Raising and Lowering Operators for Semiclassical Wave Packets

George A. Hagedorn∗ Department of Mathematics, and Center for Statistical Mechanics and Mathematical Physics Virginia Polytechnic Institute and State University Blacksburg, Virginia 24061–0123 U. S. A.

e-mail: hagedorn@math.vt.edu

Abstract

We construct raising and lowering operators for certain orthonormal bases of L2(IRn). These bases consist of quantum mechanical wave packets that can be used to develop asymptotic expansions for solutions to the time–dependent Schrödinger equation in the semiclassical limit. With the knowledge of the raising and lowering operators, we simplify the construction of these bases and the proofs of their crucial properties. We also present simplified proofs of several results in semiclassical quantum mechanics.

∗ Supported in part by the National Science Foundation under grant number DMS–9703751.

1. Introduction

To study the semiclassical limit of quantum mechanics, the author constructed [ 13, 15 ] special orthonormal bases of L2(IRn). Once these bases were constructed and their crucial properties established, it was easy [ 13, 15 ] to develop asymptotic expansions in powers of

ℏ1/2 for certain solutions to the time–dependent Schrödinger equation i ℏ ∂ψ∂t = −^{ℏ2}2 Δ ψ +

V (x) ψ. Other authors have subsequently used these wave packets for a variety of purposes [ 1–12, 14, 16–25, 27–32 ]. Furthermore, Combescure [ 7 ] has proved that these wave packets coincide with “generalized squeezed states” that have found widespread use in physics.

The constructions of the bases in [ 13, 15 ] are complicated, and some of their properties are proved by unituitive, brute–force techniques. Our present goal is to provide new constructions that are simpler and analogous to those for the eigenfunctions of the harmonic oscillator. This is accomplished by presenting operators for the semiclassical wave packets that are direct analogs of the standard raising and lowering operators for the familiar harmonic oscillator.

The paper is organized as follows: In Section 2 we present our results for the case of one space dimension. In Section 3 we present the general n–dimensional case. In Section 4 we give explicit formulas for all matrix elements of xn in the bases constructed in Section 2.

2. The One–Dimensional Case

The one–dimensional case is simple and instructive, so we present it separately. Throughout this section we assume a ∈ IR, η ∈ IR, ℏ > 0, A ∈ C, B ∈ C, and the normalization condition A B + B A = 2. (2.1)

Definition Let p = − i ℏ ∂x be the momentum operator. We define raising and lowering operators from the Schwartz space S to itself by the formulas A(A, B, ℏ, a, η)∗ = 1 √ 2ℏ [ B ( x − a ) − i A ( p − η ) ] , (2.2) and A(A, B, ℏ, a, η) = 1 √ 2ℏ [ B ( x − a ) + i A ( p − η ) ] . (2.3)

By a simple calculation, condition (2.1) implies A(A, B, ℏ, a, η) A(A, B, ℏ, a, η)∗ − A(A, B, ℏ, a, η)∗A(A, B, ℏ, a, η) = I. (2.4)

Definition By solving the trivial first order linear ordinary differential equation, A(A, B, ℏ, a, η) φ0(A, B, ℏ, a, η, ·) = 0, (2.5) we see that 0 is a non–degenerate eigenvalue of A(A, B, ℏ, a, η). Modulo a plus or minus sign, we fix the phase and normalization of the eigenvector φ0(A, B, ℏ, a, η, ·) by the formula φ0(A, B, ℏ, a, η, x) = π−1/4 ℏ−1/4 A−1/2 exp { − BA−1 (x − a)2/(2ℏ) + i η (x − a)/ℏ } . (2.6) We then define φk(A, B, ℏ, a, η, ·) recursively by φk+1(A, B, ℏ, a, η, ·) = 1 √ k + 1 A(A, B, ℏ, a, η)∗ φk(A, B, ℏ, a, η, ·). (2.7)

Remark 2.1 Formulas (2.5) and (2.7) define all the functions φk(A, B, ℏ, a, η, ·), k = 0, 1, 2, . . . , modulo a single numerical phase. Our explicit formula (2.6) reduces the ambiguity to the choice of the sign of A−1/2. The particular choice of that sign depends on the context.

Remark 2.2 From the form of A(A, B, ℏ, a, η)∗ and the explicit formula (2.6), we see that φk(A, B, ℏ, a, η, x) is a kth degree polynomial in x−a√_ℏ times φ0(A, B, ℏ, a, η, x).

Theorem 2.3 The functions φk(A, B, ℏ, a, η, ·), k = 0, 1, 2, . . . , form an orthonormal basis of L2(IR). They satisfy A(A, B, ℏ, a, η) φk(A, B, ℏ, a, η, ·) = √ k φk−1(A, B, ℏ, a, η, ·), (2.8) A(A, B, ℏ, a, η)∗ φk(A, B, ℏ, a, η, ·) = √ k + 1 φk+1(A, B, ℏ, a, η, ·), (2.9) A(A, B, ℏ, a, η)∗A(A, B, ℏ, a, η) φk(A, B, ℏ, a, η, ·) = k φk(A, B, ℏ, a, η, ·), (2.10) A(A, B, ℏ, a, η)A(A, B, ℏ, a, η)∗ φk(A, B, ℏ, a, η, ·) = (k + 1) φk(A, B, ℏ, a, η, ·). (2.11)

Proof: We first prove (2.8) by induction. For k = 0, we have (2.5). For k = 1, by (2.7), (2.4), and (2.5), we have

A φ1 = A A∗ φ0 = ( A A∗ − A∗ A ) φ0 = √ 1 φ0.

For the induction step, we assume k ≥ 2 and A φk−1 = √ k − 1 φk−2. This, (2.7), and (2.4) imply

A φk = 1 √ k A A∗ φk−1 = 1 √ k ( A A∗ − A∗ A ) φk−1 + 1 √ k A∗ A φk−1 = 1 √ k φk−1 + 1 √ k A∗ √ k − 1 φk−2 = √ k φk−1.

This proves (2.8).

Formula (2.9) is just a restatement of (2.7). Formulas (2.10) and (2.11) follow immediately from (2.8) and (2.9).

