BULK UNIVERSALITY AND CLOCK SPACING
OF ZEROS FOR ERGODIC JACOBI MATRICES
WITH A.C. SPECTRUM

ARTUR AVILA!, YORAM LAST?%, AND BARRY SIMON?#

ABSTRACT. By combining some ideas of Lubinsky with some soft
analysis, we prove that universality and clock behavior of zeros
for OPRL in the a.c. spectral region is implied by convergence
of LK, (z,z) for the diagonal CD kernel and boundedness of the
analog associated to second kind polynomials. We then show that
these hypotheses are always valid for ergodic Jacobi matrices with
a.c. spectrum and prove that the limit of 2K, (z,z) is poo(2) /w(z)
where po is the density of zeros and w is the a.c. weight of the
spectral measure.

1. INTRODUCTION

Given a finite measure, du, of compact and not finite support on R,
one defines the orthonormal polynomials, p,(x) (or p,(z,du) if the p-
dependence is important), by applying Gram—Schmidt to 1,z, 2%, . ...
Thus, p, is a polynomial of degree exactly n with leading positive
coefficient so that

/ D)D) dt() = G (L1)
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See [43, 15, 41] for background on these OPRL (orthogonal polynomials
on the real line).

Associated to p is a family of Jacobi parameters {a,, b,}>,, a, > 0,
b, real, determined by the recursion relation (p_;(z) = 0)

:L'pn(:l:') = an+lpn+1($) + bn+lpn($) + anpn—l(x) (1'2)

The {p,(z)}°°, are an orthonormal basis of L*(R, du) (since supp(du)
is compact) and (1.2) says that multiplication by x is given in this basis
by the tridiagonal Jacobi matrix

bl aq 0
aq bg a9

J = 0 ay by --- (1.3)

If we restrict (as we normally will) to x normalized by u(R) = 1,
then p can be recovered from J as the spectral measure for the vector
(1,0,0,...)" Favard’s theorem says there is a one-one correspondence
between sets of bounded Jacobi parameters, that is,

sup |a,| = ay < 00 sup |b,| = 0 < o0 (1.4)

and probability measures with compact and not finite support under
this 4 — J — p correspondence.

We will use this to justify spectral theory notation for things like
supp(dp) which we will denote o(du) since it is the spectrum of J,
o(J). We will use oe(dp) for the essential spectrum, and if

du(z) = w(z) dr + dus(zx) (1.5)
where dyug is Lebesgue singular, then we define
Yac(dp) = {x | w(z) > 0} (1.6)

determined up to sets of Lebesgue measure 0, so X, # () means du has
a nonvanishing a.c. part.
We will also suppose

inf a, =a_ >0 (1.7)

which is no loss since it is known [11] that if the inf is 0, then ¥,. = 0,
and we will only be interested in cases where X, # ().

One of our concerns in this paper is the zeros of p,(z, du). These are
not only of intrinsic interest; they enter in Gaussian quadrature and
also as the eigenvalues of J,,.r, the upper left n x n corner of J, and so,
relevant to statistics of eigenvalues in large boxes, a subject on which
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there is an enormous amount of discussion in both the mathematics
and the physics literature.

These zeros are all simple and lie in R. dv, is the normalized counting
measure for the zeros, that is,

U (S) = %#(zeros of pp in S) (1.8)

In many cases, dv, converges to a weak limit, dv.,, called the density
of zeros or density of states (DOS). If this weak limit exists, we say
that the DOS exists. It often happens that dv, is dp,, the equilibrium
measure for ¢ = o (dp). This is true, for example, if p, is equivalent
to dz | e and X, = e, a theorem of Widom [49] and Van Assche [48]
(see also Stahl-Totik [42] and Simon [37]). If dv, has an a.c. part,
we use poo(x) for dvy, /dz and we use p.(x) for dp./dx. More properly,
dvVs is the “density of states measure” (so ffoo dv is the “integrated
density of states”) and po.(x) the “density of states.”

We are especially interested in the fine structure of the zeros near
some point zg € o(du). We define z§")(x0) by

at(_"Q) (7g) < :B(_"l)(:)so) <z < :1:(()") (x9) < x&")(:)so) < ... (1.9)

requiring these to be all of the zeros near zy. It is known that if z( is
not isolated from o(du) on either side, that is, for all 6 > 0,

(xo — &, 20) No(du) # 0 # (xg, 20 + ) No(dp) (1.10)

then for each fixed 7,
lim :E§-")(:)30) = 1 (1.11)

n—o0

We are interested in clock behavior named after the spacing of numerals
on a clock—meaning equal spacing of the zeros nearby to z:

Definition. We say that there is quasi-clock behavior at xo € o(du) if
and only if for each fixed j € 7Z,
2 (w) — 2 (o) _
= " (o) — 2" (20)

We say there is strong clock behavior at xq if and only if the DOS exists
and for each fixed j € Z,

(1.12)

n 1
Jm n()h (o) = a(z0) = s (1.13)
Obviously, strong clock behavior implies quasi-clock behavior. Thus
far, the only cases where it is proven there is quasi-clock behavior,
one has strong clock behavior but, as we will explain in Section 7, we
think there are examples where one has quasi-clock behavior at xy but
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not strong clock behavior. Before this paper, all examples known with
strong clock behavior have p,, = p., but we will find several examples
where there is strong clock behavior with p., # p. in Section 7. In that
section, we will say more about:

Conjecture. For any u, quasi-clock behavior holds at a.e. zg € ¥,.(dp).

In this paper, one of our main goals is to prove this result for ergodic
Jacobi matrices. A major role will be played by the CD (for Christoffel-
Darboux) kernel, defined for z,y € C by

K, (z,y) = Z p; () p;(y) (1.14)

the integral kernel for the orthogonal projection onto polynomials of
degree at most n in L?(R,du); see Simon [38] for a review of some
important aspects of the properties and uses of this kernel. We will
repeatedly make use of the CD formula,

Ko (. y) = @1 [Pss(2) Puy) = Pol@) Prsa ()] (1.15)
r—y
the Schwarz inequality,

(K2, 9)]? < K, 2) Kaly, ) (1.16)

and the reproducing property,
[ Kl )ty ) duty) = Kufa ) (117

It is a theorem (see Simon [40]) that if the DOS exists, then

Koz, 2) dp(z) =25 dye (z) (1.18)

n+1

and, in general, %HKn(x, x) dp(z) has the same weak limit points as
dv,. This suggests that a.c. parts converge pointwise, that is, one hopes
that for a.e. g € X,

1 Poo(fEO)
K, (o,
n+1 (w0, 20) — w(zo)

(1.19)

This has been proven for regular (in the sense of Stahl-Totik [42]; see
also Simon [37]) measures with a local Szegé condition in a series of
papers of which the seminal ones are Maté-Nevai-Totik [30] and Totik
[45]. We will prove it for ergodic Jacobi matrices.
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We say bulk universality holds at xy € supp(du) if and only if uni-
formly for a, b in compact subsets of R, we have

