Discrete random electromagnetic Laplacians

Oliver Knill^�

Abstract

We consider discrete random magnetic Laplacians in the plane and discrete random electromagnetic Laplacians in higher dimensions. The existence of these objects relies on a theorem of Feldman-Moore which was generalized by Lind to the nonabelian case. For example, it allows to realize ergodic Schrödinger operators with stationary independent magnetic fields on discrete two dimensional lattices including also nonperiodic situations like Penrose lattices. The theorem is generalized here to higher dimensions. The Laplacians obtained from the electromagnetic vector potential are elements of a von Neumann algebra constructed from the underlying dynamical system respectively from the ergodic equivalence relation. They generalize Harper operators which correspond to constant magnetic fields. For independent identically distributed magnetic fields and special Anderson models, we compute the density of states using a random walk expansion.

Mathematics subject classification:

28D15, 47A10, 47A35, 47B80, 47C15, 47H40, 60H25, 81Q10

Keywords:

Ergodic Schrödinger operators, Harper operator, Magnetic operators on graphs and tilings, Group cohomology of ergodic Z^d actions, ergodic equivalence relations.

�Division of Physics, Mathematics and Astronomy, California Institute of Technology, 253-37, Pasadena, CA, 91125 USA. e-mail: knill@cco.caltech.edu

1

1 Introduction

We consider ergodic discrete Schrödinger operators which we call discrete random electromagnetic Laplacians. An example in two dimensions is the bounded ergodic selfadjoint operator L = A + A^∗ on l^2(Z^2, C^N ), where (Au)_n = A_1(n)u_{n+e1} + A_2(n)u_{n+e2}

and A_i(n) ∈ U(N) have the property that the magnetic fields

B(n) = A_2(n)^∗A_1(n + e_2)^∗A_2(n + e_1)A_1(n)

on the different plaquettes are independent identically distributed U(N)-valued random variables with law μ. 6

? - œ

n n + e1 n + e2 n + e1 + e2

B(n)

A_1(n)

A_2(n + e_1)

A_2(n)^∗

A_1(n + e_2)^∗

Fig. 1. Magnetic field B = dA.

The existence of such operators is nontrivial and relies on cohomological results of Feldman and Moore in ergodic theory. Already the case of independent identically distributed magnetic fields shows that such a result is needed: independent identically distributed random variables A_i(n) lead in general to correlations between the magnetic field variables B(n): if for example A_i(n) take randomly the two values 1 and e^{iπ/4}, then two adjacent plaquettes P_n, P_m can not have magnetic fields B(n) = 1 and B(m) = −1. In other words, vector potentials A, which give independent identically distributed magnetic fields B are not independent in general.

Working in a probabilistic or ergodic setup gives nontrivial constraints which manifest themselves in nontrivial cohomology groups. Eilenberg-McLane’s result about the triviality of the two dimensional group cohomology of a free group action and an extension of Dye’s result saying that a Z^d-action is orbit equivalent to a Z-action, leads to the result of Feldman-Moore, which makes it possible to speak about some of the objects, we are dealing with. An extension of the Feldman- Moore result due to Lind [31] allows to replace the abelian group U(1) by a nonabelian group like U(N). Lind’s proof does not use cohomology and relies on the Z^2-Rohlin lemma in ergodic theory and his result implies the existence of stationary discrete Yang-Mills Laplacians on l^2(Z^2, C^N ). DePauw has simplified in [11] a part of Feldman-Moore’s theorem in dimension d = 2 and we generalize the result to d ≥ 2, getting like this the existence of electromagnetic Laplacians. We will provide in Section 8 a self-contained proof, assuming only that all amenable ergodic group actions are orbit equivalent [8].

Feldman-Moore’s result allows also to construct random electromagnetic Laplacians on more general graphs like for example the graph of a Penrose tiling. To get this result, the language of countable ergodic equivalence relations is needed. Since a countable ergodic equivalence relation is generated by a discrete group of automorphisms [14], Schrödinger operators on tilings are also elements of a hyperfinite factor and belong so from the measure theoretical point of view to the class of ergodic Schrödinger operators.

The motivations to study electromagnetic operators come from different directions. We list some of these relations without intending to discuss most of them further in this article.

1) From the physical point of view, discrete magnetic Laplacians in two dimensions are tight binding approximations describing an electron in the plane exposed to an ergodic magnetic field. This generalizes the Harper operator, the case of a constant magnetic field. A nonabelian constant U(N)- valued field gives a nonabelian brother of the Harper operator. Independent identically distributed magnetic fields lead to new Anderson type models for which a spectral analysis [6, 10, 36] has still to be done.

2) To every Laplacian L = A + A^∗ is attached a lattice gauge field . The Wilson-Hamiltonian H_Λ(A) = ∑ x∈Λ tr(L^4(x)) defines a statistical mechanical model leading to ergodic translation invariant equilibrium measures μ_β on (U(N) × U(N))^{Zd} which then define ergodic Laplacians L_β depending on the inverse temperature β. Since statistical mechanics was also developed on aperiodic tilings ([16] or [15]), equilibrium measures lead to natural magnetic Laplacians on such tilings.

3) Magnetic or Yang-Mills Laplacians are selfadjoint operators of the form L = ∑_d i=1 A_i +A^∗_i , where the A_i are unitary. If the underlying dynamical system is ergodic, they are elements of a hyperfinite factor (X , tr). Even so every selfadjoint operator of norm < 2d is of the form ∑_d i=1 A_i + A^∗_i with unitary A_i, random magnetic Laplacians are in a class of operators, for which the fields F_{ij} = A^{−1}_j A^{−1}_i A_j A_i determine all the spectral properties. An example is the discrete magnetic Laplacian [38], where d = 2 and B = F_{12} = e^{2πiα} is constant. In the view of noncommutative geometry (see [7, 4]), we consider a class of noncommutative tori. A natural problem is to determine the spectral properties and spectral types of L in representations of X .

4) A Z^d-action on an arbitrary abelian group U defines a complex d : C^n → C^{n+1} with an exterior derivative d given by dA = ∑ i,|I|=n [τ_i, A_I ]τ_I = ∑ i,|I|=n A^{−1}_I A_I (T_i)τ_{iI} .

This leads to geometric cohomology groups H^n_{geom}(U). With any Hodge involution ∗ : C^p → C^{d−p}, one has an electromagnetic formalism on a group (and it is kind of remarkable that one does not need the structure of a ring or algebra to do that). A vector potential A ∈ C^1 defines an electromagnetic field F = dA. Maxwell equations dF = 0, d^∗F = ∗d ∗ F = j define a current j ∈ C^1. If U is no more abelian, there is still a first cohomology set {A | dA_{ij} = A^{−1}_j A_i(T_j )^{−1}A_j (T_i)A_i = 1}/{A | A_i = (dC)_i = C^{−1}_i C(T_i) } which is the moduli space of zero curvature fields modulo fields which can be gauged to the identity. At least in two dimensions, there exists also a nonabelian current. A unitary representation of U in the unitary group of a von Neumann algebra, A = ∑_d i=1 A_iτ_i ∈ C^1 defines an electromagnetic operator L = A + A^∗ having spectral properties depending only on the electromagnetic field F . Especially interesting is U = L(X, U), where U is the set of measureable maps from X to U and the Z^d action is given by Borel automorphisms on X. A generalisation of Dye’s theorem about orbit equivalence implies that H^1(U) is independent the Z^d action (a remark of [39]). We will see here that H^1(U) is the moduli space of zero curvature vector potentials modulo gradient vector potentials and, in the case d = 2, the group H^1(U) measures also how many currents j exist modulo currents which are of the form d^∗F . For d = 3, H^1(U) is the space of fields F with no current d^∗F = 0 modulo fields which satisfy the discrete Bogomolny equation F^∗ = dϕ.

5) In the partition function of one matrix models [34] appears a van der Monde determinant which comes from the integration over all unitarily conjugated matrices. The potential theoretical energy I(L) = − ∫ ∫ log |E − E^′| dk(E) dk(E^′) of the density of states dk of an ergodic Schrödinger operator allows to define a natural infinite-dimensional van der Monde determinant e^{−I(L)}. A matrix model with partition function Z = ∫ e^{−I(L)} dμ(L) is defined by specifying a measure μ on a class of ergodic operators and it is quite natural to integrate over a class of magnetic or nonabelian Yang-Mills Laplacians.

6) The flux-phase problem on a finite planar graph is the variational problem to minimize −tr(|L|) or maximize det(|L|) among all magnetic Laplacians on a graph. In an ergodic setup, one could ask, what ergodic magnetic fields B defining a 2-dimensional magnetic or Yang-Mills Laplacian minimize tr(|L|) or maximize det|L| = exp(tr log |L|) = exp( ∫ log |E| dk(E)). According to the flux-phase conjecture [28] proven recently for planar bipartite periodic graphs [29], one would expect that a constant magnetic field B ≡ −1 gives the extremum also in the ergodic case.

We outline now the results of this paper. After the definition of electromagnetic Laplacians and the observation that Feldman-Moore-Lind’s results imply that ergodic magnetic (U(1)-valued) and Yang-Mills (U(N)-valued) Laplacians exist, we compute moments of the density of states for independent identically distributed magnetic Laplacians in two dimensions. We show for example that if the law of the magnetic field B is the Haar measure μ_{Haar} on U(1), the density of states is determined by a random walk in Z^2 having global geometrical constraints: the n’th moment of the density of states, tr(L^n), is the number of closed paths in Z^2 which have length n and give zero winding number to every plaquette. We prove also that random magnetic fields with law μ_{Haar} can be generated by taking μ_{Haar}-distributed vector potentials, so that in this special case, Feldman-Moore’s existence theorem is not needed. We show then that all the spectral properties of the operators in the abelian as well as nonabelian case depend only on the field F = dA and not on the specific realization of the vector potential A. The explicit calculation of the moments of the density of states for independent identically distributed fields will lead to an Aubry duality for the deformed operators L_λ = A_1 + A^∗_1 + λ(A_2 + A^∗_2): the density of states of L_λ is related to the density of states of L_{1/λ} in the same way as for the Harper case [2] (which is here a special case).