Next, we prove inductively that ‖ φk(A, B, ℏ, a, η, ·) ‖ = 1. For k = 0 we do this directly from (2.6) using the relation Re BA−1 = |A|−2, which is equivalent to (2.1). Next, integrating by parts and using (2.5), we have

‖ φ1 ‖2 = ⟨ A∗ φ0, A∗ φ0 ⟩ = ⟨ φ0, A A∗ φ0 ⟩ = ⟨ φ0, ( A A∗ − A∗ A ) φ0 ⟩ = ⟨ φ0, φ0 ⟩ = 1.

For the induction step, assume k ≥ 2 and ‖ φk−1 ‖ = ‖ φk−2 ‖ = 1. This, (2.7), (2.4), (2.8), and two integrations by parts yield ‖ φk ‖2 = 1 k ⟨ A∗ φk−1, A∗ φk−1 ⟩ = 1 k ⟨ φk−1, A A∗ φk−1 ⟩ = 1 k ⟨ φk−1, ( A A∗ − A∗ A ) φk−1 ⟩ + 1 k ⟨ φk−1, A∗ A φk−1 ⟩ = 1 k ⟨ φk−1, φk−1 ⟩ + 1 k ⟨ A φk−1, A φk−1 ⟩ = 1 k [ 1 + (k − 1) ⟨ φk−2, φk−2 ⟩ ] = 1.

Orthonormality of the φk now follows from (2.10) or (2.11) and the essential self– adjointness of A∗ A or A A∗. Completeness of the φk can be proved by mimicking standard proofs for the harmonic oscillator, where A = B = 1 and a = η = 0.

Remark 2.4 Theorem 2.3 allows us to explicitly diagonalize any quantum Hamiltonian of the form H = 1 2 ( α p2 + β (x p + p x) + γ x2 ) , that satisfies ω2 = (αγ − β2) > 0. This follows from writing H = ℏ ω 2 ( A∗ A + A A∗ ) ,

where we have chosen a = η = 0, A = √ α ω eiθ, and B = √ γ ω e−iθ, with θ = 1 2 sin−1 ( β √ αγ ) . The eigenvalues and corresponding eigenvectors of H are (k + 12)ℏω and φk(A, B, ℏ, a, η, ·) for k = 0, 1, 2, . . . .

To transform wave functions from position space to momentum space, we use the scaled Fourier Transform (F_ℏψ)(ξ) = (2πℏ)−1/2 ∫ IR ψ(x) e−iξx/^ℏ dx. We have F_ℏ A(A, B, ℏ, a, η) F_ℏ−1 = i A(B, A, ℏ, η, −a) (2.12) and F_ℏ A(A, B, ℏ, a, η)∗ F_ℏ−1 = − i A(B, A, ℏ, η, −a)∗. (2.13)

From equations (2.5) and (2.12), it is clear that (F_ℏ φ0(A, B, ℏ, a, η, ·))(ξ) must be a ξ– independent phase times φ0(B, A, ℏ, η, −a, ξ). Explicit calculation of the phase shows (F_ℏ φ0(A, B, ℏ, a, η, ·))(ξ) = e−iaη/^ℏ φ0(B, A, ℏ, η, −a, ξ). (2.14) From this and equations (2.7) and (2.13), we immediately have (F_ℏ φk(A, B, ℏ, a, η, ·))(ξ) = (−i)k e−iaη/^ℏ φk(B, A, ℏ, η, −a, ξ). (2.15) This result is Lemma 2.1 of [ 13 ]. The proof presented in [ 13 ] is a long, unituitive induction in k, based on two recursion formulas for Hermite polynomials.

The wave packets φk(A, B, ℏ, a, η, ·) are particularly suited to the study of propagation generated by time–dependent Hamiltonians that are quadratic in position and momentum. For such systems, there is a close connection between classical and quantum mechanics. See, e.g., [ 22 ]. Suppose α(·), β(·), γ(·), δ(·), ϵ(·), and ζ(·) are continuous, real-valued functions, and consider the classical Hamiltonian H(x, p, t) = 1 2 α(t)p2 + β(t)xp + 1 2 γ(t)x2 + δ(t)p + ϵ(t)x + ζ(t). Given any initial conditions (A(0), B(0), a(0), η(0), S(0)), there exists a unique solution (A(t), B(t), a(t), η(t), S(t)) to the system ȧ(t) = β(t) a(t) + α(t) η(t) + δ(t) η̇(t) = − γ(t) a(t) − β(t)η(t) − ϵ(t) Ȧ(t) = β(t) A(t) + i α(t) B(t) Ḃ(t) = i γ(t) A(t) − β(t) B(t) Ṡ(t) = α(t) η(t) 2 2 − γ(t) a(t)2 2 − ϵ(t) a(t) − ζ(t). (2.16) The solutions to the equations for A and B can be written in terms of the derivative of the phase space flow associated with a and η. Explicitly, we have A(t) = ∂a(t) ∂a(0) A(0) + i ∂a(t) ∂η(0) B(0), B(t) = ∂η(t) ∂η(0) B(0) − i ∂η(t) ∂a(0) A(0).

One proves these formulas by observing that the left and right hand sides of the equations satisfy the same differential equations and same initial conditions.

For the corresponding quantum mechanical system, we have the following :

Theorem 2.5 Suppose α(·), β(·), γ(·), δ(·), ϵ(·), and ζ(·) are continuous, real-valued functions on IR. Let (A(·), B(·), a(·), η(·), S(·)) be any solution to the system (2.16). Then, for every k, ψ(ℏ, t) = eiS(t)/^ℏ φk(A(t), B(t), ℏ, a(t), η(t), ·) (2.17) satisfies the Schrödinger equation i ℏ ∂ψ ∂t = H(t) ψ, (2.18)

for the time–dependent quantum Hamiltonian H(t) = − α(t)ℏ2 2 ∂2 ∂x2 − i β(t)ℏ 2 { x ∂ ∂x + ∂ ∂x x } + γ(t) 2 x2 − iℏ δ(t) ∂ ∂x + ϵ(t) x + ζ(t). (2.19)

Proof: We prove this by a simple induction on k.