Kn(zo+ %20+ 2)  sin(mp(a) (b — a))
ﬁ
Ko (2o, o) 7p(20) (b — a)
We use the term “bulk” here because (1.20) fails at edges of the spec-

trum; see Lubinsky [24]. We also note that when (1.20) holds, typically
(and in all cases below) for z,w complex, one has

Kn(zo+ 2,20 + %) _ sin(p(xo)(w — 2))

K, (w0, 7o) p(zo)(w — 2)

Freud [15] proved bulk universality for measures on [—1,1] with

dus = 0 and strong conditions on w(zx). Because of related results

(but with variable weights) in random matrix theory, this result was

re-examined and proven in multiple interval support cases with ana-

lytic weights by Kuijlaars—Vanlessen [21]. A significant breakthrough

was made by Lubinsky [25], whose contributions we return to shortly.
It is a basic result of Freud [15], rediscovered by Levin (in [23]), that

(1.20)

(1.21)

Theorem 1.1 (Freud—Levin Theorem). Bulk universality at xy implies
strong clock behavior at xg.

Remarks. 1. The proof (see [15, 23, 38]) relies on the CD formula,
(1.15), which implies that if y, is a zero of p,, then the other zeros of
pn are the points y solving K, (y, yo) = 0 and the fact that the zeros of
sin(mp(xg)(b — a)) are at b — a = j/p(xg) with j € Z.

2. Szeg6 [43] proved strong clock behavior for Jacobi polynomials
and Erdés—Turan [12] for a more general class of measures on [—1, 1].
Simon [34, 35, 36, 22] has a series on the subject. The paper with Last
[22] was one motivation for Levin-Lubinsky [23].

3. Lubinsky (private communication) has emphasized to us that this
part of [23] is due to Levin alone—hence our name for the result.

It is also useful to define

1
Pn = E ’UJ(ZL’(])Kn(Io, Io) (122)
so (1.19) is equivalent to
Pn = Poo(o) (1.23)

We say weak bulk universality holds at xq if and only if, uniformly for
a,b on compact subsets of R, we have

Ko(zo + 3520 + 70=)  sin(w(b — a))

npn’

K, (o, 7o) 7(b— a)

(1.24)
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the form in which universality is often written, especially in the random
matrix literature. Notice that

weak universality 4 (1.23) = universality (1.25)

Notice also that (1.24) could hold in case where p, does not converge
as n — 00. The same proof that verifies Theorem 1.1 implies

Theorem 1.2 (Weak Freud-Levin Theorem). Weak bulk universality
at xo 1mplies quasi-clock behavior at xg.

With this background in place, we can turn to describing the main
results of this paper: five theorems, proven one per section in Sec-
tions 2-6.

The first theorem is an abstraction, extension, and simplification
of Lubinsky’s second approach to universality [26]. In [25], Lubinsky
found a beautiful way of going from control of the diagonal CD kernel
to the off-diagonal (i.e., to universality). It depended on the ability to
control limits not only of %Kn(ato, xo) but also %Kn(zo + 2 a0+ 4)—
what we call the Lubinsky wiggle. We will especially care about the
Lubinsky wiggle condition:

I Kn($0+%7$0+%)
1m
n—0o0 Kn(x(]’x())

uniformly for a € [—A, A] for each A. In addition to this, in [25], Lu-
binsky needed a simple but clever inequality and, most significantly,
a comparison model example where one knows universality holds. For
[—1,1], he took Legendre polynomials (i.e., dp = Sx(_1,1(z)dz). In
extending this to more general sets, one uses approximation by finite
gap sets as pioneered by Totik [46]. Simon [39] then used Jacobi matri-
ces in isospectral tori for a comparison model on these finite gap sets,
while Totik [47] used polynomials mappings and the results for [—1, 1].

For ergodic Jacobi matrices where o(du) is often a Cantor set, it
is hard to find comparison models, so we will rely on a second ap-
proach developed by Lubinsky [26] that seems to be able to handle
any situation that his first approach can and which does not rely on a
comparison model. Our first theorem, proven in Section 2, is a variant
of this approach. We need a preliminary definition:

=1 (1.26)

Definition. Let du be given by (1.5). A point zq is called a Lebesgue
point of du if and only if w(xy) > 0 and

zo+9
lim (25)—1/ |w(x) — w(xg)| dr =0 (1.27)
410 ro—9
lim (26) g (29 — 6,29 + ) =0 (1.28)

410
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Standard maximal function methods (see Rudin [32]) show Lebesgue
a.e. To € Yo(dp) is a Lebesgue point.

Theorem 1. Let xg be a Lebesgue point of p. Suppose that

(1) The Lubinsky wiggle condition (1.26) holds uniformly for a €
[—A, A] and any A < co.

(2) We have

lim inf
(3) For any ¢, there is C. > 0 so that for any R < oo, there is an N
so that for allm > N and all z € C with |z| < R, we have

1 z z
- “)< 2 :
e L CRE ) o C R JCEY)

Kn(l'o,.l’o) >0 (129)

Then weak bulk universality, and so, quasi-clock behavior, holds at x.

Remarks. 1. If one replaces (1.30) by
Cexp(Alz]) (1.31)

then the result can be proven by following Lubinsky’s argument in [26].
He does not assume (1.31) directly but rather hypotheses that he shows
imply it (but which is invalid in case supp(du) is a Cantor set).

2. Because our Theorem 3 below is so general, we doubt there are
examples where (1.30) holds but (1.31) does not, but we feel our more
general abstract result is clarifying.

3. The strategy we follow is Lubinsky’s, but the tactics differ and,
we feel, are more elementary and illuminating.

In [26], the only examples where Lubinsky can verify his wiggle con-
dition are the situations where Totik [47] proves universality using Lu-
binsky’s first method. To go beyond that, we need the following, proven
in Section 3:

Theorem 2. Let ¥ C X... Suppose for a.e. xy € %, we have that
condition (3) of Theorem 1 holds and that

(4) limy, o0 737 K (0, 20) exists and is strictly positive.

Then condition (1) of Theorem 1 holds for a.e. xy € 2.

Of course, (4) implies condition (2). So we obtain:

Corollary 1.3. If (3) and (4) hold for a.e. zy € %, then for a.e.

xo € 2, we have weak universality and quasi-clock behavior.

By (1.25), we see
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Corollary 1.4. If (3) and (4) hold for a.e. xy € X, and if the DOS
exists and the limit in (4) is poo(x)/w(x), then for a.e. x € X, we have
unwversality and strong clock behavior.

Next, we need to examine when (1.30) holds. We will not only obtain
a bound of the type (1.31) but one that does not need to vary N with
R and is universal in z. We will use transfer matrix techniques and
notation.

