to drastic modifications of the original Hamiltonian (3.2). However, as Bogoliubov did, they were forced in [5] to add some additional assumptions to find a gapless spectrum since they use the grandcanonical ensemble, see the discussion of subsection 2.5. From the beginning it was unlikely that the exact solution of H^{SB}_Λ had a gapless spectrum even in the presence of Bose-condensation. In fact, we prove in [6] that, on the thermodynamic level, there is a gapless spectrum in the canonical ensemble, but not in the grand-canonical ensemble at all chemical potentials.

Actually, the main problem of their methods (Bogoliubov et al) is to assume, à priori, the Bose condensation by directly doing the Bogoliubov approximation with an arbitrary choice of |c|^2, without exactly solving it in terms of the thermodynamic behavior. In particular, the explanation given after the truncation leading to (3.3) has to be proven. For example, Bogoliubov made the (shown to be wrong in [6]) assumption that |c|^2 = ρ but what is our value of |c|^2 in (3.3)?

As the review [4] explained in the “outline” section, we should be discouraged “from performing sloppy manipulations with Bose condensations, quantum fluctuations and different kinds of ansätze”. The example of the exact solution of the WIBG-model (on the thermodynamic level) in relation with the Bogoliubov ansätze, provide a strong warning in doing it. Actually, the rigorous thermodynamic behavior of the nondiagonal superstable Bogoliubov Hamiltonian H^{SB}_Λ is performed in [6]. In particular, we rigorously prove that this model H^{SB}_Λ is “equivalent” in thermodynamic limit to the model H^B_{Λ,0} (^c) (3.3) in the canonical ensemble. The value of |^c| = |^c (β, ρ)| < ρ satisfies a variational principle, different from (2.15) in the canonical ensemble (β, ρ). This provides a new theory of superfluidity with a gapless spectrum at any particle densities and temperatures, leading to a deeper understanding of the Bose condensation phenomenon in liquid helium [6]: coexistence in the superfluid liquid of particles inside and outside the Bose condensate (even at zero temperature), Bose/Bogoliubov statistics, “Cooper pairs” in the Bose condensate.

This theory is based only on a weaker truncation (see (3.2)) than the Bogoliubov truncation (see (2.4) with λ_0 > 0). This unique hypothesis is not proven in this paper or [6] and it may not be exact even in thermodynamic limit (cf. discusions in [4, 12]. However, the paper [6] shows that the theory is, at least, self-consistent as intuitively explained. Moreover this implies the exact solution of a nondiagonal continuous model, i.e., H^B_{Λ,0}, far from the Perfect Bose Gas in the canonical ensemble at all temperatures and densities [6]. This is the first time for such a rigorous thermodynamic analysis to be performed on a non-trivial continuous gas.

Acknowledgments.

Special thanks first go to T. Dorlas and the DIAS for the nice stay where this work was finished. S. Adams is grateful to J.D. Deuschel for his support and motivation. J.-B. Bru thanks Institut für Mathematik, Technische Universität Berlin, and its members for their warm hospitality during the academic year 2001-2002 and more precisely S. Adams. J.-B. Bru also wants to express his gratitude to N. Angelescu, A. Verbeure and V.A. Zagrebnov for their useful discussions. And the second author especially thanks the Vicomte de Dukes and Elise for their help in writing/correcting this article. The work was supported by DFG grant DE 663/1-3 in the priority research program for interacting stochastic systems of high complexity.

Appendix A. : the Bogoliubov u-v transformation

In this subsection we recall the Bogoliubov canonical u-v transformation by applying it on the Bogoliubov approximation [39]

H^B_{Λ,λ0} (α, c) = � k∈Λ^∗\{0} � ε_k − α + λ_0 |c|^2 � a^∗_ka_k + 1 2 � k∈Λ^∗\{0}

λ_k |c|^2 � a^∗_ka_k + a^∗_{−k}a_{−k} �

+ 1 2 � k∈Λ^∗\{0}

λ_k � c^2a^∗_ka^∗_{−k} + c^2a_ka_{−k} � − α |c|^2 V + λ_0 2 � |c|^4 V − |c|^2 � (A.1)

of H^B_Λ (α) ≡ H^B_Λ −αN_Λ (2.4) for any λ_0 ≥ 0. After the canonical gauge transformation to boson operators a_ke^{−i arg c}, k ∈ Λ^∗\ {0} . (A.2) the Hamiltonian (A.1) depends only on x = |c|^2. Then, we compute the corresponding pressure

p^B_{Λ,λ0} (β, α, c) = 1 βV ln T r_F ′_B e^{−βHBΛ,λ}0^{(α,c)}. (A.3)