Fix (A(0), B(0), a(0), η(0), S(0)) and let (A(t), B(t), a(t), η(t), S(t)) be the corresponding solution to equation (2.16).

To initiate the induction, we verify by explicit calculation that ψ(ℏ, t) = eiS(t)/^ℏ φ0(A(t), B(t), ℏ, a(t), η(t), ·) satisfies the Schrödinger equation (2.18).

To do the induction step, we begin with another explicit calculation, to verify that as operators from S to S, A∗(t) = A(A(t), B(t), ℏ, a(t), η(t))∗ satisfies i ℏ ∂A∗ ∂t = [ A∗(t), H(t) ] . (2.20)

We use equation (2.7) to write eiS(t)/^ℏ φk+1(A(t), B(t), ℏ, a(t), η(t), ·) = 1 √ k + 1 A(A(t), B(t), ℏ, a(t), η(t))∗ eiS(t)/^ℏ φk(A(t), B(t), ℏ, a(t), η(t), ·). By equation (2.20) and the product rule for differentiation, it follows that if eiS(t)/^ℏ φk(A(t), B(t), ℏ, a(t), η(t), ·) satisfies equation (2.18), then eiS(t)/^ℏ φk+1(A(t), B(t), ℏ, a(t), η(t), ·) does also.

Corollary 2.6 There exists a unique unitary propagator U_ℏ(t, s) for the time–dependent quantum Hamiltonian (2.19) that satisfies U(t, s) : S → S and U_ℏ(t, s) eiS(s)/^ℏ φk(A(s), B(s), ℏ, a(s), η(s), ·) = eiS(t)/^ℏ φk(A(t), B(t), ℏ, a(t), η(t), ·), (2.21) for all k and all solutions (A(t), B(t), a(t), η(t), S(t)) to the system (2.16).

Proof: To prove existence, we fix a particular solution (A(t), B(t), a(t), η(t), S(t)) to the system (2.16). We then use (2.21) and linearity to define U_ℏ(t, s). Unitarity of U_ℏ(t, s) follows from the orthogonality of the φk(A, B, ℏ, a, η, ·).

As is the case for the standard Harmonic oscillator eigenstates [ 26 ], a function ψ(x) belongs to S if and only if it has an expansion of the form ψ(x) = ∞∑ k=0 bk φk(A, B, ℏ, a, η, x), where the coefficients bk decay faster than k−N for all N. From this and (2.21), it follows that U_ℏ(t, s) maps S to itself.

Since the functions of the form (2.17) satisfy (2.18), we also see that, as maps from S to itself, we have i ℏ ∂ ∂t U_ℏ(t, s) = H(t) U_ℏ(t, s). Uniqueness of U_ℏ(t, s) follows from this equation and unitarity since if there were two such propagators, U1,_ℏ(t, s) and U2,_ℏ(t, s), then the t–derivative of ⟨ U1,_ℏ(t, s) ψ1, U2,_ℏ(t, s)ψ2 ⟩ would have to be zero for all ψj ∈ S, and U1,_ℏ(t, s)∗ would have to be the inverse of U2,_ℏ(t, s). Because of this uniqueness, we obtain the same propagator, regardless of which particular solution of the system (2.16) we use to define U_ℏ(t, s). Thus, equation (2.21) holds for all solutions (A(t), B(t), a(t), η(t), S(t)) to the system (2.16).

We next note that on S, x − a = √ ℏ 2 ( A A(A, B, ℏ, a, η)∗ + A A(A, B, ℏ, a, η) ) , (2.22) and p − η = i √ ℏ 2 ( B A(A, B, ℏ, a, η)∗ − B A(A, B, ℏ, a, η) ) . (2.23)

From these relations, (2.8), (2.9), and the orthonormality of the φk, we see that ‖ (x − a) φk(A, B, ℏ, a, η, ·) ‖ = ( ℏ 2 )1/2 |A| √ 2k + 1, (2.24) ‖ (x − a)2 φk(A, B, ℏ, a, η, ·) ‖ = ( ℏ 2 ) |A|2 √ 6k2 + 6k + 3, (2.25) ‖ (x − a)3 φk(A, B, ℏ, a, η, ·) ‖ = ( ℏ 2 )3/2 |A|3 √ 20k3 + 30k2 + 40k + 15, (2.26) and in general, ‖ (x − a)m φk(A, B, ℏ, a, η, ·) ‖ = ( ℏ 2 )m/2 |A|m √ Qm(k), (2.27)

where Qm an mth degree polynomial with integer coefficients. An explicit formula for Qm is presented in Section 4.

Similarly, ‖ (p − η) φk(A, B, ℏ, a, η, ·) ‖ = ( ℏ 2 )1/2 |B| √ 2k + 1, (2.28) ‖ (p − η)2 φk(A, B, ℏ, a, η, ·) ‖ = ( ℏ 2 ) |B|2 √ 6k2 + 6k + 3, (2.29) ‖ (p − η)3 φk(A, B, ℏ, a, η, ·) ‖ = ( ℏ 2 )3/2 |B|3 √ 20k3 + 30k2 + 40k + 15, (2.30) and ‖ (p − η)m φk(A, B, ℏ, a, η, ·) ‖ = ( ℏ 2 )m/2 |B|m √ Qm(k). (2.31)

Remark 2.7 The formulas (2.24) and (2.28) give the position and momentum uncertainties of the wave packets, respectively. The relation (2.1) can be restated as Re (A B) = 1, which implies |A| |B| ≥ 1. Thus, the uncertainty product for the kth state is ℏ |A| |B| ( k + 12 ) ≥ ℏ ( k + 12 ) . When A and B are real multiples of one another and k = 0, the minimum uncertainty product ℏ/2 is attained.

We extend our exact results for quadratic Hamiltonians to approximate results for more general Hamiltonians by using this information and the following lemma.