Given Jacobi parameters, {a,, b,}> |, we define

z2—b; 1
Aj(z) = <_ O%) (1.32)

so that (1.2) is equivalent to

(o) =20 (0,150 (1.33)

We normalize, placing a,, on the lower component, so that

det(4,(z)) =1 (1.34)
The transfer matrix is then defined by
T.(2) = Au(2) ... Ay (2) (1.35)

(an??’;(ﬁx)) = Tn(2) (é) (1.36)

If p,, are the OPRL associated to the once stripped Jacobi parameters
{an+1> bn+1}$f:1, and

() = —a7 " Ppn1 () (1.37)
with ¢o = 0, then

Tn(z):< Pa(2) Gn(2) ) (138)

anPp—1(2)  Andn-1(2)
Here is how we will establish (1.30)/(1.31):

Theorem 3. Fiz xo € R. Suppose that
1 )
SUp ——— ; 1T5(o)[|” < €' < o0 (1.39)

Then for all z € C and all n,

z
T. _c
J<x0+n+1)

n

1
n—i—lZ

J=0

2
< Cexp(20a”t|z)) (1.40)
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Moreover, if
sup || T, (m0)||* = C < 0 (1.41)

then for all z € C and n,

4
T, —
(xO_i_ n—l—l)

Remarks. 1. Our proof is an abstraction of ideas of Avila—Krikorian
[5] who only treated the ergodic case.

< OV exp(Ca~tz]) (1.42)

2. a_ is given by (1.7).

3. There is a conjecture, called the Schrodinger conjecture (see [29]),
that says (1.41) holds for a.e. xy € X,.(dp).

Our last two theorems below are special to the ergodic situation.
Let Q2 be a compact metric space, dn a probability measure on (2,
and S: Q) — € an ergodic invertible map of €2 to itself. Let A, B be
continuous real-valued functions on Q with inf, A(w) > 0. Let

ar=[Ale  B=|Blle a-=[ATYI (1.43)
For each w € (), J, is the Jacobi matrix with
an(w) = A(S" W) by(w) = B(S"'w) (1.44)

(1.43) is consistent with (1.4) and (1.7). Usually one only takes €2, a
measure space, and A, B bounded measurable functions, but by re-
placing Q by ([a_,ay] x [-8,5])>* = Q and mapping Q@ — Q by
w i (A(S"w), B(S™w))e_ ., we get a compact space model equivalent
to the original measure model. We use dy,, for the spectral measure of
Jo and p,(z,w) for p,(z, dp).

The canonical example of the setup with a.c. spectrum is the almost
Mathieu equation. « is a fixed irrational, A\ a nonzero real, ) = 0D,

the unit circle {e? | 6 € [0, 27)}
a, =1 b, = 2\ cos(man + 6)

(so S(e?) = eei™ dn(0) = df/2r). 1f 0 # |\ < 1, it is known (see
[1, 2, 4, 16]) that the spectrum is purely a.c. and is a Cantor set. It is
also known [16] that if |[A\| > 1, there is no a.c. spectrum.

We will prove the following in Section 5:

Theorem 4. Let {J,},en be an ergodic family with 3,., the common
essential support of the a.c. spectrum of J,,, of positive Lebesque mea-
sure. Then for a.e. pairs (r,w) € L, X Q,

1 n
@) Jim ;\pj(x,w)ﬁ exists (1.45)
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1 n
(ii) nlLIEO i j; g (z,w)|? exists

In Section 6, we will prove

Theorem 5. For a.e. (z,w) in X, X Q, the limit in (1.45) is
Poo () Jwy,(x) where ps is the density of the a.c. part of the DOS.

Note. This is, of course, an analog of the celebrated results of Maté—
Nevai-Totik [30] (for [—1,1]) and Totik [45] (for general sets e contain-
ing open intervals) for regular measures obeying a local Szeg6 condition.

Theorems 3-5 show the applicability of Theorem 2, and so lead to

Corollary 1.5. For any ergodic Jacobi matriz, we have universality
and strong clock behavior for a.e. w and a.e. Ty € Yye.

In particular, the almost Mathieu equation has strong clock behavior
for the zeros.

Remark. 1t is possible to show that for the almost Mathieu equation
there is universality for a.e. zy € ¥, and every w. Our current ap-
proach to this uses that the Schrodinger conjecture is true for the al-
most Mathieu operator, a recently announced result [3].

For n =1,2,3,4,5, Theorem n is proven in Section n + 1. Section 7
has some further remarks.

Acknowledgments. A.A. would like to thank M. Flach and
T. Tombrello for the hospitality of Caltech. B.S. would like to thank
E. de Shalit for the hospitality of Hebrew Universality. This research
was partially conducted during the period A.A. served as a Clay Re-
search Fellow. We would like to thank H. Furstenberg and B. Weiss for
useful comments.

2. LUBINSKY’S SECOND APPROACH

In this section, we will prove Theorem 1. We begin with two overall
visions relevant to the proof. First, the so-called “sinc kernel” [27],
sin7z/mz enters as the Fourier transform of a suitable multiple of the
characteristic function of [—m, ].

Second, the ultimate goal of quasi-clock spacing is that on a 1/np,
scale, zeros are a unit distance apart, so on this scale

# of zeros in [0,n] ~n (2.1)

Lubinsky’s realization is that the Lubinsky wiggle condition and
Markov—Stieltjes inequalities (see below) imply the difference of the
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two sides of (2.1) is bounded by 1. This is close enough that, together
with some complex variable magic, one gets unit spacing.

The complex variable magic is encapsulated in the following result
whose proof we defer until the end of the section:

Theorem 2.1. Let [ be an entire function with the following proper-
ties:

(a)
(b)

f(0) =1 (2.2)

sup [ f ()] < o0 (2.3)

(c) N
/_ |f(@)]?de <1 (2.4)

[e.e]

(d) f is real on R.
(e) All the zeros of f lie on R and if these zeros are labelled by

o< z290<z1 <0<y << (25)
with zg = 0, then

1z — 2kl = 1 — k[ =1 (2.6)
(f) For each € > 0, there is C. with
f(2)] < Cee™™ (2.7)
Then
sin(mz
f(z) = ) (2.

Remarks. 1. (2.6) allows f a priori to have double zeros but not triple
or higher zeros.

2. It is easy to see there are examples where (2.7) holds for some
but not all of € and where (2.8) is false, so (2.7) is sharp.

Proof of Theorem 2 given Theorem 2.1. (This part of the argument is
essentially in Lubinsky [26].) Fix a € R and let

Kn(llfo + — ZTo + Z—Z)

_ npn’
fn(z) Kn(xo,l’Q)
By (1.29), (1.30), and (1.16), the f,, are uniformly bounded on each
disk {z | |z| < R}, so by Montel’s theorem, we have compactness that
shows it suffices to prove that any limit point f(z) has the form (2.8).