Since H^B_{Λ,λ0} (α, c) (A.1) is a bilinear form in boson operators � a^#_k � k∈Λ^∗\{0}

, the Bogoliubov

canonical u-v transformation diagonalizes it by using a new set of boson operators � b^#_k � k∈Λ^∗\{0}

defined by a_k = u_kb_k − v_kb^∗_{−k}, a^∗_k = u_kb^∗_k − v_kb_{−k}, with real coefficients {u_k = u_{−k}}_{k∈Λ}∗_{\{0}} and {v_k = v_{−k}}_{k∈Λ}∗_{\{0}} satisfying:

u^2_k − v^2_k = 1, 2u_kv_k = xλ_k E^B_{k,λ0}

, u^2_k + v^2_k = ε_k E^B_{k,λ0} . Here f_{k,λ0} = ε_k − α + x (λ_0 + λ_k) , E^B_{k,λ0} = � f^2_{k,λ0} − x^2λ^2_k = � (ε_k − α + xλ_0) (ε_k − α + x (λ_0 + 2λ_k)),

(A.4)

for x ≡ |c|^2. Thus

u^2_k = 1 2 � f_{k,λ0} E^B_{k,λ0} + 1 � , v^2_k = 1 2 � f_{k,λ0} E^B_{k,λ0} − 1 � . Notice that f_{k,λ0} ≥ xλ_k and, |c|^2 and α satisfy the inequality:

α ≤ |c|^2 λ_0+ min_{k∈Λ∗\{0}} ε_k. (A.5)

The Hamiltonian (A.1) becomes:

H^B_{Λ,λ0} (α, c) = � k∈Λ^∗\{0}

E^B_{k,λ0} b^∗_kb_k + 1 2 � k∈Λ^∗\{0} � E^B_{k,λ0} − f_{k,λ0} � − αx + λ_0 2 � x^2 − x V � . (A.6)

Therefore, the pressure p^B_{Λ,λ0} (β, α, c) (A.3) equals

p^B_{Λ,λ0} (β, α, c) = ξ_{Λ,λ0} � β, α, x ≡ |c|^2 � + η_{Λ,λ0} � α, x ≡ |c|^2 � , ξ_{Λ,λ0} (β, α, x) = 1 βV � k∈Λ^∗\{0} ln � 1 − e^{−βEBk,λ}0

�_{−1} , η_{Λ,λ0} (α, x) = 1 2V � k∈Λ^∗\{0} � f_{k,λ0} − E^B_{k,λ0} � + αx − λ_0 2 � x^2 − x V � , (A.7)

and has the following thermodynamic limit:

p^B_{λ0} � β, α, x ≡ |c|^2 � ≡ lim_Λ p^B_{Λ,λ0} (β, α, c) = ξ_{λ0} (β, α, x) + η_{λ0} (α, x) ,

ξ_{λ0} (β, α, x) ≡ lim_Λ ξ_{Λ,λ0} (β, α, x) = 1 (2π)^3 β � R^3 ln � 1 − e^{−βEBk,λ}0

�_{−1}

d^3k,

η_{λ0} (α, x) ≡ lim_Λ η_{Λ,λ0} (α, x) = 1 2 (2π)^3 � R^3 � f_{k,λ0} − E^B_{k,λ0} � d^3k + αx − λ_0 2 x^2,

(A.8)

with E^B_{k,λ0≥0}, f_{k,λ0≥0} defined by (A.4), and α ≤ xλ_0 by (A.5).

Appendix B. : The grand-canonical Bogoliubov Hamiltonian

We are exploring the thermodynamic behavior of the Hamiltonian H^B_{Λ,0} (2.4), because the results in [4,8,11] are not useful anymore to deduce the thermodynamic properties since they are valid only for λ_0 > 0.