Lemma 2.8 Suppose H(ℏ) is a family of self-adjoint operators for ℏ > 0. Suppose ψ(t, ℏ) belongs to the domain of H(ℏ), is continuously differentiable in t, and approximately solves the Schrödinger equation in the sense that

i ℏ ∂ψ ∂t (t, ℏ) = H(ℏ) ψ(t, ℏ) + ζ(t, ℏ), (2.32)

where ζ(t, ℏ) satisfies ‖ ζ(t, ℏ) ‖ ≤ μ(t, ℏ).

Then, ‖ e−itH(^ℏ)/^ℏ ψ(0, ℏ) − ψ(t, ℏ) ‖ ≤ ℏ−1 ∫ t 0 μ(s, ℏ) ds. (2.33)

Proof: By the unitarity of the propagator e−itH(^ℏ)/^ℏ and the fundamental theorem of calculus, the quantity on the left-hand side of (2.33) can be estimated as follows:

‖ e−itH(^ℏ)/^ℏ ψ(0, ℏ) − ψ(t, ℏ) ‖ = ‖ ψ(0, ℏ) − eitH(^ℏ)/^ℏ ψ(t, ℏ) ‖ = ‖ ∫ t 0 ∂ ∂s ( ψ(0, ℏ) − eisH(^ℏ)/^ℏ ψ(s, ℏ) ) ds ‖ = ‖ ∫ t 0 ( −i ℏ−1 eisH(^ℏ)/^ℏ H(ℏ) ψ(s, ℏ) − eisH(^ℏ)/^ℏ ∂ψ ∂s (s, ℏ) ) ds ‖

= ‖ ∫ t 0 i ℏ−1 eisH(^ℏ)/^ℏ ζ(s, ℏ) ds ‖ ≤ ℏ−1 ∫ t 0 μ(s, ℏ) ds.

This proves the lemma.

The following theorem gives leading order information for semiclassical dynamics. For k = 0, it is essentially a restatement of Theorem 1.1 of [ 11 ].

Theorem 2.9 Suppose V ∈ C3(IR) satisfies − C1 ≤ V (x) ≤ C2 eMx^2 for some C1, C2, and M. Let (A(t), B(t), a(t), η(t), S(t)) be a solution to the system ȧ(t) = η(t) η̇(t) = − V ′(a(t)) Ȧ(t) = i B(t) (2.34) Ḃ(t) = i V ′′(a(t)) A(t) Ṡ(t) = η(t) 2 2 − V (a(t)). Let H(ℏ) = − ℏ2 2 ∂2 ∂x2 + V (x). Then there exists C(k, t), such that ‖ e−itH(^ℏ)/^ℏ φk(A(0), B(0), ℏ, a(0), η(0), ·) − eiS(t)/^ℏφk(A(t), B(t), ℏ, a(t), η(t), ·) ‖ ≤ C(k, t) ℏ1/2. (2.35) For t ∈ [0, T ], fixed k, and ℏ restricted to sufficiently small values, one can choose C(k, t) to be any value greater than 1 12 √ 1 2 (20k3 + 30k2 + 40k + 15) ∫ t 0 |A(s)|3 |V ′′′(a(s))| ds. (2.36)

Proof: Global existence and uniqueness of solutions to the system (2.34) are standard results.

We note that because V ′′′ is uniformly continuous on any compact set, it is sufficient to prove the theorem with (2.36) replaced by 1 12 √ 1 2 (20k3 + 30k2 + 40k + 15) ∫ t 0 |A(s)|3 Fb(s) ds, (2.37) where Fb(s) = max |z−a(s)|≤b |V ′′′(z)|, and b > 0 is arbitrarily small. We also note that errors of order higher than O(ℏ1/2) can be ignored when proving (2.35) and (2.37).

We fix a solution to the system (2.34) and let U_ℏ(t, s) be the unitary propagator of Corollary 2.6 associated with the quadratic quantum Hamiltonian H1(t, ℏ) = − ℏ2 2 ∂2 ∂x2 + V (a(t)) + V ′(a(t))(x − a(t)) + V ′′(a(t))(x − a(t))2/2.

The wave packet eiS(t)/^ℏφk(A(t), B(t), ℏ, a(t), η(t), ·) satisifes i ℏ ∂ψ ∂t = H1(t, ℏ) ψ. So, by Lemma 2.8, estimate (2.35) follows from the estimate ‖ ( H(ℏ) − H1(t, ℏ) ) eiS(t)/^ℏφk(A(t), B(t), ℏ, a(t), η(t), ·) ‖ ≤ ℏ3/2 G(t) + o(ℏ3/2), (2.38) where C(k, t) ≥ ∫ t 0 G(s) ds. To establish (2.37), we show that (2.38) is satisfied with

G(t) = 1 12 √ 1 2 (20k3 + 30k2 + 40k + 15) |A(t)|3 Fb(t). (2.39)

To prove (2.38) with G given by (2.39), we note that our hypotheses on V and standard Taylor series estimates imply | | ( H(ℏ) − H1(t, ℏ) ) eiS(t)/^ℏφk(A(t), B(t), ℏ, a(t), η(t), x) | | ≤ χ1,b(x, t) | ( H(ℏ) − H1(t, ℏ) ) φk(A(t), B(t), ℏ, a(t), η(t), x) | + χ2,b(x, t) | ( H(ℏ) − H1(t, ℏ) ) φk(A(t), B(t), ℏ, a(t), η(t), x) | ≤ χ1,b(x, t) 1 6 | | V ′′′(z(x, t)) (x − a(t))3 | | | φk(A(t), B(t), ℏ, a(t), η(t), x) | + χ2,b(x, t) C3 eMx^2 | φk(A(t), B(t), ℏ, a(t), η(t), x) | , (2.40) for some C3, where χ1,b is the characteristic function of the set { x : |x − a(t)| ≤ b }, χ2,b(x, t) = 1 − χ1,b(x, t), and the z(x, t) satisfies |z(x, t) − a(t)| ≤ b. It follows from Remark 2.2 that the norm of the second term on the right hand side of (2.40) is o(ℏp) for any p. This estimate holds uniformly for t in any compact interval. The first term on the right hand side of (2.40) is dominated by 1 6 Fb(t) |x − a(t)|3 | φk(A(t), B(t), ℏ, a(t), η(t), x) | . By formula (2.26), the norm of this quantity is ℏ3/2 12 √ 1 2 (20k3 + 30k2 + 40k + 15) |A(t)|3 Fb(t),

which is the right hand side of (2.39).