We reprove then a result of Jitomirskaja and Mandelstam [42] stating that a change of the field on a finite set of cells gives a compact perturbation of the operator. A special case is the magnetic Aharonov Bohm operator with magnetic flux B ∈ U(1) different from 1 only in one cell. This result stays true for aperiodic lattices like the Penrose lattice or in higher dimensions. We show then the existence of electromagnetic Laplacians in any dimension by generalizing Feldman-Moore’s theorem to higher dimensions using an idea of dePauw [11] to use geometric cohomology. The translation of geometric cohomology to algebraic group cohomology in higher dimensions (in spirit analogue to the equivalence of simplicial cohomology with de Rham cohomology in differential topology) is a purely algebraic relation, even so our proof uses a topological deformation argument. We consider then shortly the electromagnetic formalism. To every electromagnetic Laplacian L = A + A^∗ is attached a field F = dA and so a current j = d^∗F which is divergence-free d^∗j = 0. Zero divergence stays true in the nonabelian case at least if d = 2. In two dimensions, not every current is given by a field. The equivalence classes of currents j, modulo currents of the form d^∗F is the cohomology group H^1(U) and has so at least countable infinite cardinality, a fact, which we will comment in an appendix. However, in dimensions d > 2, as a result of the triviality of higher dimensional cohomology groups, every 1-form j is of the form j = d^∗F .

We mention then some generalizations like magnetic Laplacians on other graphs or aperiodic tilings. We can prove for example that to any law μ on U(1), one can realize a measurable vector potential on a Penrose lattice such that the magnetic fields in the plaquettes (=Robinson triangles) are independent identically distributed U(1)-valued random variables with law μ. Since a Penrose graph is not a Cayley graph of a group, the more abstract set-up of countable ergodic equivalence relations developed in [14] is needed. An electromagnetic Laplacian on a tiling is an element of the hyperfinite factor attached to the tiling.

2 Random magnetic Laplacians

We consider first the two dimensional case. Let (X, F, m) be a probability space. Two commuting measure-preserving invertible transformations T_1, T_2 on X define a Z^2-dynamical system. Let U be a Polish (=complete separable metrizable) group. A 2-form Bτ_{12} is defined by a measurable map B ∈ U = L(X, U) = {B | X → U, measurable }. Two measurable circle-valued maps A_1, A_2 ∈ U define a 1-form or vector potential A = A_1τ_1 + A_2τ_2. Define the curvature of A as the 2-form dA τ_{12} by dA(x) = A^{−1}_2 (x)A^{−1}_1 (T_2x)A_2(T_1x)A_1(x) .

Not every 2-form B can be written as B = dA with a 1-form A. For example, if T_1 is the identity map and T_2 = T is ergodic, then not every measurable map B ∈ U = L(X, U) can be written as B = A^{−1}A(T ) with A ∈ U since the cohomology group H^1(U) = U/{A ∈ U | B = A^{−1}A(T )} of cocycles modulo coboundaries is nontrivial. We know that this group contains at least a countably infinite set (see the Appendix). The following result of Feldman and Moore [14] was extended by Lind [31] to nonabelian groups. A dynamical system given by a group T^g of automorphisms on (X, F, m) is called free, if m({T^g(x) = x}) > 0 implies g = 0.

Theorem 2.1 (Feldman-Moore-Lind) Assume the Z^2-dynamical system is free. Let U be a (not necessarily abelian) Polish group. For any magnetic field distribution Bτ_{12} with B ∈ U, there is a vector potential A = A_1τ_1 + A_2τ_2, which satisfies dA = B.

Example. A magnetic field B taking values in {1, −1} is determined by the measureable set Y = B^{−1}(−1). Feldman-Moore’s result implies that there exist two measurable sets Z_1, Z_2 such that Y = Z_1 + T_1(Z_1) + Z_2 + T_2(Z_2) ,

where + is the symmetric difference, (the addition in the group F).

Assume now that U is a subgroup of the unitary group U(N) of n × n matrices. Given a 1-form A = A_1τ_1 + A_2τ_2, we define a discrete selfadjoint random Schrödinger operator L = A + A^∗ as follows: for almost all x ∈ X, consider the operator L(x) on l^2(Z^2, C^N ) given by (L(x)u) = (A(x) + A(x)^∗)u, where (A(x)u)_n = A_1(x)u_{n+e1} + A_2(x)u_{n+e2}

and e_1 = (1, 0), e_2 = (0, 1) are the basis vectors in Z^2. We call L = A + A^∗ a discrete random magnetic Laplacian. Such operators are discrete versions of the continuous operators L = (∇ − iA)^2 which have been studied already (see [10]). We call them in the following just random magnetic Laplacians if U = U(1) or random Yang-Mills Laplacians if U = U(N). Associated to L is a one-parameter family of operators L = A_1 + A^∗_1 + λ(A_2 + A^∗_2), λ ∈ R, but we will here mainly concentrate on the case λ = 1. The field of a random Laplacian L = A + A^∗ is defined for d ≥ 2 as F_{ij} = dA_{ij} = A^{−1}_j A_i(T_j )^{−1}A_j (T_i)A_i. If U = U(1), we speak of a magnetic field B = A^{−1}_2 A_1(T_2)^{−1}A_2(T_1)A_1 having magnetic flux arg(B). The phases of L are the functions arg(A_i).

The operator L is not uniquely defined by B. Indeed, given a 0−form C ∈ U, (which we call also a gauge field ). The gauge transformed operator CLC^{−1} is also a discrete random Laplacian with the same magnetic field B but the gauge potential A has changed to CAC^∗τ = ∑ i C_iA_iC_i(T_i)^∗τ_i.

The choice of the gauge is not the only source of non-uniqueness. The nontrivial non-uniqueness is measured by the moduli space of flat fields {(A_1, A_2) | dA = 0}/{A = dC} which is for abelian U isomorphic to H^1(U) (see Section 8).

The above definitions generalize readily to the higher dimensional case. Take d automorphisms T_1, . . . , T_d on the probability space (X, F, m) A 1-form A = ∑_d i=1 A_iτ_i is given by d functions

A_i ∈ U = L(X, U(N)) and defines a field dA = F = ∑ i<j F_{ij} τ_{ij} ,

where F_{ij} = A_iA_j (T_i)A_j (T_i)^{−1}A^{−1}_j . This gives random Laplacians L = A+A^∗ acting on l^2(Z^d, C^N )

(L(x)u) = d∑ i=1 A_i(x)u + A^∗_i u . As will be shown in Section 8, the condition dF = 0 implies the existence of a vector potential A such that dA = F if U is abelian and Z^d acts freely. A random operator L = A + A^∗ given by F is then called an electromagnetic Laplacian with field F .

Examples.

1) A nonabelian Harper operator is obtained when the field B takes a constant value in U(N). The ”nonabelian Hofstadter butterfly” is then the compact set {(B, E) | E ∈ σ(A + A^∗), dA = B} ⊂ U(N)×R. One-parameter families t → L^{(t)} of such operators are obtained by choosing an element α in the Lie algebra su(N) and to take L^{(t)}, an operator with constant field B = exp tα. As in the U(1) case, the density of states will be the same as of a one-dimensional almost periodic operator acting on l^2(Z, C^N ) defined by

(L^{(t)}u)_n = u_{n+1} + u_{n−1} + (exp(ntα) + exp(−ntα))u_n .

L as well as the deformed operators L_λ with potential λ(exp(nα)+exp(−nα)) are ”almost periodic operators on the strip” and share many properties of one-dimensional operators (see [25]). Last [26] has shown that in the Harper U = U(1) case and λ = 1, the spectrum has zero Lebesgue measure if the flux is irrational and satisfies a Diophantine condition. For reviews see [3, 27, 18]. 2) An example of a quasi periodic magnetic Laplacian is defined by the dynamical system (U(1), T_1 : θ → θ + α, T_2 : θ → θ + β, dθ) and the magnetic field B(n)(θ) = exp(i(θ + n_1α + n_2β)) ∈ U(1). The spectrum of the Laplacian is determined by α, β. Nonabelian versions are defined similarly. Note however that the vector potential (A_1, A_2) is only measurable and we can not expect it to be almost periodic.

3) An example of a limit periodic magnetic field is B(n) = ∑_∞ j=0 b_j cos(2π(n_12^{−j} + n_23^{−j} )) with ∑ j |b_j | < ∞. As in the previous example, the operator L is not limit periodic and only the physically relevant field B is.

4) Given a law μ on U(1) and independent identically distributed random variables B(n), n ∈ Z^2 with law μ, which are independent identically distributed magnetic fields. A special case is the Harper operator with constant magnetic field. Again, the vector potential is in general not given by independent identically distributed random variables. We will come back to this case in more detail in Section 4.

5) An example of an aperiodic strictly ergodic field taking only finitely many values is B(n) = 1 − 2 · 1_{[0,γ)}(θ + n_1α + n_2β) ∈ {−1, 1}, where γ, α, β are rationally independent. 6) In all these examples one gets one-parameter families of deformed operators L = A_1 + A^∗_1 + λ(A_2 + A^∗_2) with λ ∈ R. This is especially interesting in the stationary independent magnetic field case because then, some spectral properties of L depend only on λ and the field B = dA as we will see below.

3 The density of states and the spectrum

If U is a subgroup of U(N), the Laplacian L is an element of a von Neumann algebra X which is the crossed product of A = L^∞(X, M(N, C)) with the Z^d-action generated by automorphisms f → f(T^n), where f(T^n)(x) = f(T^nx). The algebra X is obtained by completing the algebra of all polynomials in the variables τ_1, . . . , τ_d with coefficients in A, K = ∑ n∈F ⊂Z^d K_nτ^n, (KL)_n = ∑ l+m=n K_lL_m(T^l)τ^n

with respect to the norm |||K||| =| ||K(x)|| |_∞ . Here, K(x) is the bounded linear operator on l^2(Z^d, C^N ) defined by (K(x)u)(n) = ∑ m K_m(x)u(n+m) and ||·|| is the operator norm on B(l^2(Z^d)) and | · |_∞ the essential supremum norm. The involution in X is ( ∑ n K_nτ^n)^∗ = ∑ n K^∗_n(T^{−n})τ^{−n} and the trace is tr(K) = ∫ X Tr(L_0(x)) dμ(x), where Tr denotes the usual trace on the finite dimensional matrix algebra M(N, C). This construction of Murray and von Neumann works in the same way, if Z^d is replaced by a countable amenable group.

For any selfadjoint L ∈ X , and f ∈ C_b(R), we can form f(L) ∈ X . The function f → tr(f(L)) defines a measure on R, the density of states of L. If the Z^2-action is ergodic, then the spectrum of L(x) is constant almost everywhere and coincides with the support of the density of states. We have: (see also [23] and Proposition 3.2 below)

Proposition 3.1 If U is abelian and d ≥ 2, the density of states and so the spectrum of a random magnetic Laplacian L = A + A^∗ depends only on the electromagnetic field B = dA.