The pressure in the grand-canonical ensemble for a chemical potential α and an inverse temperature β ≥ 0, is given by

p^B_{Λ,0} (β, α) ≡ 1 βV ln T r_F B_Λ � e^{−β}(^{HBΛ,0−αNΛ}) � , and the grand-canonical particle density by

ρ^B_{Λ,0} (β, α) ≡ � N_Λ V � H^B_{Λ,0}

(β, α) = ∂_αp^B_{Λ,0} (β, α) .

B.1. An upper bound for the grand-canonical pressure

Regrouping terms in (2.4) one has

H^B_{Λ,0} = H^I_Λ + 1 2V � k∈Λ^∗\{0}

λ_k � a^∗_0a_k + a^∗_{−k}a_0

�_∗ �

a^∗_0a_k + a^∗_{−k}a_0 � ≥ H^I_Λ,

where

H^I_Λ = � k∈Λ^∗\{0} � ε_k − λ_k 2V � N_k − � � 1 2V � k∈Λ^∗\{0}

λ_k � � N_0.

Hence we obtain

p^B_{Λ,0} (β, α) ≤ p^I_Λ (β, α) ≡ 1 βV � k∈Λ^∗\{0} ln � 1 − e^{−β} “ ε_k−^{λk}_{2V} −α

”�_{−1} + + 1 βV ln � 1 − e^β(^{α−αsup,Λ})

�_{−1} , for α < α_{sup,Λ} ≡ − 1 2V � k∈Λ^∗\{0}

λ_k < 0. (B.1)

B.2. A lower bound for the grand-canonical pressure using the Bogoliubov approximation The corresponding lower bound for the Bogoliubov Hamiltonian H^B_{Λ,λ0>0} (2.4) found in [5] remains valid even for λ_0 = 0 and one gets

p^B_{Λ,0} (β, α) ≥ sup_{c∈C} p^B_{Λ,0} (β, α, c) , (B.2)

where p^B_{Λ,0} (β, α, c) is defined by (A.7) in Appendix A. Therefore one has to analyze the lower bound sup_{c∈C} p^B_{Λ,0} (β, α, c).

Lemma B.1. Let p^B_{Λ,0} (β, α, c) be given as in (A.7). Then

sup_{c∈C} p^B_{Λ,0} (β, α, c) = � p^B_{Λ,0} (β, α, 0) = p^{P BG}_Λ (β, α) ; for α ≤ α_{sup,Λ} < 0 +∞ ; for α > α_{sup,Λ},

where p^{P BG}_Λ (β, α) is the grand-canonical pressure for the Perfect Bose Gas.

Proof. Through (A.4) and (A.7) in Appendix A, one gets that for α ≤ 0: (i) ∂_xη_{Λ,0} (α, x) = α + 1 2V � k∈Λ^∗\{0}

λ_k − 1 2V � k∈Λ^∗\{0}

λ_k � 1 + x

2λ_k ε_k − α

�_{−1/2} , ∂_xη_{Λ,0} (α, 0) = α < 0;

(ii)

∂^2_xη_{Λ,0} (α, x) = 1 2V � k∈Λ^∗\{0} � λ^2_k √ ε_k − α (ε_k − α + 2xλ_k)^{3/2} � > 0.

Since lim x→+∞ 1 2V � k∈Λ^∗\{0}

λ_k � 1 + x

2λ_k ε_k − α

�_{−1/2} = 0,

even in the thermodynamic limit, (i) implies

α ≤ ∂_xη_{Λ,0} (α, x) ≤ α − α_{sup,Λ} for all x ≥ 0 and lim x→+∞ � ∂_xη_{Λ,0} (α, x) − α + α_{sup,Λ} � = 0, we get with (ii) sup_{x≥0} � η_{Λ,0} (α, x) � = � η_{Λ,0} (α, x = 0) ; for α ≤ α_{sup,Λ} +∞ ; for α > α_{sup,Λ}.

