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Necessary and sufficient condition of the completeness and minimality for one
system of exponents with degeneration.

The following system of exponents with “degenerated” coefficients o~ is

considered:
A @) -0 @)™ 4 (1) 0 e} (1)

e “_are complex-valued functions on the segment [—m,m];

B
} ; (2)

{rf}c (=m,m); {Bf}cR are the sets of real numbers. Earlier we obtained the

where 4*(£)=|4* (¢)

o " (¢) have the presentations

o ()= {sin

i=1

completeness and minimality of the system (1) in the space

L,=L,(-m,n),l<p<+oo for definite conditions on the functions A*(t) and the

coefficients ® “(¢). In offered paper we obtain the necessary and sufficient condition

of the completeness and minimality for this system in L, for concrete conditions on
the functions 4™ ;m . We require the fulfilling of the following conditions:
1) o*(¢) are piecewise-Helder functions on the segment [, ], {si }; is the set of

discontinuity points of the function 0(f)=a (1)—a'(f) on [-m,m], and
moreover
e Nt =)

2) ‘Ai (t)‘ are measurable functions on [-mt,7 ], and satisfy the condition

+1 +1
sup vrai {A* (0] 5|4 (@) }s M <+

(—TE »T )

Denote by {hi}lr the jumps of the function O(¢) at the points s;, i.e.

h;=0(s; +0)-0(s; —0),i=1,r.

Integer numbers n;, i = I,_r we define from the following correlations:



1 :
- < +n —n; <—, i=1r;n,=0;

q 2n p 3)
®=0(-mn)-0(n)+2n -n,

i

Let 1 + 1 =1. The following theorem takes place.

P 49

Theorem. Let the functions 4™ () satisfy the conditions 1), 2); the coefficients

o " (¢) have the presentations (2), moreover, the inequalities

Lo B <l, i=1,1"

1

P q

are fulfiled. Then the system (1) is complete in L, if and only if o < 2_75; is minimal
P

in L, ifand only if ® > _2_71; where the value o is defined from (3).

Before proving this theorem we give some earlier known facts, which will be

used further.

0

Statement 1 [2]. Let the system {x, }0

c B, i1s minimal in B, and system
{xi }ion c B, < B, is complete and minimal in B, for some ne N, where B,, i=1,2
are Banach spaces, moreover, from the convergence in B, it follows the convergence

in B,. Then if Z|[{y,};" |N B} ={0} then {x,}

. » is complete in B, where {y,}” < B,

is biorthogonal to {xl. }ion system in B,, Bl.* ,i =1,2 are conjugate spaces.

Statement 2. Let all conditions of theorem are fulfiled. If the inequalities

_2_n<hk <2_Tc9 kzl,l";

q p

take place, then the system (1) forms the basisin L,, I < p <+o0,

Proof of theorem. Not restricting generality, we can consider that the jumps

h,, i =1,r satisfy the conditions

1

—2—n<hl.£27c

q p

,i=1Lr



Really, otherwise we introduce the following function:
I, -m <t<s,,
g(t)y=1e™, s, <t<s,,
" s <t<m
For simplicity we consider that 0 <s, <s, <...<s, <m . We multiply each
member of system (1) on this function and consider the new system:
00" @™ A 00 1) 0

where A* (t)=g(t)- A" (¢). It is not difficult to verify that for this system all

conditions of theorem are fulfiled, and all corresponding values »;, i =1,r; are equal

to zero.

We follow the scheme of the work [2].

So, first of all we suppose that — n <o < 2—n Denote by {sik }, k=1,m the

q p
points from the set {Si }f, at which for the corresponding jumps {hl. }f , in the
conditions (3) the sign of equality is reached; i.e. &, = “T Then it is not difficult to
P
note that for sufficiently small € > 0 the inequalities
2 2 1 1
S < <B;<—,
qe p-¢ pP-¢ 9.
—2—n<(o < 2n ,i=Lr; k=117%;
qe p-¢
1 : :
where — + =1 and p —¢ >1, take place. In this case according to statement 2
q. p—¢

system (1) forms basis in L, . and, consequently, it is minimal in L .