Proof. It is enough to show that the moments tr(L^n) = ∫ E^n dk(E) are determined by B. But

tr(L^n) = ∑ γ∈Γ_n ∏ P Tr(B(n)^{n(γ,P )}) , where Γ_n is the set of closed oriented paths starting at 0 ∈ Z^2 having length n and n(γ, P ) is the winding number of γ with respect to the plaquette P . 2

Remark. A similar result for hopping matrices on arbitrary finite graphs has been proven by Lieb and Loss ([30] Lemma 2.1): the knowledge of the fluxes through each closed circuit determines the spectrum of the matrices.

Knowing the magnetic field, L is not uniquely determined and we have in general also not an explicit example of L. However, all the information about the spectrum can be computed knowing B only. To see this, we consider a deterministic setup, where measurability is discarded. Let U = U(N)^{Z2} be the set of possible fields n → B(n). For every B ∈ U, we can find a bounded selfadjoint operator L = A + A^∗ on l^2(Z^2, C^N ) which has the field B = dA. The special gauge A_2(n, m) = A_1(0, m) = 1 for n, m ∈ Z, determines A and makes L = L_B unique. For N = 1, a canonical gauge can also be defined in higher dimensions d ≥ 2: let E_i ⊂ Z^d be the vector space spanned by (e_1, e_2, . . . , e_i). Put A_i = 1 on E_1, then on all lines orthogonal to E_1 in E_2 and inductively on all lines orthogonal to E_j in E_{j+1}. This determines A as can be seen by induction: first construct A on E_2 then on edges orthogonal to E_2 in E_3 etc. always using dA = B. The condition dB = 0 assures that the definition is consistent. The map B → L_B is continuous if U has the product topology and B(l^2(Z)) has the strong operator topology. However, a change of the magnetic field of one single plaquette changes L_B globally. The Aharonov-Bohm operator (to which we come in Section 7) shows that one can not do better in general.

� � � � � � � � �

Fig. 2. Gauge fixing in two and more dimensions. Outlined are the bonds e_i(g) on which A_i(g) = 1.

Proposition 3.2 Assume N ≥ 1, d = 2 or N = 1, d ≥ 2. Given A = (A_1, A_2), Ã = (Ã_1, Ã_2) ∈ U^2 with dÃ = dA = B, there exists an unitary operator U on l^2(Z^2, C^N ) such that U^∗LU = L̃, where L = A + A^∗ and L̃ = Ã + Ã^∗. In the ergodic case, the density of states, the spectral types and the spectrum depend only on the field B.

Proof. Take the diagonal operator U_{n,m} = G(n)δ_{n,m}, where G(n)A_i(n)G(n − e_i) = Ã_i. This function n → G(n) exists since any vector potential can be gauged to the canonical gauge. In the ergodic case, when the density of states of L and L̃ exist, we have L^n(x)_{00} = L̃^n(x)_{00} (we do not need the measurability of the conjugating operator to get this). It follows that tr(L^n) = ∫ X Tr(L^n(x)_{00}) dm(x) = ∫ X Tr(L̃^n(x)_{00}) dm(x) = tr(L̃^n).

Similarly, (ϕ, L^n(x), ϕ) = (ϕ, L̃^n(x), ϕ) for every ϕ ∈ l^2(Z^d, C^N ), so that also the spectral measures are the same. 2

Remark. If B and B̃ are both measurable, cohomological constraints prevent that the map x → U(x) is measurable in general. Examples, where T_1 = Id show this. In other words, the operators L(x) and L̃(x) are conjugated in B(l^2(Z^d, C^N )) but if they are in X , the conjugation is in general not possible inside X .

Corollary 3.3 Given a sequence of operators L^{(n)} = A^{(n)} + (A^{(n)})^∗ and an operator L = A + A^∗ defined over the same Z^d-action. Assume the fields B^{(n)} = dA^{(n)} converge to B = dA in L^∞(X, U)^d. If there exists an interval I ⊂ R such that σ(L^{(n)}) ∩ I = ∅, ∀n ∈ N then also σ(L) ∩ I = ∅. Proof. In the canonical gauge, the operators converge pointwise in the strong operator topology and so in the resolvent sense and the claim follows from general principles ([37] Theorem VIII.24). 2 4 Independent identically distributed fields

We concentrate in this paragraph to the case of magnetic Laplacians for which the magnetic fields {B(n)}_{n∈Z}2 are independent identically distributed U(1)-valued random variables with law μ. Denote by μ̂_n = ∫ U(1) z n dμ the n-th moment of μ. The sequence μ̂_n is the Fourier transform of the measure μ. Denote by Γ_n the set of oriented closed paths in Z^2 of length n. Let n(γ, P ) be the winding number of the path γ with respect to the plaquette P . The moments of the density of states can be computed by a random walk expansion (compare [9]):

Proposition 4.1 Let μ be a measure on U(1). The n-th moment of the density of states tr(L^n) of an independent identically distributed magnetic Laplacian with law μ is ∑ γ∈Γ_n ∏ P ( ∫ U(1) z^{n(γ,P )} dμ(z)) = ∑ γ∈Γ_n ∏ P μ̂_{n(γ,P )} . Proof. Given a 1-form A satisfying dA = B. Write ∫ γ A for the product of the A_i along the path γ. The path γ encloses a region Ω(γ) which is a collection {P } of plaquettes. Use the discrete Green formula ∫ γ A = ∏ P B^{n(γ,P )} to compute

tr(L^n) = ∑ γ∈Γ_n ∫ X ∫ γ A(x) dm(x) = ∑ γ∈Γ_n ∫ X ∏ P B_P (x)^{n(γ,P )} dm(x) = ∑ γ∈Γ_n ∏ P ∫ X B_P (x)^{n(γ,P )} dm(x) = ∑ γ∈Γ_n ∏ P ( ∫ U(1) z^{n(γ,P )} dμ(z)) .

(We used that the expectation of a product of independent random variables is the product of the expectation and that X^n is independent of Y^n if X is independent of Y .) 2

Remarks.

1) The random walk expansion breaks down if U(1) is replaced by a nonabelian group. It is then still true that tr(L^n) = ∑ γ∈Γ_n ∫ X ∫ γ A(x) dm(x) , where ∫ γ A(x) is an ordered product but the Green formula ∫ γ A = ∏ P B^{n(γ,P )} does no more make sense. Furthermore, it is also no more true in general that E[AB] = E[A] · E[B] for nonabelian independent random variables. 2) The moments of the spectral measures of the unit vectors δ_k, k ∈ Z^2 can also be computed with a random walk expansion (δ_k, L^n(x)δ_k ) = ∑ γ∈Γ_n ∏ γ A(T^kx) = ∑ γ∈Γ_n ∏ P B_P (T^kx)^{n(γ,P )}.

3) It follows from Proposition 4.1 that the density of states dk depends continuously on the law μ.

Also for the deformed operators L_λ = A_1 + A^∗_1 + λ(A_2 + A^∗_2), there is a similar formula for the density of states. Let y(γ) ∈ 2N be the number of steps, a path makes in the y-direction.

Corollary 4.2 (Aubry-Duality) The moments of the density of states of L_λ depends only on μ and λ:

tr(L^n_λ) = ∑ γ∈Γ_n λ^{y(γ)} ∏ P μ̂_{n(γ,P )} . and we have the duality dk(μ, λ, E) = dk(μ, 1/λ, E/λ) . Proof. The random walk expansion is proven in the same way in Proposition 4.1. From this formula, it follows that L^{(1)}_λ = A_1 + A^∗_1 + λ(A_2 + A^∗_2) and L^{(2)}_λ = λ(A_1 + A^∗_1) + A_2 + A^∗_2 have the same density of states. The Aubry-Duality follows from L^{(1)}_λ /λ = L^{(2)}_{1/λ}. 2

Remark. If μ is the Haar measure and {A_1(n), A_2(n)}_{n∈Z}2 are independent Haar distributed random variables, the duality is stronger: the obvious symmetry A_1 ↔ A_2 implies that the operators L^{(1)}_λ = A_1 +A^∗_1 +λ(A_2 +A^∗_2) and L^{(2)}_λ = λ(A_1 +A^∗_1)+A_2 +A^∗_2 are then even isospectral so that also L_λ and λL_{1/λ} are isospectral. Opposit to Corollary 4.2, this relation is depending on the choice of A and an other choice would in general distroy this stronger symmetry.

The formula for the moments of the density of states becomes especially simple when μ is the Haar measure:

Corollary 4.3 Let μ be the Haar measure on U(1). Then tr(L^n) is the number of closed paths of length n beginning at 0 ∈ Z^2 for which every plaquette has zero winding number.

Proof. In this case, μ̂_k = δ_{k,0}, ∀k ∈ Z and so ∏ P ( ∫ U(1) z n(γ,P ) dμ(z)) = 0, if there exists a

plaquette P which has positive winding number n(γ, P ). If the winding number is zero for all P , then ∏ P ( ∫ U(1) 1 dμ(z)) = 1. 2

Remarks.

1) The number of closed paths γ of length n in Z^2 for which n(γ, P ) = 0 for all plaquettes P is in general strictly larger than the number of closed contractible paths of length n. A path can visit different plaquettes at different times without being contractible.

10

6 - 6 œ ? œ 6 œ ? - 6 - ? œ 6 - ? - ?

P P^′

0 Fig. 3. A non contractible path giving zero winding number to all plaquettes.

The additional paths are so numerous that the radius of convergence for the Green function changes. Random walks with the stronger topological constraint of being contractible have been investigated in [24].

2) For the deformed operator L = A_1 + A^∗_1 + λ(A_2 + A^∗_2) with independent Haar distributed functions A_i, we get tr(L^n) = ∑ γ∈Γ(0)_n λ^{y(γ)} ,

where Γ^{(0)}_n is the set of paths in Γ_n which give zero winding number to every plaquette and y(γ) is the number of steps of γ in the y direction.

Corollary 4.4 Let μ be the Haar measure on a finite cyclic subgroup Z_p of U(1). Then tr(L^n) is the number of closed paths of length n beginning at 0 ∈ Z^2 for which the winding numbers satisfy n(γ, P ) = 0 (mod p) for all plaquettes P .

Proof. ∏ P ( ∫ U(1) z n(γ,P ) dμ(z)) = 0, if there exists a plaquette P which has a winding number

n(γ, P ) which is not zero modulo p. 2

Remarks.

1) The independence of the magnetic fields is essential in Proposition 4.1 and its Corollaries. Independent vector potentials would not be enough in general.

2) The random walk expansion in Proposition 4.1 shows that tr(L^n) is a polynomial in the infinite set of variables μ̂_k, μ̂^{−1}_k with integer coefficients.

The random walk expansion can also be applied to the almost Mathieu-Harper case, where μ is a point measure so that the magnetic field is constant:

Corollary 4.5 If μ is the Dirac measure on e^{2πiα} ∈ U(1), then

tr(L^n) = ∑ γ∈Γ_n ∏ P e^{2πiαn(γ,P )} .