(B.3) Therefore, for β → ∞ (zero-temperature) the corresponding pressure p^B_{Λ,0} (β, α, c) (A.7) attains its supremum at c = 0 if α ≤ α_{sup,Λ} whereas sup_{c∈C} p^B_{Λ,0} (β, α, c) does not exist for any α > α_{sup,Λ}. By (A.4) and (A.7) note that (i) ∂_xξ_{λ0≥0} (β, α, x) < 0 and lim_{x→+∞} ξ_{λ0≥0} (β, α, x) = 0, (ii) ∂_β ξ_{λ0≥0} (β, α, x) < 0 and lim_{β→+∞} ξ_{λ0≥0} (β, α, x) = 0. (B.4) Hence via (B.3) and (B.4) the lemma holds. ■ Consequently, combining (B.2) with Lemma B.1, we find p^B_{Λ,0} (β, α) ≥ p^B_{Λ,0} (β, α, 0) = p^{P BG}_Λ (β, α) , (B.5) for any α ≤ α_{sup,Λ} , whereas for α > α_{sup,Λ} the pressure p^B_{Λ,0} (β, α) does not exist. B.3. Thermodynamic behavior of the model Via the previous upper bound and (B.5) we get p^{P BG}_Λ (β, α) ≤ p^B_{Λ,0} (β, α) ≤ p^I_Λ (β, α) , for α < α_{sup,Λ} , which gives p^B_0 (β, α) =lim_Λ p^B_{Λ,0} (β, α) = p^{P BG} (β, α) (B.6) in the thermodynamic limit for α < α_{sup} ≡ lim_Λ α_{sup,Λ} = − 1 2 φ (0) , and which can be extended by continuity of the pressure to α ≤ α_{sup}. Here p^{P BG} (β, α) is the infinite volume pressure for the Perfect Bose Gas. From (B.6) and Griffiths lemma [61, 62] the infinite volume particle density ρ^B_0 (β, α) equals

ρ^B_0 (β, α) = ∂_αp^{P BG} (β, α) = ρ^{P BG} (β, α) = 1 (2π)^3 � R^3

d^3k � e^{β(εk−α)} − 1

�_{−1}

for α < α_{sup} and therefore lim α→α^−_{sup}

ρ^B_0 (β, α) = ρ^{P BG} (β, α_{sup}) < +∞, (B.7) i.e. it is not possible to reach high densities regimes in the grand-canonical ensemble (β, α).

Hence the properties of the model H^B_{Λ,0} are, in a way, trivial for rather negative chemical potential α ≤ α_{sup,Λ}: they are equivalent to the Perfect Bose Gas. The nondiagonal interaction U^{ND}_Λ (2.6) is not able to change the system for sufficiently negative chemical potential α ≤ α_{sup}. This fact is not surprising since it is exactly the same for the Bogoliubov Hamiltonian H^B_Λ for α ≤ α_{sup,Λ}, see the corresponding lower and upper bounds in [5] and discussions in [4, 8]. Actually, as soon as the nondiagonal interaction U^{ND}_Λ (2.6) beats the kinetic part for α > α_{sup,Λ} by attracting particles in the zero-mode [9], the system becomes unstable, i.e. all particles collapse in the zero-mode because of the absence of strong enough repulsion terms such as (3.4). Such terms as (3.4) are then crucial to induce the non-conventional Bose condensation mechanism without any instability.

The model H^B_{Λ,0} turns out to be not sufficient for a microscopic theory of superfluidity in the grand-canonical ensemble.

Literatur

[1] N.N. Bogoliubov, On the theory of superfluidity, J. Phys. (USSR) 11, 23 (1947).

[2] N.N. Bogoliubov, About the theory of superfluidity, Izv. Akad. Nauk USSR 11, 77 (1947).

[3] N.N. Bogoliubov, Energy levels of the imperfect Bose-Einstein gas, Bull. Moscow State Univ. 7, 43 (1947).

[4] V.A. Zagrebnov and J.-B. Bru, The Bogoliubov Model of Weakly Imperfect Bose Gas, Phys. Rep. 350, 291 (2001).

[5] N. Angelescu, A. Verbeure and V.A. Zagrebnov, On Bogoliubov’s model of superfluidity J. Phys. A: Math.Gen. 25, 3473 (1992).

[6] S. Adams and J.-B. Bru, A New Microscopic Theory of Superfluidity at all Temperatures, Submitted to Annale Henri Poincaré.

[7] J.-B. Bru and V.A. Zagrebnov, Exact phase diagram of the Bogoliubov Weakly Imperfect Bose gas, Phys. Lett. A 244, 371 (1998).

[8] J.-B. Bru and V.A. Zagrebnov, Exact solution of the Bogoliubov Hamiltonian for weakly imperfect Bose gas, J. Phys. A: Math. Gen. A 31, 9377 (1998).