We will show that this putative limit point obeys conditions (a)—(f) of
Theorem 2.1.

(2.9)
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By the Lubinsky wiggle condition (1.26), (a) holds. By Schwarz
inequality, (1.11) and the wiggle condition,

sup [ f(x)] =1 (2.10)
zeR

which is stronger than (b).
By (1.17),

/| B | En(z,y)Pw(y) dy < Ko (e, 2) (2.11)

npn '—npn
for each R < oo. Changing variables and using the Lebesgue point
condition leads to

/_ NIURCES (2.12)

which yields (2.4) (see Lubinsky [26] for more details). In this, one uses
(1.29) and (1.30) to see that

0 < inf p,, < sup p, < oc. (2.13)

That f is real on R is immediate; the reality of zeros follows from
Hurwitz’s theorem and the fact (see, e.g., [38]) that p,1(x) — cpn(x)
has only real zeros for c real.

The Markov—Stieltjes inequalities (see [28, 15, 38]) assert that if

x1,%s,... are successive zeros of p,(x) — c¢p,_1(x) for some ¢, then
for j > k+ 2,
[z, zi]) = TR (2.14)
Gty Bl we)

Using the fact that the z; (including zj) are, by Hurwitz’s theorem,
limits of z;’s scaled by np,, and the Lubinsky wiggle condition to control
limits of np,, /K, (z¢, z¢), one finds (see Lubinsky [26] for more details)
that (2.6) holds. Here one uses that z is a Lebesgue point to be sure

that ) o
d — 2.1
P /wj 1(y) w(zo) (2.15)

Finally, (1.30) implies (2.7). Thus, (2.8) holds. O

The following will reduce the proof of Theorem 2.1 to using condi-
tions (a)—(e) to improving the bound (2.7).

Proposition 2.2. (a) Fiz a > 0. If f is measurable, real-valued and
supported on [—a,a] with

/f Y2 dz <2a and /f (2.16)
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then
f(x) = X[—a,aq(7) a.e. (2.17)
(b) If f is real-valued and continuous on R and j? s supported on
[—7, 7] with
/ f(x)*dz <1 and f(0)=1 (2.18)
then in(r)
sin(7x
= 2.1
flr) = 0 (2.19)

(c) If f is an entire function, real on R with (2.18), and for all § > 0,
there is Cys with

|f(2)] < Csexp((m+9)|Im z]|) (2.20)
then (2.8) holds.

Proof. (a) Essentially this follows from equality in the Schwarz in-
equality. More precisely, (2.16) implies

/ () = Xaw (@) P dz < 0 (2.21)

(b) Apply part (a) to (2m)Y2f(k) with a = 7.
(c) By the Paley—Wiener theorem, (2.20) implies that £ is supported
on [—m,|. O

Thus, we are reduced to going from (2.7) to (2.20).
By f(0) = 1, the reality of the zeros and (2.7), we have, by the
Hadamard factorization theorem (see Titchmarsh [44, Sect. 8.24]) that

Az < z/z;
= 1—— g 2.22
ro = TI(1-2)e 222
J#0
with A real. For x € R, define z;(z) to be a renumbering of the z;, so
o< zg(z) <z < zz) < z(x) <. (2.23)
By |z; — zi| > |k — j| — 1, we see that
Zni1(z) —x >n T — 2 (yny(T) 21 (2.24)
In particular, (z — 1.1,z + 1.1) can contain at most
20(), z£1(x), z42(x).  Removing the open intervals of size 2/10

about each of the five points |z,(z) — z| (¢ = 0,£1,£2) from [0, 1]
leaves at least one 0 > 0, that is, we can pick é(x) in [0, 1] so for all j,

25(n) — (z £0)] > 55 (2.25)
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Moreover, by (2.24), forn =1,2,...,

|2e(my2) () — (x £6)| > n (2.26)
Since
11— (x +iy) /2l (y* +6°)
(1= (z+6/2)(1—x—0)/z2) =t |z = (x + 0)[|z — (z = 0)]

(2.27)
we conclude from (2.22) that

|f(z +iy)|”
|f(x = 0)[[f(x +9)]

| AN

/(-5

e

< O(1 4y (Sm:%) 2 (2.28)

Thus, for any e, there is a C. with

|f(z +iy)| < Ceexp((m +€)[yl) (2.29)

for every xz + iy € C, which is (2.20). This concludes the proof of
Theorem 2.1.

Remark. 1t is possible to show, using the Phragmén-Lindelof principle
[44], that if one assumes, instead of (2.7), the stronger |f(z)| < Cel*I’,
then it is possible to weaken (2.6) to

|2l = il =1 (2.30)
for if (2.30) holds, then (2.22) implies that
[f(iy)] < C(1+ [y|)e™ (2.31)

Applying Phragmén-Lindelof to (1 — iz)7'f(2)e"™ on the sectors
arg z € [0,7/2] and [r/2, 7] proves that

|f(z +iy)| < C(1+ |z])e™! (2.32)

3. DOING THE LUBINSKY WIGGLE

Our goal in this section is to prove Theorem 2.

Proof of Theorem 2. By Egorov’s theorem (see Rudin [32, p. 73]), for
every ¢, there exists a compact set £ C ¥ with |X\ £| < ¢ (with
|| = Lebesgue measure) so that on £, -5 K, (2, %) = Ga(x) converges
uniformly to a limit we will call ¢(z). If we prove that (1.26) holds for
a.e. g € L, then by taking a sequence of €’s going to 0, we get that

(1.26) holds for a.e. 2y € X
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By Lebesgue’s theorem on differentiability of integrals of L!-
functions (see Rudin [32, Thm 7.7]) applied to the characteristic func-
tion of L, for a.e. x¢ € L,

1(%1 (20) M (xo — S, 20 +6) N L] =1 (3.1)

We will prove that (1.26) holds for all xy with (3.1) and with condi-
tion (4).

%HKn(ij 242 r+9242) s analytic in 2, so by a Cauchy estimate

and a real,
d . a 1 a z a z
—qn|®+ — || < sup Kple+—+—,0+—+—
da n <1+ 1 n o n n o n

- a z

n <l’ + - + ﬁ) ' (3.2)

By a Schwarz inequality, for x,y € C,

LK) < (@) () (33)

Thus, using the assumed (1.30), for any zo for which (1.30) holds
and any A < oo, there are Ny and C' so for n > Ny,

b
§n<$0+g) —§n<$o+—)‘ < Cla— 1| (3.4)
n n
for all a,b with |a| < A, |b] < A.