(Especially, if μ is the Dirac measure on 1 ∈ U(1), then tr(L^n) = ((2n)!)^2(n!)^{−2} is the number of closed paths of length n beginning at 0 ∈ Z^2.) For the Harper magnetic Laplacian L = A_1 + A^∗_1 + λ(A_2 + A^∗_2) tr(L^n) = ∑ γ∈Γ_n λ^{y(γ)} ∏ P e^{2πiαn(γ,P )} , where y(γ) ∈ 2N is the number of steps of γ in the y-direction.

Remarks.

1) Random walk expansions would work on any planar graph generalizing Z^2 (see also Section 10). A solvable case is the Bethe lattice B_{2h} with degree 2h, where Kesten determined the number of closed paths of length n [19]. His calculation leads to tr(L − E)^{−1} = (2h − 1)/(E(h − 1) + h √ E^2 − 4(2h − 1)). The imaginary part of this divided by π is the density of states which has support on [−2 √ 2h − 1, 2 √ 2h − 1]. (For an new calculation see [1]). Since there are no closed loops on the Bethe lattice, there is no magnetic field and the density of states of any magnetic Laplacian on the Bethe lattice is the same.

2) Corollary 4.5 shows that tr(L^4) = 8 + 4(μ̂_0 + μ̂^{−1}_0 ) , so that discrete random magnetic Laplacians with different values of Re(μ̂_0) have different density of states. Especially, almost Mathieu operators with different cos(α) can not be isospectral (see also [23]).

3) By changing the orientation of the plaquettes, it becomes obvious that the laws μ and μ(A) = μ(A) give isospectral Laplacians.

In some cases, the theorem of Feldman-Moore is not needed in order to construct the Laplacian.

Proposition 4.6 Let U be a compact subgroup of U(1). If the law μ of the independent identically distributed U-valued random variables {A_i(n)}_{n∈Z,i=1,2} of the vector potential A_1τ_1 + A_2τ_2 is the Haar measure on U, then B(n) = dA(n) are independent identically distributed U-valued random variables with law μ.

Proof. Given measurable subsets Y_n ⊂ U, n ∈ Z^2 of positive measure, define Z_n = B(n)^{−1}(Y_n) ⊂ X = U^{(Z2)}. Let m = μ^{(Z2)} be the product measure on X. The claim is that m( ⋂ n∈F Z_n) = m(Z_k) · m( ⋂ n∈F \{k} Z_n) (1)

for any finite set F ⊂ Z^2 and that the law of B(n) is the Haar measure μ.

(i) m(Z_n) = μ(Y_n), for all n ∈ Z^2.

Proof. A product of Haar distributed U-valued random variables is again Haar distributed because it must be U-invariant. It follows that the law of B(n) = A^∗_2(n)A^∗_1(n + 1)A_2(n + 1)A_1(n) is the Haar measure μ and therefore m(Z_n) = μ(Y_n).

(ii) For any finite set F of sets {Y_n}_{n∈F} ⊂ U with m(Y_n) > 0, one has m( ⋂ n∈F B(n)^{−1}(Y_n)) > 0.

Proof. We can realize one element in ⋂ n∈F B(n)^{−1}(Y_n) using the canonical gauge. There exists then an open neighborhood of this point in U^{(Z2)} which is in ⋂ n∈F B(n)^{−1}(Y_n). An open set has positive measure.

(iii) For k ∈ F , the measure μ̃(Y_k) = m(B(k)^{−1}(Y_k) | ⋂ n∈F \{k} Zn) is equal to μ(Yk ) = m(Zk) = m(B(k)^{−1}(Y_k)).

Proof. By the uniqueness of the Haar measure, we have only to show that μ̃ is translational invariant. By multiplying A_1(k + l · e_i), l = 1, . . . , |F | with some constant C = e^{2πα} ∈ U, we change the field B(k) → B(k)C without affecting {B(n)}_{n∈F \{k}}. Therefore μ̃(Y_k) = μ̃(Y_k +α) and μ̃ = μ.

Proof of the claim. By (ii), Eq. 1 can be written as m(Z_k | ⋂ n∈F \{k} Z_n) = m(Z_k) .

The left hand side of this is by (iii) equal to μ̃(Y_k) = μ(Y_k) and the right hand side is by (i) also equal to μ(Y_k). 2

Remarks.

1) There are other possibilities to get independent magnetic Laplacians if μ is the Haar measure: define A_2(n) = 1 for all n ∈ Z^2 and a family {A_1(n)}_{n∈Z}2 of independent Haar distributed random variables. An argument similar as in the proof of Proposition 4.6 shows that {dA(n) = B(n)}_{n∈Z}2 are independent Haar distributed.

2) We do not know if a generalisation of Proposition 4.6 holds also when U is nonabelian. 3) In dimensions d > 2, there is no hope to get a result analogue to Proposition 4.6, since there are then more plaquettes than bonds so that a single bond influences several plaquettes and prevents independent identically distributed fields.

4) One of the open questions here is whether one has (some) pure point spectrum almost everywhere in the case of magnetic Laplacians with Haar distributed magnetic vector potentials. 5) Proposition 4.6 shows that for those specific operators, there is more symmetry as in the Mathieu case. The Aubry-Duality goes deeper: the operators L_λ and L_{1/λ} have the same spectral type because a multiplication of L_λ with 1/λ gives L_{1/λ}.

5 Electromagnetic Laplacians

We turn now to independent identically distributed magnetic Laplacians in higher dimensions and restrict the discussion for simplicity to the case d = 3. As indicated already, we can not realize independent identically distributed electromagnetic fields F by a vector potential, since such fields do not satisfy dF = 0. Consider now time-dependent magnetic fields in the plane together with an electric field changing in time. Given a vector potential A = (A_1, A_2, A_3) ∈ C^1, we think of A_1 as the electrostatic potential and of (A_2, A_3) as the magnetic vector potential. Then dA = F is a three dimensional field. E_1 = F_{12} and E_2 = F_{13} are the coordinates of an electric vector field in the plane and B = F_{23} is a magnetic field in the plane. For fixed k ∈ Z, denote by L^{(k)} the magnetic Laplacian in the plane, given by the vector potential (n, m) → (A_2(k, n, m), A_3(k, n, m)). The operator L^{(k)} is a 2-dimensional magnetic Laplacian at time k.

The existence theorem proven in Section 8 shows that a field F satisfying dF = 0 defines an electromagnetic Laplacian L. By giving the electric fields E_1, E_2 and the magnetic field B^{(k0)} at some time k_0, the Maxwell equation dF = 0 determines the whole field F .

Proposition 5.1 Let F be determined by the electric fields and the magnetic field at some time k_0. Assume, the electric fields {E_1(n), E_2(n)}_{n∈Z}3 are independent identically distributed random variables with the same distribution μ which is not a Haar distribution of a subgroup of U(1). Let B(k_0, n), n ∈ Z^2 be any set of random variables. Then the distribution of the magnetic field of the two dimensional operators L^{(k)} converges in law to the uniform Haar distribution of U(1) for |k| → ∞. Proof. The Maxwell equation dF = 0 (which follows from F = dA), implies that

B^{(k+1)}(n)^∗ = B^{(k)}(n)E^{(k)}_1 (n + e_1)E^{(k)}_1 (n)^∗E^{(k)}_2 (n)E^{(k)}_2 (n + e_1)^∗ .

The proof of Proposition 4.6 shows that the random variables

{C(n) = E^{(k0)}_2 (n + e_2)^∗E^{(k0)}_2 (n)E^{(k0 )}_1 (n)^∗E^{(k0)}_1 (n + e_1)}_{n∈Z}2

are all independent so that also {B^{(k0±l)}(n)}_{n∈Z}2 is obtained from {B^{(k)}(n)}_{n∈Z}2 by multiplying it with independent identically distributed random variables. The claim follows now from the central limit theorem for independent identically distributed U(1)-valued random variables [33]. (On compact topological groups, the Haar measure plays the role of the Gaussian measure in R.) 2

13

- ȷȷ ȷ3 ȷȷ ȷ3 ȷȷ ȷ+

ȷȷ ȷ+

-

œ œ 6 ? 6 ? 6 ? 6 ? B^{(k)}(n)

B^{(k+1)}(n)

E^{(k)}_1 (n + e_1)

E^{(k)}_1 (n) E^{(k)}_2 (n)

E^{(k)}_2 (n + e_2)

Fig. 4. The Maxwell equation dF = 0 determines the magnetic field B^{(k+1)}(n)^∗ = B^{(k)}(n)E^{(k)}_1 (n+ e_1)E^{(k)}_1 (n)^∗E^{(k)}_2 (n)E^{(k)}_2 (n + e_1)^∗ at time (k + 1) from the magnetic field B^{(k)} and the electric field (E^{(k)}_1 , E^{(k)}_2 ) at time k.

Proposition 5.1 has the following interpretation: a time-dependent random electric field (which might be arbitrarily small but which is not taking values in a subgroup of U(1)) turns an initially arbitrary magnetic field for time |k| → ∞ into an independent identically distributed Haar distributed magnetic field.

6 One dimensional operators

Take an electromagnetic Laplacian L = A + A^∗ in d dimensions, where the electromagnetic field dA = F has only electric components F_{1k} (n) = E_k(n) which are constant in space (Z^d = Z⊕Z^{d−1} = space ⊕ time ) and depend therefore only on the first (=time) coordinate n = n_1. The restriction of L to the invariant Hilbert space of functions which are constant in space gives a one-dimensional operator (Hu)_n = u_{n+1} + u_{n−1} + V (n)u_n, where

V (n) = d∑ k=1 E_k(n) + E_k(n)^∗ = d∑ k=1 2 cos(arg(E_k(n))) .

Every one-dimensional operator can be written like this, the dimension depending on the norm. Since dF = 0, Feldman-Moore’s existence theorem shows that if V is an ergodic potential, then the equation F = dA can be solved with a measurable vector potential A which leads to an ergodic electromagnetic Laplacian. The one-dimensional potential ∑_d k=1 2 cos(arg(E_k (n))) is ergodic, if T_1 was.

Some Anderson models can be treated as random magnetic Laplacians and allow a combinatorial calculation of the density of states: given independent identically distributed random variables V (n) n ∈ Z^d with law μ, define the B(l^2(Z^d))-valued random variable (Lu)_n = ∑ |m−n|=1 um + V (n)u_n which is an Anderson model. By adding to each vertex of Z^d an oriented loop, one obtains a new lattice L^d. Denote by Γ_n the set of paths γ in L^d which have length n. (Each loop has length 1 and we distinguish paths which pass in different directions through the loop).