The theorem follows.

Formulas (2.8), (2.9), and (2.22) show that in the basis { φk(A, B, ℏ, a, η, x) }, the

operator x − a is represented by the infinite matrix

√ ℏ/2

0 A √ 1 0 0 0 0 · · · A √ 1 0 A √ 2 0 0 0 · · · 0 A √ 2 0 A √ 3 0 0 · · ·

0 0 A √ 3 0 A √ 4 0 · · · 0 0 0 A √ 4 0 A √ 5 · · · 0 0 0 0 A √ 5 0 · · · . . . . . . . . . . . . ...

,

and the operator p − η is represented by

i √ ℏ/2

0 −B √ 1 0 0 0 0 · · · B √ 1 0 −B √ 2 0 0 0 · · · 0 B √ 2 0 −B √ 3 0 0 · · ·

0 0 B √ 3 0 −B √ 4 0 · · · 0 0 0 B √ 4 0 −B √ 5 · · · 0 0 0 0 B √ 5 0 · · · . . . . . . . . . . . . ...

.

By a routine induction, the k, j matrix element of ( x − a )n is zero unless n − |k − j| is a

non-negative, even integer, and ⟨ φk(A, B, ℏ, a, η, x), ( x − a )m φj(A, B, ℏ, a, η, x) ⟩ = ℏm/2 |A|m ( A/A )(j−k)/2 M(k, m, j) (2.41) = ℏm/2 A(m+k−j)/2 ( A )(m+j−k)/2 M(k, m, j), where M(k, m, j) = ⟨ φk(1, 1, 1, 0, 0, x), xm φj(1, 1, 1, 0, 0, x) ⟩ is the matrix element of xm in the basis of eigenstates of the standard harmonic oscillator

Hamiltonian. An explicit formula for M(k, m, j) is presented in Section 4.

This result plays a central role in the following theorem that describes higher order

semiclassical asymptotics. This theorem is a restatement of the main result of [ 13 ].

Theorem 2.10 Suppose N ≥ 2, and V ∈ CN+2(IR) satisfies −C1 ≤ V (x) ≤ C2eMx^2 for

some C1, C2, and M. Let (A(t), B(t), a(t), η(t), S(t)) be a solution to system (2.34), and let H(ℏ) = − ℏ2 2 ∂2 ∂x2 + V (x). Given ck for 0 ≤ k ≤ K, let ck(t, ℏ) be the unique solution to the Schrödinger type system

iℏ dck dt (t, ℏ) = K+3N−3 ∑ j=0 N+1∑ m=3 ℏm/2 V (m)(a(t)) m! A(m+k−j)/2 ( A )(m+j−k)/2 M(k, m, j) cj(t, ℏ), (2.42) with initial conditions ck(0, ℏ) = ck for k ≤ K, and ck(0, ℏ) = 0 for k > K. Then for any T > 0, there exists C3, such that t ∈ [0, T ] implies

‖ e−itH(^ℏ)/^ℏ K∑ k=0 ck φk(A(0), B(0), ℏ, a(0), η(0), ·)

− eiS(t)/^ℏ K+3N−3 ∑ k=0 ck(t, ℏ) φk(A(t), B(t), ℏ, a(t), η(t), ·) ‖ ≤ C3 ℏN/2. (2.43)

Proof: We begin by establishing bounds on ck(t, ℏ). Let

p(k) = 0 if 0 ≤ k ≤ K [ k − K + 2 3 ] if k > K, where [α] denotes the greatest integer greater than or equal to α. Let bk(t, ℏ) = ℏ−p(k)/2 ck(t, ℏ). Then dbk dt (t, ℏ) = K+3N−3 ∑ j=0 N+1∑ m=3 − i ℏ(m−p(k)+p(j)−2)/2 Fk,j(m, t, ℏ) bj(t, ℏ), (2.44)

where Fk,j(m, t, ℏ) is uniformly bounded for 0 ≤ t ≤ T and 0 < ℏ ≤ 1, and Fk,j(m, t, ℏ) = 0 if |k − j| > m. One can easily verify that

| p(k) − p(j) | ≤ [ |k − j| + 2 3 ] .

Thus, m ≥ 3 and |k − j| ≤ m imply

m − p(k) + p(j) − 2 ≥ m − 2 − [ m + 2 3 ] ≥ 0.

This and (2.44) imply that bk(t, ℏ) is bounded, and hence that | ck(t, ℏ) | ≤ C ℏp(k)/2, for 0 ≤ t ≤ T and 0 < ℏ ≤ 1.

We define HL(t, ℏ) = − ℏ2 2 ∂2 ∂x2 + L∑ m=0 V (m)(a(t)) (x − a(t))m/m!.

We let P (t, ℏ) be the orthogonal projection onto the span of { φk(A(t), B(t), ℏ, a(t), η(t), ·) : 0 ≤ k ≤ K + 3N − 3 } and define ~HL(t, ℏ) = P (t, ℏ) HL(t, ℏ) P (t, ℏ). The vector ψ(t, ℏ) = eiS(t)/^ℏ K+3N−3 ∑ k=0 ck(t, ℏ) φk(A(t), B(t), ℏ, a(t), η(t), ·)

is in the range of P (t, ℏ). For each k, eiS(t)/^ℏϕk(A(t), B(t), ℏ, a(t), η(t), ·) satisfies i ℏ ∂ϕ ∂t = H2(t, ℏ) ϕ, and the coefficients in (2.42) are obtained from the matrix elements (2.41). Thus, we see that ψ(t, ℏ) satisfies i ℏ ∂ψ ∂t (t, ℏ) = HN+1(t, ℏ) ψ(t, ℏ). Thus, ζ(t, ℏ) = i ℏ ∂ψ ∂t (t, ℏ) − H(ℏ) ψ(t, ℏ) = ζ1(t, ℏ) + ζ2(t, ℏ), where ζ1(t, ℏ) = (HN+1(t, ℏ) − H(ℏ)) ψ(t, ℏ), and ζ2(t, ℏ) = − (1 − P (t, ℏ)) ~HN+1(t, ℏ) ψ(t, ℏ). By Lemma 2.8, we need only show that these two vectors have norms that are O(ℏ(N+2)/2), uniformly for t ∈ [0, T ].