Since each ¢, is continuous and the convergence is uniform on L, ¢
is continuous on L. Thus, we have for each A < o0,

Sup{ ‘6?(360 + %) — (o)

as n — 0o. By the uniform convergence,

sup{ G <:)30 + %) — Gulao)

We next use the fact that (3.1) holds. It implies that

= sup
|z|<1

la| < A, x0+%€£}—>0 (3.5)

|a|<A,x0+%€£}—>0 (3.6)

b
sup n dist <:Eo + — ,E) — 0 (3.7)
lbl<A n

or equivalently, for any e, there is an N; so for n > N; and |b] < A,
there exists |a|] < A (a will be n-dependent) so that |a — b| < ¢ and
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7o+ & € L. We have that

. b N - b ~ a
Gn | To+— ) —Gn(z0) G| To+— ) —qn| xo+— ||+
n n n

where |b —a| < e and zo + % € L. By (3.4), if n > max(Ny, V1), the
first term is bounded by Ce, and by (3.7), the second term goes to
zero, that is,

<

Gn <$o+%) —n(20)

b
sup |Gn (:Bo + —) — Gn(z0)| — 0 (3.9)

|b]<A n

Since G, (zo) — ¢(xo) # 0, we have

i b
sup M—l’ — 0 (3.10)
b|<A Gn(T0)

as n — 0o, which is (1.26). O

4. EXPONENTIAL BOUNDS FOR PERTURBED TRANSFER MATRICES

In this section, our goal is to prove Theorem 3. As noted in the intro-
duction, our approach is an extension of a theorem of Avila—Krikorian
[5, Lemma 3.1] exploiting that one can avoid using cocycles and so go
beyond the apparent limitation to ergodic situations. The argument
here is related to but somewhat different from variation of parameters
techniques (see, e.g., Jitomirskaya—Last [17] and Killip—Kiselev—Last
[19]) and should have wide applicability.

Proof of Theorem 3. Fix n and define for j =1,2,...,n,

< z
Aj = Aj (Zlfo + n—+1) (4'1)
Aj = Aj(xo) (4.2)

(Note that A; and T} are both j- and n-dependent.)
Note that, by (1.32),

Aj— Ay =a;! <n51 8) (4.4)
so that ]
~ _ z
14; — Aj| <a”t ] (4.5)
Write

T, = (T AT (T ATy . (TVY AT (4.6)

7j—1
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= (14 B;)1+B;_)...(1+ By)

where
By, =T, (Ay — Ap) Ty

Here we used

AT =Ty,
Since T}, has determinant 1 (see (1.34)), we have
1T = 17l
So, by (4.5),
Bull < 1Tl [ Tooalla=! =21
1Bill < 1Tl [ Tesllo=" —=
Thus, since

11+ Bjll < 1+ Bl < exp([|B;l])
(4.7) implies that

. - 1 <
I e (oo g D2 1

By the Schwarz inequality, for j = 1,2,...,n,

1< 1
—— S Tl 1Tl < ] > OITP
k=1 k=0

1 n
< T.||?
_n+1kZ:0|| el

Using (1.39) and (4.13), we find
|51l < |5l exp(CaZt|z])
This clearly holds for j = 0 also. Squaring and summing,

1 &2 1 < ) B
n+1 ;HTJH < (n——l—l;HTJH )exp(2Ca_ |Z‘)

which is (1.40).

Note that (1.41) implies (1.39) so that (1.42) is just (4.15).

(4.8)

(4.9)

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)

O

We note that the argument above can also be used for more general

perturbative bounds. For example, suppose that

Cy = sup|| T (xo)|| < o0

(4.17)
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for a given set of Jacobi parameters. Let a), = a,,+da, and b, = b, +0b,,
with

o)

Cy = Z |dan| + [6b,| < 0o (4.18)
n=1
and
o =inf a, >0 (4.19)
Defining A,,, T, at energy x, but with {a/,, ¥/, }>°, Jacobi parameters,
one gets B
14k = Axll < Csla=" + (a2) 7] (|0ax] + [abx]) (4.20)
for some universal constant C3. Thus
I1Bxll < C5CT[a=! + (ay,) ™) (|0ax| + [dbx]) (4.21)
and 3
ITall < Crexp(CECoC5la”! + (o) 7)) (4.22)

providing another proof of a standard ¢! perturbation result.

5. ErRcobpIiCc JACOBI MATRICES AND CESARO SUMMABILITY

In this section, our goal is to prove Theorem 4. We fix an ergodic
Jacobi matrix setup. We will need to use special solutions found by
Deift—Simon in 1983:

Theorem 5.1 (Deift—Simon [10]). For any Jacobi matriz with
Yac(dpy,) (which is a.e. w-independent) of positive measure, for a.e.
pairs (r,w) € Y, X Q (a.e. with respect to dx @ dn(w)), there exist
sequences {ut(x,w)}°___ so that

noo) ) < (mie) 6

with the following properties:

0 up(ew) =) (5.2)
() anlutyyuy — g, gut) = —2i (5.3)
(i) |ut(ew) = g (@, 5"w)| (5.4)
(iv) / (2, w) [ () < o0 (5.5)
(v) ui is real (5.6)

Of course, by (5.4), the integral in (5.5) is n-independent. For later
purposes (see Section 6), we will need an explicit formula for this inte-
gral. In fact, we will need explicit formulae for ug, u_; in terms of the
m-function.



UNIVERSALITY FOR ERGODIC JACOBI MATRICES 19
One defines for Im z > 0, @ (z,w) to solve (i.e., (5.1))
nliyyq + (b — 2)iy + ap iy =0 (5.7)

with >°°° | |a]? < co. This determines @, up to a constant, and so,

Sy
Uy (Zv w)
. L 5.8
m(z,w) 20t (2, ) (5.8)
is normalization-independent and obeys, by (5.7),
1
m(z,w) = (5.9)

—2z+ by — a2m(z, Sw)

[Note: We have suppressed the w-dependence of a,, b,.]
As usual with solutions of (5.9),

m(z,w) = / % (5.10)

where du is the measure associated to the half-line Jacobi matrix, J,.
For a.e. x € ¥, and a.e. w, m(x 4 i0,w) exists and has

Imm(z +i0,w) >0 (a.e. x € Bye) (5.11)
We normalize the solution u™ obeying Theorem 5.1 by defining:
1
+ = 5.12
u (%) = (e + 10, )] 72 (5.12)
0
uf (v, w) = — m(z + 0, w) (5.13)

[Im m(z + 0, w)]/?

(We have listed all the formulae because [10] only consider the case
a, = 1.) u;} are then determined by the difference equation and u by
(5.2).
Of course, we have
+ —
pp = ntl” Tnsl (5.14)
Uy — Uy

since both sides obey the same difference equations with p_; = 0 (since

ug = ug ) and py = 1.