-#”_œ ! -#”_œ ! -#”_œ ! -#”_œ ! -#”_œ !

Fig. 5. The graph L in the case d = 1. At each vertex is attached an oriented loop.

Corollary 6.1 a) Given the discrete d-dimensional Anderson Schrödinger operator with independent identically distributed potential V (n) = 2 cos(α(n)), where α(n) are uniformly distributed in [0, 2π]. The n^′th moment of the density of states is the number of closed paths of length n in L^d, for which every loop has vanishing winding number.

b) If V (n) = ±2, where V (n) are uniformly distributed in {0, 2}, the n^′th moment of the density of states is the number of closed paths of length n in L^d for which every loop has an even winding number.

Proof. Write L = A + A^∗ as a (d + 1)-dimensional magnetic Laplacian, where A_i = 1, i = 1, . . . , d and A_{d+1}(n) = exp(iα(n)) are independent identically distributed U(1)-valued random variables with uniform Haar distribution μ. This is equivalent to taking real-valued random variables α(n) with uniform distribution on [0, 1] and to form the independent identically distributed potential V (n) = 2 cos(2πα(n)) which has an absolutely continuous law 4(2π)^{−1} √ 1 − x^2. As before, we compute with the random walk expansion

tr(L^n) = ∑ γ∈Γ_n ∏ P μ̂_{n(γ,P )} .

Since all nonzero moments of ν are zero, tr(L^n) is the number of closed paths in the lattice L^d which give in case a) zero and in case b) zero (mod 2) winding number to every loop. 2

Remark. Relations between two and one-dimensional operators are prototyped by the Harper- Mathieu case A_1 = τ, A_2 = e^{2πiα} which give the one-dimensional operator τ + τ^∗ + 2 cos(2πα). For more examples with constant magnetic field see [32]. Other not constant magnetic fields can be obtained as follows: let A_1τ_1 = τ be the unitary Koopman operator for a transformation T on a probability space Ω and let A_2(x) = e^{2πf (x)}, where f is a su(N)-valued random variable. Then UV = V Ue^{2πi(f (T x)−f (x))} and we get a 1-dimensional operator L = τ + τ^∗ + 2 cos(f(x)) on l^2(Z, C^N ).

7 Deterministic Laplacians

It is illustrative to see what deterministic perturbations of the magnetic field does on the operator. We denote by L_F the d-dimensional Laplacian with field F in the special gauge.

Proposition 7.1 (Jitomirskaja-Mandelstam [42]) Assume U is abelian. A change of F ∈ U^{Zd} on a finite set of plaquettes is a compact perturbation of the operator L_F .

Proof. Assume first d = 2. If B is multiplied by C ∈ U^{Z2} such that C_n ≠ 1 only for finitely many n and ∏ n C_n = 1, we call B̃ = BC a zero flux perturbation of 1. It is enough to show the claim for a perturbation of the field B of one single plaquette. By construction, if B̃ is a zero flux perturbation of B, then L_{B̃} is a finite rank perturbation of L_B .

Let L = L_B be the original operator and let L̃ = L_{B̃} be the operator belonging to B̃ satisfying B̃(n) = B(n) for all n ∈ Z2 except one n_0, where B̃(n_0) = B(n_0)C with C = eiα ∈ U. Define for each k ∈ N a zero flux perturbation B_k of B by changing B̃ on k^2 plaquettes in a box of size k × k to B̃_kC^{−1}_k with C_k = e^{−iα/n2} . Then, L_{Bk} → L_{B̃} in norm so that L_{B̃} is a limit of finite rank operators L_{Bk} .

For general d, we can compose any perturbation by perturbations lying in two dimensional planes for which the previous argument applies. 2

Remarks.

1) The Aharonov-Bohm operator (the field B(n) is different from 1 exactly on one plaquette) shows that one has never a finite rank perturbation L_B → L_{B̃}, if BB̃^{−1} has compact support and nonzero flux. It would be interesting to know if the Aharonov-Bohm operator is a trace class perturbation of the free operator.

2) A similar argument shows that the result is also true for some aperiodic tilings like the Penrose tiling.

3) Beside the abelian or nonabelian Ahoronov-Bohm operators (for which a complete spectral analysis is not yet done), other deterministic operators would be interesting to study. An example is a discrete version of the Iwatsuka operator L in d = 2 (see [10]), where the magnetic field B is translational invariant in one direction and asymptotically constant in the other direction. Then, L is a direct product of one dimensional operators (Lu)_n = u_{n+1} + u_{n−1} + cos(nα(n))u(n), where α(n) → α^± for constants α^±. If α^− or α^+ is rational, then also L has some absolutely continuous spectrum. If both α^± are irrational, Last’s results [26] allows to prove that L has no absolutely continuous spectrum. This is in contrary to the continuous case, where the corresponding operator has purely absolutely continuous spectrum.

8 Existence of electromagnetic Laplacians

We consider three cohomological constructions for a pair (G, U), where G = Z^d is a group of Borel automorphisms acting on the abelian group U = L(X, U) = {X → U, measurable} and where U is an abelian Polish group. Let T_1, . . . , T_d be d commuting automorphism on the probability space (X, F, m) which generate the Z^d action. Write T^g = ∏_d i=1 T^{gi}_i if g = (g_1, g_2, . . . , g_d).

I) Algebraic group cohomology (Eilenberg-McLane) (see [13]) The group G = Z^d acting on X induces a G-action on the abelian group U = L(X, U) of all measureable maps from X to U. Define for 0 ≤ p ≤ d the set C^p of maps a : G^{p+1} → U satisfying T^ga(g_0, g_1, . . . , g_p) = a(g + g_0, g + g_1, . . . , g + g_p). Define the map d_n : C^n → C^{n+1}

(d_na)(g_0, . . . , g_{n+1}) = n+1∑ j=0 (−1)^j a(g_0, . . . , ĝ_j , . . . , g_n) , where the entry ĝ_j has been deleted. Elements in the kernel of d_n are the algebraic cocycles of degree n, elements in the image of d_{n−1} are the algebraic coboundaries of degree n. Since d_{n+1} ∘ d_n = 0, this gives the algebraic group cohomology groups H_{alg} (G, U) = ker(d_n)/im(d_{n−1}).

II) Orbit cohomology (Feldman-Moore) (see [14]) Define R^0 = X and R^n = {(x_0, . . . , x_n) ∈ X^{n+1} | ∃ g_i ∈ G, x_i = T^{gi} x_0}. Define the set C^p(R_G, U) of all measurable maps a : R^p → U. and take the map d_n : C^n → C^{n+1}

(d_na)(x_0, . . . , x_{n+1}) = n+1∑ j=0 (−1)^j a(x_0, . . . , x̂_j , . . . , x_n) . ker(d_n) consist of orbit cocycles of degree n, while im(d_{n−1}) are orbit coboundaries of degree n. Since d_{n+1} ∘ d_n = 0, one gets the orbit cohomology groups H^n_{orb}(R, U) = ker(d_n)/im(d_{n−1}). This cohomology is defined more generally for hyperfinite equivalence relations (see [14]).

III) Geometric group cohomology (see [22], [11]) Define I = {1, . . . , d} and let I_p be the set of sets J = {j_1 < j_2 < . . . < j_p} ⊂ I. Let C^p be the set of maps A : I_p → U which becomes a group by pointwise addition. Extend this map to the set of p-tuples J = (j_1, j_2 . . . , j_p) with j_k ∈ I by requiring A_{π(J)} = sign(π)A_J for any permutation π of J. We write A = ∑ J A_J τ_J . Define d_n : C^n → C^{n+1} by d_nA = ∑ i,J (A_J (T_i) − A_J )τ_{iJ} .

(we write at other places in this article the group also multiplicatively). The kernel of d_n contains cocycles of degree n, whereas the image of d_{n−1} consists of coboundaries of degree n. Since d_{n+1} ∘ d_n = 0, one can form the geometric cohomology groups H^n_{geom}(G, U) = ker(d_n)/im(d_{n−1}).

Our aim is to show that all these three cohomologies are the same if the group G acts freely, that is if m({x ∈ X | T^nx = x}) = 0 for all n ∈ G \ {0}.

Proposition 8.1 (Feldman-Moore) If G acts freely, then H^p_{orb}(R_G, U) ∼= H^p_{alg} (G, U) for all p = 0, . . . , d. Proof. The map ϕ : C^p(G, U) → C^p(R_G, U), a → a

a(x_0, . . . , x_p) = a(0, g_1, . . . , g_p)(x_0), x_i = T^{gi} x_0

is well defined if the action of G is free. It is invertible since

a(g_0, . . . , g_p)(x) = a(T^{g0} (x), T^{g1} (x), . . . , T^{gp} (x))

and ϕ commutes with d. 2

Proposition 8.2 (Eilenberg-McLane) H^2_{alg} (Z, U) ∼= {0}.

Proof. (De Pauw) (i) Every algebraic cocycle a ∈ C^2(G, U) is cohomologous to an alternating cocycle: a(g_{π(0)}, . . . , g_{π(n)}) = (−1)^{signπ}a(g_0, . . . , g_n).

Proof. Define the cocycle b(g, h) = 0 if g ≠ h and b(g, g) = a(g, g, g). A first normalization a_1 = a − db gives a_1(g, g, h) = a_1(g, h, h) = 0. Define the cocycle b_1(g, h) = 0 if h ≥ g in the lexicographic ordering on G = Z^d and b_1(g, h) = a_1(g, h, g) if h < g. The second normalization a_2 = a_1 − db_1 gives an alternating cocycle a_2.

(ii) Given a 2-cocycle a. By (i) one can assume that it is alternating. The function b(k, l) = − ∑_{l−1} i=k a(k, i, i + 1) is a degree two cochain since

T^mb(k, l) = −T^m l−1∑ i=k a(k, i, i + 1) = − l−1∑ i=k a(m + k, m + i, m + i + 1)

= − l+m−1 ∑ i=k+m a(k, i, i + 1) = b(m + k, m + l) .

Since 0 = da(k, l, i, i + 1) = a(l, i, i + 1) − a(k, i, i + 1) + a(k, l, i + 1) − a(k, l, i), we have db(k, l, m) = b(l, m) − b(k, m) + b(k, l) = − m−1∑ i=l a(l, i, i + 1) + m−1∑ i=k a(k, i, i + 1) − l−1∑ i=k a(k, i, i + 1)

= m−1∑ i=l −a(l, i, i + 1) + a(k, i, i + 1) = m−1∑ i=l a(k, k, i + 1) − a(k, l, i) = a(k, l, m) − a(k, l, l) = a(k, l, m) . 2 Theorem 8.3 (Dye,Krieger,Connes,Feldman,Weiss) H^p_{orb}(R_Zd , U) ∼= H^p_{orb}(R_Z, U) for all n ≥ 1.