We rewrite ζ1(t, ℏ) as

ζ1(t, ℏ, x) = N+1∑ m=0 V (m)(a(t)) m! (x − a(t))m − V (x) ψ(t, ℏ, x)

= V (N+2)(z(x, t)) (N + 2)! (x − a(t))(N+2) ψ(t, ℏ, x), (2.45) where z(x, t) lies between x and a(t). We choose χ1,b and χ2,b exactly as in (2.40). By (2.27) and (2.45), we have ‖ χ1,b(·, t) ζ1(t, ℏ) ‖ ≤ C ℏ(N+2)/2, uniformly for t ∈ [0, T ] and ℏ ≤ 1. As in the proof of Theorem 2.9, ‖ χ1,b(·, t) ζ1(t, ℏ) ‖ is of infinite order in ℏ.

We write ζ2(t, ℏ) as

ζ2(t, ℏ) = K+4N−1 ∑ k=K+3N−2 N+1∑ m=3 K+3N−3 ∑ j=0 dk,m,j(t, ℏ) φk(A(t), B(t), ℏ, a(t), η(t), ·), (2.46)

where dk,m,j(t, ℏ) = − ℏm/2 V (m)(a(t)) m! A(m+k−j)/2 ( A )(m+j−k)/2 M(k, m, j) cj(t, ℏ). To prove ‖ ζ1(t, ℏ) ‖ ≤ C ℏ(N+2)/2, we need only show |dk,m,j(t, ℏ)| ≤ C ℏ(N+2)/2 for the values of k, m, and j that occur in (2.46). However, for t ∈ [0, T ], dk,m,j(t, ℏ) is a bounded function of t times ℏm/2 cj(t, ℏ) = O(ℏ(m+p(j))/2). Thus, we need only show that m + p(j) ≥ N + 2 for all appropriate values of m and j.

In (2.46), non-trivial contributions occur only when 3 ≤ m ≤ N + 1, 0 < k − j ≤ m, and k ≥ K + 3N − 2. The last two inequalities force j ≥ K + 3N − 2 − m. Then m ≥ 3 implies

m + p(j) = max { m, m + [ 3N − m 3 ] } = m + N + [ − m 3 ] ≥ N + 2. This implies the theorem.

We end this section by using the raising and lowering operators to show our wave packets are the same as those defined in [ 13 ]. For simplicity, we do this for a = η = 0.

By explicit calculation, A(A, B, ℏ, 0, 0)∗ ψ(x) = − A √ ℏ 2 1 g(A, B, ℏ, x) ∂ ∂x ( g(A, B, ℏ, x) ψ(x) ) , where g(A, B, ℏ, x) = exp { B A−1 x2/(2ℏ) } . From this we see that φk(A, B, ℏ, 0, 0, x) = 1 k! ( A(A, B, ℏ, 0, 0)∗ )k φ0(A, B, ℏ, 0, 0, x) = 1 √ 2k k! 1 g(A, B, ℏ, x) ( − A ∂ ∂x )k ( g(A, B, ℏ, x) φ0(A, B, ℏ, 0, 0, x) ) . We note that g(A, B, ℏ, x) φ0(A, B, ℏ, 0, 0, x) = e− |A|^{−2} x^2/^ℏ, and that ( − A ∂ ∂x )k = A−k/2 (A)k/2 ( − |A| ∂ ∂x )k . Thus, we have φk(A, B, ℏ, 0, 0, x) = 2−k/2 (k!)−1/2 Fk(A, ℏ, x) φ0(A, B, ℏ, 0, 0, x), where Fk(A, ℏ, x) = A−k/2 (A)k/2 e|A|^{−2}x^2/^ℏ ( − √ ℏ |A| ∂ ∂x )k e−|A|^{−2}x^2/^ℏ = A−k/2 (A)k/2 Hk ( ℏ−1/2|A|−1x ) . Here, Hk is the kth order Hermite polynomial, and we have used the standard formula Hk(z) = ez^2 ( − ∂ ∂z )k e−z^2 . Thus, our new definition of φk(A, B, ℏ, a, η, x) is equivalent to the following one that is given in [ 13 ].

Definition For k = 0, 1, 2, . . . , we define φk(A, B, ℏ, a, η, x) = 2−k/2 (k!)−1/2 π−1/4 ℏ−1/4 A−(k+1)/2 (A)k/2 × Hk ( ℏ−1/2|A|−1(x − a) ) exp { − BA−1 (x − a)2/(2ℏ) + i η (x − a)/ℏ } .

Here Hk denotes the kth Hermite polynomial and the choices of the square roots of A and A depend on the context.

Remark 2.11 Using the calculations above, we also see that the polynomials Fk(A, ℏ, x) have a generating function, i.e., ∞∑ k=0 Fk(A, ℏ, x) λk k! = e−^A λ^2 + 2A^{−1}λx/ √_ℏ . ((2.47))

3. The Multi–Dimensional Case

The multi–dimensional case is analogous to the one–dimensional case, but one must be careful because of the transposes, conjugates, and adjoints of matrices appear in a few surprising places.

Throughout this section we assume a ∈ IRn, η ∈ IRn, and ℏ > 0. We also assume that A and B are n × n complex matrices that satisfy At B − Bt A = 0, (3.1) A∗ B + B∗ A = 2 I, (3.2) where I is the n × n identity matrix.