[9] J.-B. Bru and V.A. Zagrebnov, Quantum interpretation of thermodynamic behaviour of the Bogoliubov weakly imperfect Bose gas, Phys. Lett. A 247, 37 (1998).

[10] J.-B. Bru and V.A. Zagrebnov, Thermodynamic Behavior of the Bogoliubov Weakly Imperfect Bose Gas, in Mathematical Results in Statistical Mechanics, edited by S. Miracle-Sole et al. (World Scientific, Singapore, 1999) p. 313.

[11] J.-B. Bru and V.A. Zagrebnov, On condensations in the Bogoliubov Weakly Imperfect Bose-Gas, J. Stat. Phys. 99, 1297 (2000).

[12] V.A. Zagrebnov, Generalized condensation and the Bogoliubov theory of superfluidity, Cond. Matter Phys. 3, 265 (2000).

[13] A.J. Leggett, Superfluidity, Rev. Mod. Phys. 71, S318 (1999).

[14] E.H. Lieb and R. Seiringer, Proof of Bose-Einstein Condensation for Dilute Trapped Gases, Phys. Rev. Lett. 88, 170409 (2002).

[15] E.H. Lieb, R. Seiringer and J. Yngvason, Superfluidity in dilute trapped Bose gases, Phys.

Rev. B 66, 134529 (2002).

[16] D. Ruelle, Statistical Mechanics: Rigorous Results (Benjamin, New-York, 1969). [17] O. Brattelli and D.W. Robinson, Operator Algebras and Quantum Statistical Mechanics (Springer-Verlag, New York, 1996), Vol 2, 2nd edition.

[18] L.D. Landau, The theory of superfluidity of Helium II, J. Phys. (USSR) 5, 71 (1941). [19] L.D. Landau, On the theory of superfluidity of Helium II, J. Phys. (USSR) 11, 91 (1947). [20] E.H. Lieb and W. Liniger, Exact Analysis of an Interacting Bose Gas. I. The General Solution and the Ground State, Phys. Rev. 130, 1605 (1963).

[21] C.N. Yang and C.P. Yang, Thermodynamics of one dimensional system of bosons with repulsive delta-function interaction, J. Math. Phys. 10, 1115 (1969).

[22] T.C. Dorlas, J.T. Lewis and J.V. Pulé, The Yang-Yang thermodynamic formalism and large deviations, Commun. Math. Phys. 124, 365 (1989).

[23] J. Lebowitz and O. Penrose, J. Math. Phys. 7, 98 (1966).

[24] E.H. Lieb, Quantum-Mechanical Extension of the Lebowitz-Penrose Theorem on the Van der Waals Theory, J. Math. Phys. 7, 1016 (1966).

[25] Ph. de Smedt and V.A. Zagrebnov, Van der Waals Limit of an Interacting Bose Gas in a Weak External Field, Phys. Rev. A 35, 4763 (1987).

[26] K. Huang, Statistical Mechanics (Wiley, New York, 1963).

[27] E.B. Davies, The thermodynamic limit for an imperfect boson gas, Commun. Math. Phys.

28, 69 (1972).

[28] M. Fannes and A. Verbeure, The condensed phase of the imperfect Bose gas, J. Math.

Phys. 21, 1809 (1980).

[29] M. van den Berg, J.T. Lewis and Ph. de Smedt, Condensation in the Imperfect Boson Gas, J. Stat. Phys. 37, 697 (1984).

[30] E. Buffet and J.V. Pulè, Fluctuations Properties of the Imperfect Boson Gas, J. Math.

Phys. 24, 1608 (1983).

[31] J.T. Lewis, J.V. Pulè and V.A. Zagrebnov, The Large Deviation Principle for the Kac Distribution, Helv. Phys. Acta 61, 1063 (1988).

[32] Vl.V. Papoyan and V.A. Zagrebnov, The ensemble equivalence problem for Bose systems (non-ideal Bose gas), Theor. Math. Phys. 69, 1240 (1986).

[33] J.-B. Bru, Superstabilization of Bose Systems I: Thermodynamic Study, J. Phys. A:

Math.Gen. 35, 8969 (2002).

[34] J.-B. Bru, Superstabilization of Bose systems II: Bose condensations and equivalence of ensembles, J. Phys. A: Math.Gen. 35, 8995 (2002).