Proof. Dye-Krieger-Connes-Feldman-Weiss theorem [8] assures the existence of a measureable invertible map ψ : X^{n+1} → X^{n+1} mapping R^n_G bijectively onto R^n_Z. Given a cochain a ∈ C^n(R_G, U), then a(x) = a(ψ(x)) is in C^n(R_Z, U). Because ψ commutes with d, cocycles are mapped bijectively onto cocycles and coboundaries onto coboundaries. 2

Corollary 8.4 H^2_{alg} (Z^d, U) ∼= {0}.

Proof. By Propositions 8.2,8.3

H^2_{alg} (Z^d, U) ∼= H^2_{orb}(R_Zd , U) ∼= H^2_{orb}(R_Z, U) ∼= H^2_{alg} (Z, U) ∼= {0} . 2 Theorem 8.5 If G = Z^d acts freely on U, then H^p_{geom}(Z^d, U) ∼= H^p_{alg} (Z^d, U) for 0 ≤ p ≤ d.

Proof. For J ⊂ {1, . . . , d} with |J| = p, the cube S_J in G = Z^d spanned by {e_j }_{j∈J} is a disjoint union of simplices Δ_i = Δ(g^{(i)}_0 , g^{(i)}_1 , . . . , g^{(i)}p ). For a simplex Δ(g_0, . . . , g_p) and an algebraic cocycle a ∈ C^p, write ∫ Δ(g0,...,g_p) a = a(g0, . . . , gp). If S is a finite union of disjoint simplices Δi, we set ∫ S a = ∑ i ∫ Δ_i a . Define a map ϕ : C^p_{alg} → C^p_{geom} by

ϕ(a)_J = A_J = ∫ S_J a . (i) ϕ commutes with d.

Let σ_{iJ,K} be the signature of the permutation iJ → K.

dϕ(a)_K = (dA)_K = ∑ i∪J=K (A_J (T_i) − A_J )τ_{iJ} = ∑ i∪J=K σ_{iJ,K} (A_J (T_i) − A_J )τ_K = ∑ i∪J=K σ_{iJ,K} ∫ S_J (a(T_i) − a)τ_K = ∫ δS_K a = ∫ S_K da = ϕ(da)_K . (ii) ϕ maps cocycles into cocycles and coboundaries into coboundaries.

Proof. From (i) we know that da = 0 implies dA = dα = ϕ(da) = ϕ(0) = 0. Also a = dc implies A = ϕ(a) = ϕ(dc) = dϕ(c) =: dC. For the next step (iii), we need some definitions: a p-dimensional simplex and a (d−p)-dimensional simplex are transversal, if their intersection is a point which is in the interior of both simplices. There are only countably many simplices Δ(g_0, . . . , g_p), g_i ∈ Z^d. To each p-dimensional oriented cube S_J (g) = {g + e_i · [0, 1] | i ∈ J} in Z^d is attached a (d − p)-dimensional oriented dual cube S_J� (g) = {g + e_i · [0, 1] | i ∈ J^∗ = {1, . . . , d} \ J}. One has S_K (g) ∩ S_J� (g) = {g} and their product is a positively oriented d-dimensional cube. Denote by W_p the union of all p-dimensional cubes in Z^d and call it the p-dimensional web in Z^d. A p-dimensional simplex Δ is transversal to a (p − d)-dimensional web W_{d−p}, if Δ intersects every cube in W_{d−p} transversely. To every transversal intersection is attached a sign, defined by the orientation of their product .

(iii) For each 1 ≤ p ≤ d, there exists a Z^d− periodic homeomorphic deformation W̃_p of the (d − p)- dimensional web W_p in R^d, such that every simplex Δ has only transversal intersections with the (d − p)-dimensional deformed dual cubes S̃ ⊂ W̃_p.

Proof. The set W of Z^d-periodic homeomorphisms of R^d is a complete metric space with metric d(f, g) = sup_{x∈R}d_{/Z}d |f(x) − g(x)|. The set W(Δ) of homeomorphisms in W for which a given simplex Δ intersects every cube in W̃_{d−p} transversely, is an open dense set. By Bair’s theorem, the intersection of all W(Δ), where Δ runs over the countable set of simplices is nonempty and dense.

(iv) If A is a geometric p-cocycle, there exists an algebraic p-cocycle a such that ϕ(a) = A. Proof. Given a geometric cocycle A, define the algebraic cocycle a(g_0, . . . , g_p) = ∑ g:S̃_J (g)∩Δ(g0,...,g_p)≠∅ A_J (g) . If S_J (g) is a p-dimensional cube, it is a finite union of p-simplices Δ_i. Only one of these simplices has an intersection with the deformed dual cube S̃_J� (g) since S_J (g) ∩ S_J� (g) and so S_J (g) ∩ S̃_J� (g) is a point. This point is by construction of the homeomorphisms in (iii) in the interior of exactly one of the simplices. Therefore

ϕ(a)_J (g) = ∫ S_J (g)

a = A_J (g) .

‘ ‘ ‘ ‘‘‘

‘_��^{�C}CC_{CCCCCC} CC CXXXXX

XXXXX XX g_1

S̃_g g_0 g_2

Fig. 6a). Reconstruction of the algebraic cocycle a from the geometric cocycle A in the case d = p = 2. The deformed web W̃_0 is zero dimensional and is disjoint from any line connecting two points in Z^2. The value of a(g_0, g_1, g_2) is the flux through the triangle Δ(g_0, g_1, g_2) and given by the sum of the fluxes A(g) through plaquettes P (g) of all the g ∈ Z^2 for which S̃(g) is inside the simplex Δ(g_0, g_1, g_2).

## ## ## ## ## ## ###

D fi D fi D fi D fi D fi ııXX ııXX ııXX

ııXX

g_0

S2 g_1

S1 S̃_2

S̃_1

Fig. 6b). Reconstruction of the algebraic cocycle a from the geometric cocycle A in the case d = 2, p = 1. The deformed web is one dimensional and shown is only the part of this web which intersects the line Δ(g_0, g_1). The value of a(g_0, g_1) is the flux through the line Δ(g_0, g_1) and given by the sum of the fluxes A(g) through the edges S_i(g) of all the g ∈ Z^2, i = 1, 2 for which S̃_i(g) intersects Δ(g_0, g_1).

(v) H^p_{geom}(Z^d, U) ∼= H^p_{alg} (Z^d, U).

Proof. The group homomorphism on cocycles induces the surjective map ϕ : H^p_{alg} (Z^d, U) → H^p_{geom}(Z^d, U). If ϕ were not injective, it would have a kernel which means that some algebraic not-coboundary would be mapped into a coboundary and this would contradict (ii). 2

Remark. DePauw [11] has shown the relation of geometric and algebraic cohomology in the case d = 2 and U = R, where the construction of the inverse of ϕ is more direct. Our construction of the deformed web is necessary since we do not assume that we can divide in the group U. Let us illustrate why the case U = R would also be easier in higher dimensions. Take d = 3 and p = 2. We can then construct the algebraic cocycle a from a geometric cocycle A by taking a smooth divergence free vector field in R^3 which has the flux A_P through each plaquette P . The flux of this vector field through a triangle Δ(g_0, g_1, g_2) is then a(g_0, g_1, g_2).

� � � œ 3 ?

QQ QQ QQ QQ Q� � � � �¸¸¸¸¸¸¸¸¸ ¸¸ � �ffi

P g_0

g_1 g_2

Δ(g_0, g_1, g_3)

Fig. 7. The problem of constructing an algebraic 2-cocycle given a geometric 2−cocycle in dimension d = 3 is the task to determine the flux through a simplex Δ(g_0, g_1, g_2), if the flux through all plaquettes P is known.

Corollary 8.6 (Existence of electromagnetic Laplacians) Assume the Z^d action is free. Given a U(1)-valued 2-form F = ∑ i<j F_{ij} τ_{ij} such that dF = 0. Then there exists a 1-form A satisfying dA = F . Proof. This follows from the fact that the two dimensional geometric cohomology is trivial. 2

To see that the higher cohomology groups H^p with p ≥ 2 are trivial, one reduces higher dimensional cohomology groups to H^2 with the help of a reduction theorem of Eilenberg-McLane for algebraic cohomology [13, 14]. To any algebraic cochain a is assigned a non homogeneous cochain h by the formulas

a(g_0, g_1, . . . , g_n) = g_0h(g_1 − g_0, . . . , g_n − g_{n−1}) h(g_1, . . . , g_n) = a(1, g_1, g_1g_2, . . . , g_1g_2 · . . . · g_n) .

The coboundary operator is in the non homogeneous approach given by

dh(g_1, . . . g_{n+1}) = g_1h(g_2, . . . , g_{n+1}) + n∑ i=1 (−1)^ih(g_1, . . . , g_ig_{i+1}, . . . , g_{n+1}) + (−1)^{n+1}h(g_1, . . . , g_n) .

A non-homogeneous cocycle is called normalized if h(g_1, . . . , g_n) = 1 if some g_i = 1. Denote by C(Z^d, U) the set of all normalized cocycles h from Z^d to U, where the action of Z^d on C(Z^d, U) is given by (xh)(y) = h(x + y) − yh(x).

Theorem 8.7 (Reduction theorem) H^{n+1}_{alg} (Z^d, U) ∼= H^n_{alg} (Z^d, C(Z^d, U)) , n > 0. Proof. (Eilenberg-McLane [13]) Define the homomorphism ϕ : C^n(Z^d, C(Z^d, U)) → C^{n+1}(Z^d, U) by ϕh(g_1, . . . , g_{n+1}) = (−1)^nh(g_2, . . . , g_{n+1})(g_1) which is an isomorphisms of groups by the homogeneity assumption. A computation shows that ϕ commutes with d. 2 Corollary 8.8 If the Z^d action is free, then H^p_{geom}(Z^d, U) ∼= 0 for p ≥ 2.

9 Currents

Given a Z^d-action on the group U = L(X, U). A geometric 1-form A = ∑ i A_iτ_i ∈ C^1 defines an electromagnetic field F = dA ∈ C^2 and so a current j = d^∗F = ∗d ∗ F ∈ C^1, where ∗ is the natural Hodge involution ∗ : C^n → C^{d−n}, A_I → A_I� . A current is defined even if the group U is nonabelian: Proposition 9.1 Assume N ≥ 1, d = 2 or N = 1, d ≥ 2. Every current d^∗F = j is divergence free: d^∗j = 0.