Conditions (3.1) and (3.2) are equivalent to the four (redundant) conditions assumed in [ 11, 15 ]. In particular, (3.2) implies that A and B are invertible because it implies ⟨A z, B z⟩ + ⟨B z, A z⟩ = 2 ‖z‖2, where ⟨ w, z ⟩ = ∑n j=1 wjzj is the complex Euclidean inner product. If A or B had a non-trivial kernel, then by choosing z ≠ 0 to be in the kernel, the left hand side would be zero, but right hand side would be positive. Next (3.1) implies the requirement,

BA−1 is symmetric ( [ real symmetric + i real symmetric ] ). (3.3)

Furthermore, (3.2) forces ( Re BA−1 )−1 = AA∗, (3.4) and Re BA−1 to be strictly positive definite.

Definition Let p = − i ℏ ∇x be the momentum operator. For any v ∈ Cn, we define associated raising and lowering operators by the formal complex inner products A(A, B, ℏ, a, η, v)∗ = 1 √ 2ℏ [ ⟨ B v, ( x − a ) ⟩ − i ⟨ A v, ( p − η ) ⟩ ] (3.5)

= 1 √ 2ℏ n∑ j,k=1 Bj,kvk ( xj − aj ) − i n∑ j,k=1 Aj,kvk ( −iℏ ∂ ∂xj − ηj ) ,

and A(A, B, ℏ, a, η, v) = 1 √ 2ℏ [ ⟨ B v, ( x − a ) ⟩ + i ⟨ A v, ( p − η ) ⟩ ] (3.6)

= 1 √ 2ℏ n∑ j,k=1 Bj,kvk ( xj − aj ) + i n∑ j,k=1 Aj,kvk ( −iℏ ∂ ∂xj − ηj ) .

By explicit calculation, we have A(A, B, ℏ, a, η, v) A(A, B, ℏ, a, η, w) − A(A, B, ℏ, a, η, w) A(A, B, ℏ, a, η, v) = 0, (3.7) A(A, B, ℏ, a, η, v)∗A(A, B, ℏ, a, η, w)∗ − A(A, B, ℏ, a, η, w)∗A(A, B, ℏ, a, η, v)∗ = 0, (3.8) A(A, B, ℏ, a, η, v) A(A, B, ℏ, a, η, w)∗ − A(A, B, ℏ, a, η, w)∗A(A, B, ℏ, a, η, v) = ⟨v, w⟩. (3.9)

At this point, one can choose any orthonormal basis of IRn. For convenience, we choose the standard basis { ej }, and define Aj(A, B, ℏ, a, η)∗ = A(A, B, ℏ, a, η, ej)∗ Aj(A, B, ℏ, a, η) = A(A, B, ℏ, a, η, ej), . We let A(A, B, ℏ, a, η)∗ and A(A, B, ℏ, a, η) denote the formal vectors whose components are the n raising and lowering operators, respectively. We then have A(A, B, ℏ, a, η)∗ = B∗ (x − a) − i A∗ (p − η) (3.10) A(A, B, ℏ, a, η) = Bt (x − a) + i At (p − η) (3.11) For simplicity, we adopt standard multi-index notation. A multi-index k = (k1, k2, . . . ,

kn) is an n–tuple of non-negative integers. We define the order of k to be |k| = n∑ j=1 kj and the factorial of k to be k! = (k1!)(k2!) . . . (kn!). We let Dk = ∂^{|k|}(∂x_1)_{k1} (∂x_2)_{k2} ...(∂x_n)_{kn} , and xk = xk^11 xk^22 . . . xk^nn .

Definition By solving the trivial system of first order linear partial differential equations, A(A, B, ℏ, a, η) φ0(A, B, ℏ, a, η, ·) = 0, (3.12) we see that the intersection of the kernels of the lowering operators is a one-dimensional subspace. Modulo a plus or minus sign, we fix the phase and normalization of the solution to (3.12) by the formula φ0(A, B, ℏ, a, η, x) = π−n/4ℏ−n/4(det(A))−1/2 exp { −⟨(x − a), BA−1(x − a)⟩/(2ℏ) + i ⟨η, (x − a)⟩/ℏ } . (3.13)

Then for any multi-index k, we define φk(A, B, ℏ, a, η, ·) = 1 √ k! (A1(A, B, ℏ, a, η)∗)k^1 (A2(A, B, ℏ, a, η)∗)k^2 . . . (An(A, B, ℏ, a, η)∗)k^n φ0(A, B, ℏ, a, η, ·). (3.14)

Remark 3.1 Formulas (3.12) and (3.14) define all the functions φk(A, B, ℏ, a, η, ·), modulo a single numerical phase. Our explicit formula (3.13) reduces the ambiguity to the choice of the sign of A−1/2. The particular choice of that sign depends on the context.

Remark 3.2 It is easy to see that φk(A, B, ℏ, a, η, x) is a |k|th degree polynomial in the components of x−a√_ℏ times φ0(A, B, ℏ, a, η, x). The definition of φk(A, B, ℏ, a, η, x) in [ 15 ] involves a recursive construction of these polynomials that is lengthy, unituitive, and involves the polar decomposition of the matrix A.

Theorem 3.3 The functions φk(A, B, ℏ, a, η, ·), form an orthonormal basis of L2(IRn). They satisfy Aj(A, B, ℏ, a, η) φk(A, B, ℏ, a, η, ·) = √ kj φk′ (A, B, ℏ, a, η, ·), (3.15) where k′ = (k1, . . . , kj−1, kj − 1, kj+1, . . . , kn), Aj(A, B, ℏ, a, η)∗ φk(A, B, ℏ, a, η, ·) = √ kj + 1 φk′′ (A, B, ℏ, a, η, ·), (3.16) where k′′ = (k1, . . . , kj−1, kj + 1, kj+1, . . . , kn), Aj(A, B, ℏ, a, η)∗Aj(A, B, ℏ, a, η) φk(A, B, ℏ, a, η, ·) = kj φk(A, B, ℏ, a, η, ·), (3.17) Aj(A, B, ℏ, a, η)Aj(A, B, ℏ, a, η)∗ φk(A, B, ℏ, a, η, ·) = (kj + 1) φk(A, B, ℏ, a, η, ·). (3.18)

Proof: We simply mimic the proof of Theorem 2.3 and do several inductions on |k|.