By (5.14), to prove Theorem 4 we need to show

[y

n—

(“;r+1 - “j_+1)2 (5.15)

S|
<.
Il
o

exists. This follows from the existence of

R R
lim —~ Zl|uj| (5.16)
‘7:
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and
lim 1 Z(u;r)2 (5.17)

From (5.4) and the ergodic theorem (plus (5.5)), the a.e. w existence
of the limit in (5.16) is immediate. In cases like the almost Mathieu
equation with Diophantine frequencies where wu is almost periodic,
one also gets the existence of the limit in (5.17) directly, but there
are examples, like the almost Mathieu equation with frequencies whose
dual has singular continuous spectrum, where the phase of u; is not
almost periodic. So this argument does not work in general. In fact, we
will eventually prove that for a.e. (z,w) in X,. x Q (see Theorem 6.3)

lim > (uf)*=0 (5.18)

It would be interesting to have a direct proof of this (for the periodic
case, see [41]) rather than the indirect path we will take.
Define the 2 x 2 matrix

)= e () ey (g

(=20)12 \anu) (2, w)  anuy, (z,w)
(where we fix once and for all a choice of /=2i). By (5.3),
det(U,(z,w)) =1 (5.20)
and, by (5.1),
To(z,w)Up(z,w) = Uy, (z,w) (5.21)
or
T2, w) = Up(z,w)Up(z,w) " (5.22)
For now, we fix x € ¥,. with
E(Jao(w)* Imm(x +i0,w)] ™) < oo (5.23)

(known Lebesgue a.e. by Kotani theory; see [33, 10]), so U, can be
defined and is in L?. We are heading towards a proof of

Theorem 5.2. For any fixed matriz, (), a.e. w, as matrices
n—1
1

lim — T; tQT; 5.24

Jim 3T (o) QT o) (5:20
erists.
Proof of Theorem 4 given Theorem 5.2. Pick Q = (§9). Then the 1,1

1

matrix element of Tj(z,w)'QT};(z,w) is p;(z,w)?, so (1.45) holds. Sim-
ilarly, the 2,2 matrix element is g;(x,w)?. O
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(5.22) plus (5.5) will imply critical a priori bounds on
|T5(x, - )||L1(dn)- It will be convenient to use the Hilbert—Schmidt norm
on these 2 x 2 matrices.

Lemma 5.3. We have

sup [T} dn(e) < ox (5.25)
Proof. Since det(U,,) = 1,
[Un(, )] = [Un( )] (5.26)
Thus, by (5.22),
T, )] < [Un(, )| ()] (5.27)

By the Schwarz inequality,
Sup/llTn(x’w)lldn(w) < Sup/IIUn(fv,w)szn(w)

- /HUo(fv,w)szn(w)
< o0

by (5.5) and the fact that since (5.4) holds and we use Hilbert—Schmidt

norms,

1T (z, w)ll = [|Ts(, Sw)]| (5.28)
O
Let A;(w) be the matrix (1.32) with a; = aj(w), b; = b;(w) and let
Alw) = A (w) (5.29)
SO
Aj(w) = A(S7w) (5.30)
and the transfer matrix for J,, is
T,(w) = A(S" 'w) ... Aw) (5.31)
Now form the suspension
Q =Q x SL(2,C) (5.32)
and define S: Q — Q by
S(w,C) = (Sw, Aw)C) (5.33)
SO

SMw,C) = (S"w, T, (w)C) (5.34)
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Theorem 5.4. There exists an S-invariant probability measure, dv,
on §2 whose projection onto §2 is dn and with

/ IOl di(w, C) < o (5.35)

Proof. Pick any probability measure po on SL(2,C) with
[IIC||F dpuo(C) < oo for all k. For example, one could take

dug(C) = Ne ll° d Haar(C) where N is a normalization constant.

~

Let S, be induced on measures on Q by [S,(1)](f) = v(f 0 S). Let
v = S0 ® o) (5.36)

Then the invariance of  under S, implies the projection of v, is n
and

Jictan, = [t e

< (fimnan)( fictam) — can

which, by (5.25), is uniformly bounded in n.
Let 7, be the Cesaro averages of v,, that is,

n—1
N 1
vy = Z v, (5.38)
7=0
So, by (5.37),
sup/||C'H dir, < 0o (5.39)

so {7,} are tight, that is,
Am sup v, {C | |C| = K} — 0
which implies that 7, has a weak limit point in probability measures on
2. This weak limit point is invariant and, by (5.39), it obeys (5.35). O
Lemma 5.5. Let L < co. Let
Q= {(w,C) | [Uow)]| < L, [|C|| < L} (5.40)
Then for any e, there is a K so that for a.e. (w,C) € Qy,

1
lim — , 2 < .
m = Y T <. (5.41)
JjEB(K,w,C)
0<j<n~—1

where

B(K,w,C) = {j [ |T;(w)C| = K} (5.42)
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Proof. Since Uy(w) € L?*(dn), we have

lim 1Ts(w)]|* dn(w) =0 (5.43)

5T J|Uo (@)l >s

so for any § > 0, there exists s(d) so that the integral is less than §.

Let B(K,w) be defined by

B(K,w) = {j | |U;(w)ll = K} (5.44)
By the Birkhoff ergodic theorem and (5.28) for a.e. w,
o1
lw - Y@= [ wFa<s (545)
jeB(R w) [Uo ()=&K
0<j<n—1
if K > s(9).
Given € and L, let 6 = ¢/L? and K > L?s(§). Since
IT5(w)Cll < U ()] 2* (5.46)
if (w, C) C QL,

(K
B(K,w,C) C B(ﬁ ,w)
So, by (5.45) and (5.46),

1
lim — : 2L = .
D D (T Te - N X
JEB(Kw,C)
0<j<n-1
which is (5.40). O

Proof of Theorem 5.2. Without loss, suppose [|Q|| < 1. Define on €

n—

—_

folw,C) = C'Ti(z,w)'QT;(x,w)C (5.48)

S
.
I
=)

If we prove that this has a pointwise limit for v a.e. (w, C'), we are done:
since 7 is the projection of v, for n a.e. w, there are some C' for which
(5.48) has a limit. But C is invertible, so (C*)~! f,C~! has a limit, that
is, (5.24) does.

Notice that if

h(w,C) = C'QC (5.49)
then f,(w,C) is a Cesaro average of h(S7(w,C)), so we can al-
most use the ergodic theorem except we only know a priori that

[II(w,C)||V?dv < oo, not [||h(w,C)||dv < oo, so we need to use
Lemma 5.5.
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Fix L and consider (w,C) € €. Let

C'QC i |0 < K
h C) = 5.50
x(w, ) {0 it |C] > K (5.50)
Then, since ||Q]| <1,
. ~ 0 if j ¢ B(K,w,(C)
hg(S?(w,C)) — h(S (w, ()] <
(5.51)
It follows that if
—1
1<
FE(w E K (S (w,C)) (5.52)
then
1 £ (w, C) = fu(w, )| < sum on left side of (5.41)
So, by Lemma 5.5,
lim sup [| /") (w, C) = fu(w,C)|| < & (5.53)
if
K> K(e L) (5.54)

given by the lemma.