Proof. If d = 2, the Hodge involution for 1-forms is given by A_1τ_1 + A_2τ_2 = (A_1, A_2) → (A_2, A^{−1}_1 ). The divergence of j is given by d^∗j = ∗d ∗ (j_1, j_2) = (∗d)(j_2, j^∗_1 ) = j_1j_2(T_2)^∗j^∗_1 (T_1)j_2 .

If we plug in j = (j_1, j_2) = d^∗F = (F^∗F (T_2), F (T_1)^∗F ), we get d^∗j = F^∗F (T_2)F (T_2)^∗F (T_1T_2)F (T_2T_1)^∗F (T_1)F (T_1)^∗F = 1 .

In the abelian case, d^∗j = 0 follows in any dimension from d^∗d^∗ = 0 2

- 6 œ

? F j = (F^∗F (T_2), F (T_1)^∗F )

Fig. 8. Illustration of the current of a (not necessarily abelian) Aharonov-Bohm field, where the field F is constant different from 1 on one plaquette only.

One can ask if a current j which is divergence free d^∗j = 0 does come from a field F satisfying d^∗F = j. The answer is no in two dimensions and yes in dimensions three or higher. There are at least countably many equivalence classes of currents:

Proposition 9.2 Assume d = 2 and let U be a Polish group. The moduli space of all divergence free currents j modulo currents j coming from fields j = d^∗F is isomorphic to the first cohomology group H^1(U). For d ≥ 3 and abelian U, every divergence free current j is of the form d^∗F .

Proof. Assume first d = 2. j is a cocycle if j_2j^∗_1 (T_1) = j^∗_1 j_2(T_2) and a coboundary if there exists a solution F of j_1 = F (T_2)F^∗, j_2 = F F (T_1)^∗. If j is a cocycle, then the Hodge dual j̃ = ∗j satisfies a zero curvature equation. Also, d^∗F = j if and only if j̃ is a gradient d(∗F ) = j̃. The moduli space of zero curvature fields modulo gradient fields is H^1(U).

Assume now d ≥ 3 and U abelian. Given the 1-form j, define the (d − 1)-form j̃ = ∗j. Since H^{d−1}(U) is trivial for d ≥ 3, there exists a (d − 2)-form F̃ satisfying dF̃ = j̃. Let F = ∗F̃ . Then d^∗F = j. 2

Question. We do not know, if we can realize in dimensions d ≥ 3 every current j can be written as d^∗F with a field F satisfying additionally dF = 0. If this were true and F were unique, we would get an interesting class of higher dimensional operators L = A + A^∗ by taking independent identically distributed random variables j, where d^∗dA = j.

10 Magnetic Laplacians on tilings and other lattices

Magnetic Laplacians on the triangular lattice.

The triangular lattice is the Cayley graph of the group G = Z^2 with the three generators e_1, e_2, e_1 + e_2. A situation with two different fluxes has been considered in [5] (see also [4]). A magnetic field is a cocycle which assigns to each triangle Δ(g_1, g_2, g_3), g_i ∈ Z^2 a group element in U. This cocycle is determined by the value of B_d(n) on Δ(n, n + e_1, n + e_2) and B_u(n) on Δ(n + e_1, n + e_1 + e_2, n + e_2) for each n ∈ Z^2. The two measurable maps B_d, B_u ∈ L^∞(X, U) and an ergodic Z^2 action determine so the magnetic field.

Proposition 10.1 Every stationary U(N)-valued field B on a triangular lattice in Z^2 is given by a vector potential A so that B = dA. The spectral properties of L depend only on B. If {B(n)}_{n∈Z}2 are independent identically distributed random variables with Haar distribution on U = U(1), then tr(L^n) is the number of closed paths in the triangular lattice which give zero winding number to all triangles.

Proof. In order to get the vector potential A, we form B(x) = B_u(x)B_d(x) which is the field on the quadratic plaquette P (x). Feldman-Moore-Lind’s theorem gives the existence of the first two coordinates (A_1, A_2) of the vector potential. We define then A_3 through A_3A_2(T_1)A_1 = B_d. � � �@ @@ @@� � @@ @@ @

� � �` @@ @R � � �` œ Bd Bu A_1 A_2(T_1)

A_3

A_1(T_2)

A_2

Fig. 9. Construction of the vector potential from B_u and B_d.

In the abelian case, a second proof is obtained directly from the algebraic group cohomology for the group G = Z^2 acting on U = L(X, U): the magnetic field B with law μ is an algebraic 2-cocycle. Since the second cohomology group is trivial, it is of the form dA, where A is a 1-form. For abelian U, the random walk expansion is done in the same way as for the square lattice by putting A_2 identically zero.

In order to see that all the spectral properties depend only on the field B, we take the same special gauge as in the square lattice case. 2

Remarks.

1) Discrete magnetic Laplacians on more general graphs with uniform magnetic field with values in U(1) have been considered by Sunada [40].

2) If the graph G is the Cayley graph of an infinite abelian group with finitely many generators and U ⊂ U(1), the magnetic Laplacians are elements in a hyperfinite von Neumann algebra X . The second group cohomology vanishes and every algebraic cocycle B is of the form B = dA.

Magnetic Laplacians on aperiodic tilings.

Aperiodic tilings in R^2 define a plane graph and one can ask if it is possible to assign to the edges of the graph U(1) random variables in such a way that the magnetic fields in the pieces of the tiling are independent identically distributed U(1)-valued random variables. For simplicity, we consider only the case of the Penrose tiling with plaquettes built by Robinson triangles. The case, when the plaquettes are Penrose rhombs can be reduced to that by multiplying the field values of the triangles building the rhomb.

l,hhhh## fifi fifi TT T BB B ȷȷ ȷC C LL ȷȷȷaaaa QQ Q””” ”D DD D” ””AA

A((((l ll� � bbb� BB B !!!!� � � LL L � � TT TT ˇ̌ ˇ,l ˇ̌ ll BB B fifi fifi bbb bhhhhh

((((ˇ ˇˇ AA AA � �DD D ””” HHH H QQ QQ� � ȷȷ ȷȷ @@ ”””HH H � aa bbb̧¸ˇ̧ B̌B

!!!!

HHH� � TT

XX� � � (((( AA A Fig. 10. Part of the Penrose lattice with Penrose rhombs each consisting each of two Penrose triangles.

Define a countable ergodic equivalence relation R on the compact metric space X of tilings

R = {(x, y) ∈ X^2 | x = y + v, where v is a difference of vertices of x} .

A measurable map from R^3 = {(x_1, x_2, x_3) ∈ X^3 | (x_i, x_j ) ∈ R} to U is an algebraic cocycle and defines a magnetic field distribution B on the Robinson triangles of the tilings.

Proposition 10.2 Given a measurable U = U(1)-valued field distribution B on the Penrose lattice. There exists a vector potential A such that dA = B.

Proof. The equivalence relation R is defined by a countable group action (see [14] Theorem 1) and defines a hyperfinite von Neumann algebra. The hyperfiniteness follows from the fact that R is a subset of a countable equivalence relation R_G, where G ⊂ R^2 is the abelian countable group generated by {v ∈ R^2 | v occurs as a difference of two sites in a tiling } .

Since R_G is hyperfinite, also R is hyperfinite ([14] Proposition 4.2.c). By Proposition 8.3, H^2(R, U) is isomorphic to to H^2(R_Z, U) which is trivial. The 2-cocycle B = B(g_1, g_2, g_3) defines the magnetic flux through a triangle spanned by three sites (g_1, g_2, g_3) in the lattice. The triviality of H^2(R, U) implies that B = dA for some 1-cycle A, which is a measurable map from R to U. 2

Corollary 10.3 Given an independent identically distributed U(1)-valued field B on the Robinson triangles of a Penrose tiling. There exists a measurable vector potential A on the edges of the Penrose graph such that dA = B.

Remarks.

1) For more general tilings, where all pieces of the tiling are composed of the same number k of triangles (which is the case in the Penrose tiling where each Penrose rhomb is a union of two Robinson triangles) we can also realize independent identically distributed magnetic field configurations, where the law μ = ν ⊕ · · · ⊕ ν is the k-th convolution of a measure ν. This is for example the case if μ is the Haar measure on a closed subgroup of U(1).

2) The existence of the density of states of a magnetic Laplacian L on the tiling follows from the fact L in a finite type von Neumann algebra. Hof [17] has given a direct proof of the existence and proven that the density of states and spectrum is constant on the space of tilings. 3) For independent identically distributed magnetic fields with Haar measure of U(1), we get that tr(L^n) is the number of closed paths in the tiling graph such that the winding number is zero for each tile. The computation of the density of states is already nontrivial for the free Laplacian with zero magnetic field. There are some numerical results about the random walk on Penrose lattice [41].

Appendix: The first cohomology group

The first cohomology group H^1(U) is the only nontrivial cohomology group. It appears as the moduli space of zero curvature fields modulo fields which can be gauged to zero, or as the moduli space of two dimensional currents modulo currents induced by fields. We have therefore some interest in this group. However, we do not know even the cardinality of H^1(U)! We report in this appendix a result of Derrien which sheds some light on this group.

Assume U is abelian. Because the first cohomology group H^1(T, U) is the same for all aperiodic ergodic abstract dynamical systems (X, T, m), it is enough to investigate it for one specific aperiodic system. For the irrational rotation on the circle X = R/Z, T : x → x + α leaving invariant the Lebesgue measure m, there is the following corollary of a result of [12].

Proposition 10.4 There exists a countable subgroup K(U) of H^1(U) which is isomorphic to the subgroup of U^Z for which only finitely many elements are different from 1.

Proof. Let P be a partition of X = T^1 = R/Z into finitely many intervals P_i = [t_{i+1} − t_i) with rational t_i and let ϕ be a measurable map X → U which is constant on the intervals of P but not constant. There exists a bijective relation between U^{Q∩T} for which only finitely many elements are different from 1 and the set of so defined cocycles: given ϕ define ϕ̃ ∈ U^{Q∩T} by ϕ̃_t = ϕ_{t+0} − ϕ_{t−0} which is different from 1 only at finitley many places. The inverse of this map defines for each ϕ̃ ∈ AQ∩T a cocycle ϕ. The set of such cocycles together with the unit cocycle forms a subgroup of all cocycles. Derrien has shown [12] that all of these cocycles except the unit element are not coboundaries. Therefore, they are pairwise not cohomologous. 2

Remarks.

1) There are situations, where the first cohomology group for continuous functions is known: for Markov chains (X, T, m) with infinite X and U = R, the cohomology group C(X)/{f ∈ C(X) | f = g(T ) − g} is the free abelian group with a countable infinite number of generators ([35] p.62). 2) It would be interesting to know if K(U) is already equal to H^1(U). Other guesses are that H^1(U) is isomorphic to the completion of U^Z of K(U) or that H^1(U) is a countable set containing K(U). We want to illustrate now in the simplest situation in a self-contained way, why the cohomology group H^1(U) is countably infinite if U is U(1). We consider Z_2 = {−1, 1} as a discrete subgroup of U(1).