[35] N.N. Bogoliubov, Lectures on Quantum Statistics: Quantum Statistics (Gordon and Breach Science Publishers, New York-London-Paris, 1970), Vol. 1.

[36] N.N. Bogoliubov, Energy levels of the imperfect Bose-Einstein gas, in Collection of papers (Naukova Dumka, Kiev, 1970), Vol. 2, p. 242-257.

[37] H. Ezawa, Quantum Mechanics of a Many-Boson System and the Representation of Canonical Variables, J. Math. Phys. 6, 380 (1965).

[38] H. Ezawa and M. Luban, Criterion for Bose-Einstein condensation and Representation of Canonical Commutation Relations, J. Math. Phys. 8, 1285 (1967).

[39] J. Ginibre, On the Asymptotic Exactness of the Bogoliubov Approximation for many Bosons Systems, Commun. Math. Phys. 8, 26 (1968).

[40] N.N. Bogoliubov, Kinetic equations in the theory of superfluidity, JETP 18, 622 (1948). [41] E.H. Lieb, The Bose fluid, in Lectures in Theoretical Physics, edited by W.E. Briffin (University of Colorado, Boulder, 1965) Vol VII C.

[42] M. Girardeau, Variational Method for the Quantum Statistics of Interacting Particles, J.

Math. Phys. 3, 131 (1962).

[43] A.J. Kromminga and M. Bolsterli, Perturbation Theory of Many-Boson Systems, Phys.

Rev. 128, 2887 (1962).

[44] Bose-Einstein condensation, ed. A. Griffin, D.W. Snoke and S. Stringari (Univ. Press, Cambridge, 1996).

[45] A. Griffin, Excitations in a Bose-Condensated Liquid (Cambridge Univ. Press, Cambridge, 1993).

[46] N.N. Bogoliubov and D.N. Zubarev, Wave function of the ground-state of interacting Boseparticles, JETP 28 129 (1955).

[47] D.N. Zubarev, Distribution function of non-ideal Bose-gas for zero temperature, JETP 29 881 (1955).

[48] Yu.A. Tserkovnikov, Theory of the imperfect Bose-Gas for non-zero temperature, Doklady Acad. Nauk USSR 143 832 (1962).

[49] V.N. Popov, Functional Integrals and Collective Excitations (Univ. Press, Cambridge, 1987).

[50] H. Shi and A. Griffin, Finite-temperature excitations in a dilute Bose-condensated gas, Phys. Rep. 304 1 (1998).

[51] S.T. Beliaev, Application of the methods of quantum field theory to a system of bosons, Sov. Phys.-JETP 7, 289 (1958).

[52] S.T. Beliaev, Energy spectrum of a non-ideal Bose gas, Sov. Phys.-JETP 7, 299 (1958). [53] N.M. Hugenholtz and D. Pines, Ground State Energy and Excitation spectrum of system of Interacting Bosons, Phys. Rev. 116, 489 (1959).

[54] D. Pines, The Many-body Problems (W.A. Benjamin Inc., New York, 1962). [55] N.M. Hugenholtz, Quantum Theory of Many-Body Systems, Reports on Progress in Physics 28, 201 (1965).

[56] D. Pines and Ph. Nozières, The Theory of Quantum Liquids : Superfluid Bose Liquids (Addison-Wesley Publishing Company Inc., Redwood City, 1989) Vol. 2.

[57] V.V. Tolmachev, Theory of Bose-Gas (Izd. MGU, Moscow, 1969). [58] R. Balian, From Microphysics to Macrophysics, Methods and Applications of Statistical Physics (Springer-Verlag, New York, 1991), Vol. 1.

[59] N. Angelescu and A. Verbeure, Variational solution of a superfluidity model, Physica A 216, 386 (1995).

[60] N. Angelescu, A. Verbeure and V.A. Zagrebnov, Superfluidity III, J. Phys. A: Math.Gen.

30, 4895 (1997).

[61] R. Griffiths, A Proof that the Free Energy of a Spin System is extensive, J. Math. Phys.

5, 1215 (1964).

[62] K. Hepp E. and H. Lieb, Equilibrium Statistical Mechanics of Matter Interacting with the Quantized Radiation Field, Phys. Rev. A 8, 2517 (1973).