For any finite K, hx is bounded, so the Birkhoff ergodic theorem and
the invariance of v imply, for a.e. (w,C), lim £ (w, C) exists. Thus
(5.53) and (5.54) imply that lim £ (w, ) forms a Cauchy sequence
as K — oo (among, say, integer values), and that its limit is also
lim f,(w,C), for a.e. (w,C) € Q.

Since L is arbitrary and v(Q\ ) — 0 on account of [|Up(w)||>dv <
0o, we see that f, has a limit for a.e. w, C. O

6. EQUALITY OF THE LOCAL AND MICROLOCAL DOS

Our main goal in this section is to prove Theorem 5. We know from
Theorem 4 that for a.e. w € Q and xg € Y., we have that

1
n+1

some positive function. By Theorems 1 and 2, this implies that the
spacing of zeros at a.e. Lebesgue point is

K, (xg, z0) — ku(zo) (6.1)

1

nw,(xo)k, (o)

atgi)l (x0) — atg.") (1g) ~ (6.2)
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Thus, for fixed K large, in an interval (xg — %, o + %), the number
of zeros is 2Kw(xg)k(zo). On the other hand, if po. (o) is the density
of states, for a.e. zy in the a.c. part of the support of dv,,, the number
of zeros in (xg — 0, xg + J) is approximately 26np(xy). If § were K/n,
this would tell us that

we (o) k(o) = poc(0) (6.3)

which is precisely (1.23).

Of course, po is defined by first taking n — oo and then 6 | 0, so
we cannot set 6 = K/n, but (6.3) is an equality of a local density of
zeros obtained by taking intervals with O(n) zeros as n — oo and a
microlocal individual spacing as in (6.2).

So define

pr(xo, w) = wy(xo)k, (o) (6.4)

the microlocal DOS. Notice that we have indicated an w-dependence
of pr because, at this point, we have not proven w-independence. w-
independence often comes from the ergodic theorem—we determined
the existence of k,(zg) using the ergodic theorem, but unlike for p,,
the underlying measure was only invariant, not ergodic, and indeed,
k., the object we controlled is not w-independent.

Of course, once we prove p;, = pso, pr, Will be proven w-independent,
but we will, in fact, go the other way: we first prove that pp is w-
independent, use that to show that if u is the Deift-Simon wave func-
tion, then the average of u? (not |u|?) is zero, and use that to prove
that pr = poo-

Theorem 6.1. Suppose that J, is a family of ergodic Jacobi matrices.
Let pr(x,w) be given by (6.1)/(6.4) for x € ¥,., w € Q. Then for a.e.
T € Yy, pr(x,w) is a.e. w-independent.

Proof. Since pp(z,w) is jointly measurable for (z,w) € ¥, X, pr(z, -)
is measurable for a.e. z. Since S is ergodic, it suffices to prove that
pr(x, Sw) = pr(z,w) for a.e. (x,w).

Let p,(z,w) be the OPs for J,. Then the zeros of p,_1(x, Sw) and
pn(2,w) interlace. It follows for any interval [zg— 2, wg+2] = I,, (o),

|# of zeros of p,(z,w) in I, a(xg)—# of zeros of p,_1(x, Sw) in I, a(zo)| < 2
(6.5)

If pr(xg, Sw) # pr(zo,w) and A = kpp(zg,w)”! with k large, it is

easy to get a contradiction between (6.5) and (6.2). Thus, pr(z,w) =

pr(z, Sw) as claimed. O
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Next, we need a connection between p;, and u. Recall (see (5.14))

Im u:+1($7 w)

n\L, = 6.6
Pn(,0) Imuf (z,w) (6.6)
and, by (5.13),
Imu; (z,w) = —[Imm(z + 0, w)]*/? (6.7)
and, by (5.10), for a.e. x € ¥,
Imm(z +i0,w) = Tw,(x) (6.8)
Thus, if we define
RS
Avo(fi(w)) = lim — > f;(w) (6.9)
j=1
then
oo w) = %Avw([Im ut (,w)?) (6.10)

Note that Imu} (z,w) is not Im ug (2, S7w), so we cannot write (6.10)
as an integral. In fact, the w-independence of the right side of (6.10)
(because of w-independence of the left side) will have important con-
sequences.

To see where we are heading, we note the following result of Kotani
[20]; see Damanik [9, Thm. 5]:

Theorem 6.2 (Kotani [20]). For a.e. x € ¥,

/|u0 2, w) | dn(z) (6.11)

Remarks. 1. [20, 9] treat a,, = 1, but it is easy to accommodate general
.

2. Kotani’s theorem is not stated in this form but rather as (see

eqn. (22) in Damanik [9])

T Poo(T) = /Im G (0,0; 2 4 10) dn(w) (6.12)

where G, is the whole-line Green’s function. Because G, is reflection-
less, G, is pure imaginary and
Im (G, (0, 0; x +40)) = [2a3 Im m(z + 0, w)] ™ (6.13)
= 5 lug (z,w)[? (6.14)
by (5.12).
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Thus, the key to proving p;, = ps Will be to show that
Av,([Imuf (z, w)]?) = Av,([Re uf (z, w)]?) (6.15)
Note that (6.10) includes that the Av,([Imu;]?) exists and, by the

ergodic theorem, Av,(|u;|?) exists, so we know for a.e. (z,w) € Xy x Q2
that Av,,([Reu] (z,w)]?) exists. We are heading towards:

Theorem 6.3. Suppose x € ¥, is such that pr(z,w) exists for a.e. w
and is w-independent, and that

ool (00, 2]) # & (6.16)
Then for a.e. w,
Avw((u;r(:)s,w))z) =0 (6.17)

Proof of Theorem 5 given Theorem 6.3. (6.16) fails at at most a single
x in X,e, so (6.17) holds for a.e. (z,w) € X, x Q. Its real part implies
(6.15), and so for a.e. (z,w),

Avo([m (2, w)]?) = 1 Av, (uf (z,w)[?) (6.18

=3 )
4 [l @w)Pane)  (619)
by the ergodic theorem. By (6.10), (6.11), and the definition (6.1)/(6.4)
of pr, we see that the limit in (1.45) is peo(z)/w, (). O

Proof of Theorem 6.3. Fix x € ¥,. (at each stage, we work up to sets
of Lebesgue measure 0). Define ¢(w) € (0,27) by

Arg(—m(z +i0,w)) = —p(w) (6.20)
Then p(w) € (0,7) by Imm > 0. Let (¢ and s, also depend on x)

Sn(w) = Z (57 1w) (6.21)

Then by (5.8) and (5.4),
ut(z,w) = e @yt (z, S"w) (6.22)
and
uf s (z,w) = e Oyt (z, Smw) (6.23)
It follows that for each fixed n,
Av, ((Im e ((z, S"w))?) = Avy((Im e @yt (z,w))?) (6.24)

J
If s, x,y are real,
(Im (e (x + iy)))* = (zsin s + y cos 5)*

= % + (sin? 5)(2? — 3?) + zy(sin 2s) (6.25)
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and thus,
LHS of (6.24) = Av,,([Im(u} (z,w))]?) + sin® s, (w) R(w)
+ 3 sin(2s,(w))I (w) (6.26)
where
R(w) = Avw(Re((uj(x, w))?)) (6.27)
I(w) = Av,(Im((u} (z,w))?)) (6.28)

(all such averages having been previously shown to exist).