Lemma 10.5 Assume T is ergodic on (X, F, m). Given B ∈ L(X, Z_2). If B = A(T )A^{−1} with A ∈ L(X, U(1)), then there exists C ∈ L(X, Z_2), such that B = C(T )C^{−1}.

Proof. ¿From B = A(T )A^{−1}, we get A(T x) = ±A(x) so that arg(A(x)) (mod π) is T -invariant. The ergodicity of T implies that β = arg(A(x))(mod π) is constant almost everywhere so that A(x) = C(x)e^{iβ} with C(x) ∈ Z_2 = {1, −1}. Now A(x) = C(T x)C^{−1}(x). 2

Remark. This lemma shows that H^1(Z_2) is a subgroup of H^1(U). Similarly, one can show that if U is a subgroup of V , then H^1(U) is a subgroup of H^1(V ).

A result of [20] illustrates in the simplest situation, how cohomology constraints emerge:

Corollary 10.6 If both T and T^2 are ergodic, then B(x) = −1 can not be written as B(x) = A(T x)A(x)^{−1} with A ∈ U.

Proof. ¿From the above lemma, we have only to show that B can not be written as B = A(T )A^{−1} with A ∈ L(X, Z_2). Assume, there exists a solution A of this equation. Then, since A(T x) = −A(x) also A(T^2x) = A(x), so that by the ergodicity of T^2, A must be constant. There are only two possibilities: A = 1 or A = −1 and both are not solving −1 = A(T )A^{−1}. 2

This leads to a special case of Derriens result in the case U = Z_2, where the group of cocycles is the σ-algebra of the probability space F and the coboundaries is the additive subgroup of F consisting of elements which are of the form ZΔT (Z).

Corollary 10.7 If T is the irrational rotation of the circle X, then every dyadic interval [k · 2^{−n}, (k + 1) · 2^{−n}) is not a coboundary and two dyadic intervals of length 2^{−n} are pairwise not cohomologous.

Proof. Corollary 10.6 shows that X, the dyadic interval of length 2^{−0} is not a coboundary. If a dyadic interval of length 2^{−n} were a coboundary then all of them were coboundaries and so also a disjoint union of 2^n such intervals contradicting that X is not a coboundary. Inductively, assume the claim is true for coboundaries of length 2^{−n} and assume the union I = I_1ΔI_2 of two disjoint dyadic intervals of length 2^{−(n+1)} is a coboundary. If I_1 and I_2 are adjacent, then I is a dyadic interval of length 2^{−n} and can not be a coboundary. Also in the other case, I is not a coboundary because else K = IΔ(I +2^{−(n+1)} mod 1) is a coboundary which is the union of two dyadic intervals of length 2^{−n} which is not a coboundary by induction. 2

Remarks.

1) Corollary 10.7 shows that H^1(Z_2) is at least countably infinite and and so also every H^1(U) with a group U containing Z_2. Taking dyadic intervals is not essential and with some more effort the above argument allows to recover Derrien’s result in the case U = Z_2. 2) In the topology d(Y, Z) = m(Y ΔZ) on the σ-algebra F, both the set {Y ∈ F | Y = Z(T )ΔZ} of coboundaries as well as its complement are dense in F ([21]). 3) If X is a finite probability space, H^1(U) = U for any group U.

Acknowledgements. I want to thank Y. Avron, J.P Conze, J. Feldman, A. Hof, S. Jitormiskaya, Y. Last, D. Lind, Y. Peres, B. Simon for useful remarks or providing me with valuable literature information.

References

[1] H. Acosta and A.Klein. Analyticity of the density of states in the Anderson model on the Bethe lattice. J. Stat. Phys., 65:277–305, 1992.

[2] J. Avron and B.Simon. Almost periodic Schrödinger operators II. The integrated density of states. Duke Math. J., 50:369–391, 1983.

[3] J. Bellissard. Le papillon de Hofstadter (d’ après B. Helffer and J. Sjöstrand). Séminaire Bourbaki, 44 ème année, 745:7–39, 1991.

[4] J. Bellissard. Non commutative methods in semiclassical analysis. In S. Graffi, editor, Transition to Chaos in Classical and Quantum Mechanics, pages 1–64. Springer-Verlag, Berlin, Heidelberg, NewYork, 1994.

[5] J. Bellissard, C.Kreft, and R.Seiler. Analysis of the spectrum of a particle on a triangular lattice with two magnetic fluxes by algebraic and numerical methods. J. Phys. A: Math. Gen., 24:2339–2353, 1991.

[6] R. Carmona and J.Lacroix. Spectral Theory of Random Schrödinger Operators. Birkhäuser, 1990.

[7] A. Connes. Noncommutative geometry. Academic Press, Harcourt Brace and company, SanDiego, 1994.

[8] A. Connes, J.Feldman, and B.Weiss. An amenable equivalence relation is generated by a single transformation. Ergod. Th. Dyn. Sys., 1:431–450, 1981.

[9] F. Constantinecu, J.Fröhlich, and T.Spencer. Analyticity of the density of states and replica method for random Schrödinger operators on the lattice. J. Stat. Phys., 34:571–596, 1984.

[10] H.L. Cycon, R.G.Froese, W.Kirsch, and B.Simon. Schrödinger Operators—with Application to Quantum Mechanics and Global Geometry. Springer-Verlag, 1987.

[11] J. DePauw. Théorèmes ergodiques pour cocycle de degré 2. Thèse de doctorat, Université de Bretagne Occidentale, 1994.

[12] J.-M. Derrien. Critères d’ergodicité de cocycles en escalier. Exemples. C. R. Acad. Sc. Paris, 316:73–76, 1993.

[13] S. Eilenberg and S.McLane. Cohomology theory in abstract groups. Annals of Mathematics, 48:51–78, 1947.

[14] J. Feldmann and C.Moore. Ergodic equivalence relations, cohomology and von Neumann algebras I,II. Trans. Am. Math. Soc., 234:289–359, 1977.

[15] C.P.M. Geerse and A.Hof. Lattice gas models on self-similar aperiodic tilings. Rev. Math.

Phys, 3:163–221, 1991.

[16] A. Hof. Quasicrystals, aperiodicity and lattice systems. Proefschrift, Rijksuniversiteit Groningen, 1992.

[17] A. Hof. Schrödinger operators on aperiodic tilings: spectrum and integrated density of states.

Preprint, MacMaster University, 1994.

[18] S.Ya. Jitomirskaya. Almost everything about the almost Mathieu operator II. To be published in the Proceedings of the XI’th international congress of Mathematical Physics, Paris July 18-23, 1994, 1995.

[19] H. Kesten. Symmetric random walks on groups. Trans. Am. Math. Soc., 92:336–356, 1959.

[20] A.A. Kirillov. Dynamical systems, factors and representations of groups. Russ. Math. Surveys, 22:63–75, 1967.

[21] O. Knill. The upper Lyapunov exponents of SL(2, R) cocycles: discontinuity and the problem of positivity. In J.P. Eckmann L. Arnold, H. Crauel, editor, Lyapunov Exponents, pages 86–97. Springer-Verlag, Berlin, Heidelberg, NewYork, 1991. Lecture Notes in Mathematics, 1486.

[22] O. Knill. Spectral, ergodic and cohomological problems in dynamical systems. PhD Theses, ETH Zürich, 1993.

[23] O. Knill. Isospectral deformation of discrete random Laplacians. In M.Fannes et al., editor, On Three Levels, pages 321–330. Plenum Press, New York, 1994.

[24] L.B. Koralov, S.K.Nechaev, and G.Sinai Ya. Asymptotic behavior of a two-dimensional random walk with topological constraints. Theory Probab. Appl., 38:296–306, 1993.

[25] S. Kotani and B.Simon. Stochastic Schödinger operators and jacobi matrices on the strip.

Commun. Math. Phys., 119:403–429, 1988.

[26] Y. Last. Zero measure spectrum for the almost Mathieu operator. Commun. Math. Phys., 164:421–432, 1994.

[27] Y. Last. Almost everything about the almost Mathieu operator I. To be published in the Proceedings of the XI’th international congress of Mathematical Physics, Paris July 18-23, 1994, 1995.

[28] E. Lieb. The flux-phase problem on planar lattices. Helv. Phys. Acta, 65:247–255, 1992. [29] E. Lieb. The flux phase of the half-filled band. Phys. Rev. Lett., 73:2158–2161, 1994. [30] E. Lieb and M.Loss. Fluxes, Laplacians and Kasteleyn’s theorem. Duke Math. J., 71:337–363, 1993.

[31] D.A. Lind. Products of coboundaries for commuting nonsingular automorphisms. Z. Wahrsch.

verw. Gebiete, 43:135–139, 1978.

[32] V.A. Mandelshtam and S.Ya.Zhitomirskaya. 1d-quasiperiodic operators. Latent symmetries.

Commun. Math. Phys., 139:589–604, 1991.

[33] K.V. Mardia. Statistics of directional data. Academic press, London and New York, 1972. [34] E.J. Martinec. On the origin of integrability in matrix models. Commun. Math. Phys., 138:437–449, 1991.

[35] W. Parry and S.Tuncel. Classification problems in ergodic theory. London Mathematical Society Lecture Note Series, 67. Cambridge University press, 1982.

[36] L. Pastur and A.Figotin. Spectra of Random and Almost-Periodic Operators. Springer-Verlag, Lecture Notes in Mathematics, 1294 edition, 1992.

[37] M. Reed and B. Simon. Methods of modern mathematical physics , Volume I. Academic Press, Orlando, 1980.

[38] M.A. Shubin. Discrete magnetic Laplacians. Commun. Math. Phys., 164:259–275, 1994. [39] A.M. Stepin. Cohomologies of automorphism groups of a Lebesgue space. Functional Anal.

Appl., 5:167–168, 1971.

[40] T. Sunada. A discrete analogue of periodic magnetic Schrödinger operators. In P. Parry R. Brooks, C.Gordon, editor, Geometry of the spectrum, volume 173 of Contemporary Mathematics no 173, pages 283–299, 1994.

[41] B. Sutherland. Self-similar ground state wave function for electrons on a two-dimensional Penrose lattice. Phys. Rev. B, 34:3904–3909, 1986.

[42] S.Ya. Zhitomirskaya and V.A.Mandelshtam. Aharonov-Bohm problem on a square lattice.

Theor. Math., 86:241–251–604, 1991.