€

Further we introduce the following functions:

o(t) = — 2nk, te[sik’sikﬂ)a k=1m,
0, tﬁ[si’n]’ Sim+1 =5

Ay ()=e™ - A7 (1), 0g () =arg 4; (1) =a. ™ (1) +au(2),



—imt - 21
elmt,lf‘(l)i_,
P

- . 2TC
e (m+1)l‘)lf‘0):_;

\

Ay (=47 (1)

where

a (t)-m-t, if ® 7&2_71’
0 (1) =arg A (1) =

o’ (t)—(m+1), ifo):z—n;
p

Obviously, the jumps of the functions 0,(¢f)=o, (t) —a, (1) and 0(¢) at the

points {s, }lr are connected by correlations: hf{ =h, —2n, k =1,m ; and h’ =h, for

ieli, };", where {hio} are the jumps of 0,(#) at the points s,, i=1,7.
We introduce into consideration the new system:
s " 0™ 45 00" 0™} . )

If we denote by ®, the value, corresponding to this system, defined from (3),

then it will be equal to: ®, =0,(—n +0)—-0,(r —0) for ® ¢2—n and o, =0 — 21
p

2n hy 1
for ® =—. Consequently, =——, k=1,m and
p 2n g

Lo, +0) -0, —0), if 0 = ",
21 p

2n —l, ifoazz—n.
p

Then for sufficiently small € > 0 we have:

0 2n 2n 2n
<h < , ——<m, < ,

g pte 9e pte

2

where L + !

4. PTE

=1.
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Further, consider the weight Hardi class H b

introduced in [-]. Following the

. . . . +
work [], we consider conjugation problem in classes H ot

{F+(r)+G(r)'F(r)=q(argr), =1,

F~(20)=0,

: (1) A, (¢
where v* =[0*]”, G(e”)E(D Q 0(),geL . 1s arbitrary function, L, is
o (0 AL (D) TP |

usual Lebesque class with the weight . Denote by:

- it
Xf(z)zexp{iL jlnm @) e +Zdz},

dn 5 o () e’ -z

1 T
Xz =expst— |In
> (2) P{ in _j;t

A_f it
o()|_e. +Zdt ,
A0+(t)| e —z

. T it
Xi(z)= exp{i [ e dt}.
4 =

it
e’ —z

Let

X' 1,
Z,‘ (Z) = { ! (Z), |Z| <
[ Z>1,i=13

Xi_(Z)]_I,

and

2(2)=[172)

We present the function 0,(¢) in the form: 0,(¢)=0, (¢) +0,(¢). where 8, (¢)
1s continuous part, 0,(7) is the function of jumps, which is defined by the formula:

0,(-1)=0,0,()= > h,, -7 <t<m;

—m<sy<t
(not restricting generality, we consider that the function 0,(#) 1s continuous from the
left side).

Let hy=hl" —h”, where h"=0,(n)-0,(m), A" =00(m)-0¢(-n)
Denote by



h

R
2n
b

Un)=]] {sin
K

o
— 21 T —
U,(t)= sint T - exp _ L j@g(s)ctgt—sds
4 = 2
Then the boundary values of the function Z;(z),i =13 have the following
presentations:
L a1 ,
z0 @) =| 29|z )] <+
o (2) *
o
. — 2n
Z,(e")|=Uy (1)U (1) {sin f = ‘}

Applying these presentations, taking into account the inequality

+—=1]:
ptée 4,

for sufficiently small € >0, and doing analogously the work [1] we obtain, that the

h(t, N
1 <1_l:_ (le)+Bi;:l<L’

p+e p 21 q 4.

system (4) forms the basis in L and in this case biorthogonal system has the form:

—, ®, () —_ ®, ()
W) = >0: ho(f) = >1

where

<pf<r>=m,{bf}

are definite coefficients. Applying the boundary value Z*(e"),

h’ (t)‘ can be

presented in the form:



h(t)-|>.b! e ™™
(1) = —— =,

I1

m
k=1

ezt _ezs[k q

where the function /(¢) 26 >0 in sufficiently small neighbourhoods of the points

{5, };" From here it follows that the linear cover Ll{h; }leoJ doesn’t belong to the

space L,. Then according to the statement 1 the system (1) is complete and minimal

n L,. And now, let ® < _2_75, for example, _Z_n -2t < < _2_75‘ Then from the
q q q

previous arguments it follows that in this case the system

Uroo™ ™4 o e ™} .,

is complete and minimal, and, as a result, the system (1) is complete, but is not

minimal in L ,. The other cases are proved analogously.

Theorem is proved.

Author is very greatful to prof. S.S.Mirzoyev for the attention to the work.
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