We know that for a.e. (z,w), forn =0,1,2,..., LHS of (6.24) exists
and is n-independent (and equal to pr(z,w)). For such (z,w), (6.26)
implies that for all n,

sin s, (w)[sin s, (w) R(w) + cos s, (w) [ (w)] =0 (6.29)

We want to consider two cases:
Case 1. For a positive measure set of w,

so(w)=7m  sy(w) =21  sg(w) =37 . (6.30)
Case 2. For a.e. w, there is an n(w) so
Sej(w)=gm (j=1,....,n—1) Son(w) # nm (6.31)

In Case 1, for such w, we have S"n—(:) — % It follows by standard
Sturm oscillation theory (see, e.g., [18]) that S"n—(:) — Vso((—00, z]) for
almost every w. Thus, the hypothesis (6.16) eliminates Case 1.

For Case 2, suppose first that n is odd, so sy(,—1)(w) is a multiple of

27 and (6.21) for 2n — 1 and 2n imply

sin(an—1)[sin(gon—1)R + cos(pon-1)I] =0 (6.32)
sin(pen_1 + won ) [sin(pon_1 + won) R + cos(wan_1 + ¢2,)I] =0 (6.33)

Since 9,1 € (0,7), sin(pe,_1) # 0 and since @g,_1 + Yo, € (0,27) \
{m}, (for if it equals 7, then so, = nw!), sin(@a,—1 + @2,) # 0.
The determinant of equations (6.32)/(6.33) is

— sin(@a,—1) sin(won_1 + Ya,) sin(pay,) # 0 (6.34)

since
sin(A) cos(B) — sin(B) cos(A) = sin(A — B) (6.35)
Here # 0 in (6.34) comes from (s, € (0,7), so sin(pa,) # 0.

The nonzero determinant means that (6.32)/(6.33) = I = R = 0,
that is, Av,((u])?) = 0 for a.e. w. If n is even, sy,_1)(w) is an odd
multiple of 7 and all equations pick up minus signs, so the argument
is unchanged. O
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7. ASSORTED REMARKS

1. We have proven for general ergodic Jacobi matrices that for a.e.
(x,w) € Ty X Q,

1 =
Ko(z,250) — 2 )
n+1 w,, ()
Here p, is the Radon—Nikodym derivative of the a.c. part of dp..

Based on [30, 45], where results of this type are proven for regular
measures, one expects

(7.1)

prol) = pe(a) (7.2)
Here ¢ is the essential spectrum of J, and p, its equilibrium measure.
In [37], it is proven (see Thm. 1.15 there)

Theorem 7.1. If ¥, is not empty, then (7.2) holds if and only if, for
pe G.€. T,

7(z) =0 (7.3)

In particular, for examples where (7.3) fails on a set of positive
Lebesgue measure in e (e.g., [6, 7, 13, 14]), (7.2) may not hold. On
the other hand, for examples like the almost Mathieu equation where
it is known that (7.3) holds on all of ¢ (see [8]), (7.2) holds. The moral
is that (7.2) holds some, but not all, of the time for ergodic Jacobi
matrices.

2. Here is an interesting example that provides a deterministic
problem where one has strong clock behavior but with a density of
Z€ros, Poo, Which is not p,. Let du be a measure on [—2,2] of the form
(N is a normalization constant)

) = N7 [xi(o) de + 3o, (7.4
n=1

where {x,,} is a dense subset of [-2,2]\(—1,1). Then, as in Example 5.8
of [37], poo exists and is the equilibrium measure for [—1,1] (not e =
[—2,2]). Moreover, the method of [25] shows that for z € (—1,1),

1 Poo(T)
n+1 Kn(va) - N-1

Using either the method of this paper (i.e., of [26]) or the method of
[25], one proves universality with po..

(7.5)

3. Example 5.8 of [37] provides a measure with oes(p) = [—2, 2]
but ¥,. = [—2,0] and where 1, has multiple weak limits, including the
equilibrium measures for [—2,0] and for [—2,2]. By general principles
[42], the set of limits is connected, so uncountable. One would like to
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prove that quasi-clock behavior nevertheless holds for the a.c. spectrum
of this model as this will provide a key test for the conjecture that
quasi-clock behavior always holds on X,..

4. What has sometimes been called the Schrédinger conjecture (see
[29]) says that for any Jacobi matrix and a.e. x € ¥,.(), we have a
solution, w,, with

0 < inf |u,| < sup|u,| < oo (7.6)

n

and u_; = 0. Invariance of ¥,. under rank one perturbations then
proves that for a.e. x € ¥,.(u), the transfer matrix is bounded. Thus,
Theorem 3 in the strong form would always be applicable.

5. While (6.16) is harmless since it only eliminates at most one x,
one can ask if (6.17) holds even if (6.16) fails. Using periodic problems,
it is easy to construct ergodic cases where argu = —7mn/2; so (6.29)
provides no information on I(w). Nevertheless, in these cases, one
can show R(w) = I(w) = 0. We have not been able to find an example
where for a set of positive measure w’s, $o,(w) = nm, Sap11(w) = nT+
with ¢ some fixed point in (0,7)\ {7} In that case, it might happen
that R(w) # 0, I(w) # 0. So it remains open if we need to exclude the
x with (6.16).

6. While we could use soft methods in Section 3, at one point in
our research we used an explicit formula for the derivative of £ K, (zo+
% 29 + %) as a function of a that may be useful in other contexts,
so we want to mention it. We start with a variation of parameters
formula (discussed, e.g., in [17, 19]) that, in terms of the second kind
polynomials of (1.38),

i
L

Pn () =pn(w0) = (£=20) D (Pn(0)qm(T0)=Pm(T0)qn(20))pm(x) (7.7)

m=0
which implies
n—1
Pol(z0) = Y (Pu(®0)gm(0) — Pm(20)@n(T0))Pm(20) (7.8)
m=0
Since
d 1 a a 1
%—K (SL’Q+—SL’0—|— )a: :_220 xopyxo (7.9)
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this leads to

d 1 a a
——Kn<$0+—>$o+—)
da n n n

a=0

% Y [pj(:):o)2<zj:pk($o)%($o)) —Qj(xo)Pj($0)(2j:pk(I0)2)}

§=0 k=0

As noted in [38], if L 37" pj(x0)® and - 377 p;(w0)g;(w0) have lim-
its and sup,, [+ > i qj(70)?] < oo, then the right side of (7.10) goes to

0.
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