We define the scaled Fourier transform by (F_ℏψ)(ξ) = (2πℏ)−n/2 ∫ IR^n ψ(x) e−iξx/^ℏ dx. Then the analogs of (2.12) and (2.13) hold for each Aj and A∗j . Furthermore, for any multi-index k, we have the following analog of (2.15): (F_ℏ φk(A, B, ℏ, a, η, ·))(ξ) = (−i)|k| e−i⟨a, η⟩/^ℏ φk(B, A, ℏ, η, −a, ξ). (3.19) This result is Lemma 2.2 of [ 15 ]. The old proof of this beautiful result that is presented in [ 15 ] is an induction in |k| that contains a horrible, unintuitive calculation.

We now turn to the n–dimensional analogs of the results of Section 2 for time–dependent quadratic Hamiltonians. Suppose α(·), β(·), and γ(·) are continuous, real, n × n matrix– valued funtions; δ(·) and ϵ(·) are continuous, IRn–valued functions; and ζ(·) is continuous and real valued. Assume α(t) and γ(t) are symmetric for each t, and let βt(t) denote the transpose of β(t). We consider the classical Hamiltonian H(x, p, t) = 1 2 ( p x ) · ( α(t) β(t) βt(t) γ(t) ) ( p x ) + ⟨δ(t), p⟩ + ⟨ϵ(t), x⟩ + ζ(t). Given any initial conditions (A(0), B(0), a(0), η(0), S(0)), there exists a unique solution (A(t), B(t), a(t), η(t), S(t)) to the system ȧ(t) = β(t) a(t) + α(t) η(t) + δ(t) η̇(t) = − γ(t) a(t) − βt(t)η(t) − ϵ(t) Ȧ(t) = β(t) A(t) + i α(t) B(t) Ḃ(t) = i γ(t) A(t) − βt(t) B(t) Ṡ(t) = α(t) η(t) 2 2 − γ(t) a(t)2 2 − ϵ(t) a(t) − ζ(t). (3.20)

The solutions to the equations for A and B can be written in terms of the derivative of the phase space flow associated with a and η. Explicitly, we have A(t) = ∂a(t) ∂a(0) A(0) + i ∂a(t) ∂η(0) B(0), B(t) = ∂η(t) ∂η(0) B(0) − i ∂η(t) ∂a(0) A(0). One proves these formulas by observing that the left and right hand sides of the equations satisfy the same differential equations and same initial conditions.

For the corresponding quantum mechanical system, we have the following:

Theorem 3.4 Let α(·), β(·), γ(·), δ(·), ϵ(·), and ζ(·) be as above. Let (A(·), B(·), a(·), η(·), S(·)) be any solution to the system (3.20). Then, for every k, ψ(ℏ, t) = eiS(t)/^ℏ φk(A(t), B(t), ℏ, a(t), η(t), ·) (3.21) satisfies the Schrödinger equation i ℏ ∂ψ ∂t = H(t) ψ, (3.22) for the time–dependent quantum Hamiltonian H(t) = − ℏ2 2 ∑ i,j αi,j(t) ∂2 ∂xi∂xj − iℏ 2 ∑ i,j βi,j(t) { xj ∂ ∂xi + ∂ ∂xi xj }

+ 1 2 ∑ i,j γi,j(t) xixj − iℏ ∑ i δi(t) ∂ ∂xi + ∑ i ϵi(t) xi + ζ(t). (3.23) Furthermore, the analog of Corollary 2.6 holds for this Hamiltonian.

Proof: We simply mimic the proofs of Theorem 2.5 and Corollary 2.6.

From conditions (3.3) and (3.4), we see that AA∗ is a real symmetric matrix. Thus, AA∗ = (AA∗)t = AAt (3.24) This, (3.1) and (3.2) imply A B∗ + A Bt = A B∗ + A Bt A A−1 = A B∗ + A At B A−1 = A B∗ + A A∗ B A−1 = A (B∗ A + A∗ B) A−1 = 2 I. (3.25)

Similarly, we have BB∗ = (BB∗)t = BBt (3.26) and B At + B A∗ = 2 I. (3.27) Using formulas (3.10), (3.11), and (3.24)–(3.27), we then see that, as operators on S, we have x − a = √ ℏ 2 ( A A(A, B, ℏ, a, η)∗ + A A(A, B, ℏ, a, η) ) , (3.28) and p − η = i √ ℏ 2 ( B A(A, B, ℏ, a, η)∗ − B A(A, B, ℏ, a, η) ) . (3.29) From these formulas, one can compute n–dimensional analogs of (2.24)–(2.31), but they are complicated. However, one easily sees that for any multi-index k, ‖(xj − aj) φk(A, B, ℏ, a, η, ·)‖ = ( ℏ 2 )1/2 ( n∑ l=1 |Aj,l|2 (2kl + 1) )1/2 , and for any multi-indices m and k, ‖(x − a)m φk(A, B, ℏ, a, η, ·)‖ = O(ℏ|m|/2). (3.30) To state the analogs of Theorems 2.9 and 2.10, we let V (1) denote the gradient of V , V (2) denote the Hessian matrix of second partial derivatives, etc.

Theorem 3.5 Suppose V ∈ C3(IRn) satisfies − C1 ≤ V (x) ≤ C2 eMx^2 for some C1, C2, and M. Let (A(t), B(t), a(t), η(t), S(t)) be a solution to the system ȧ(t) = η(t) η̇(t) = − V (1)(a(t)) Ȧ(t) = i B(t) (3.31) Ḃ(t) = i V (2)(a(t)) A(t) Ṡ(t) = η(t) 2 2 − V (a(t)). Let H(ℏ) = − ℏ2 2 Δ + V (x). Then there exists C(k, t), such that ‖ e−itH(^ℏ)/^ℏ φk(A(0), B(0), ℏ, a(0), η(0), ·) − eiS(t)/^ℏφk(A(t), B(t), ℏ, a(t), η(t), ·) ‖ ≤ C(k, t) ℏ1/2. (3.32)

Proof: We simply mimic the proof of Theorem 2.9, using (3.30) for |m| = 3 in place of (2.26), without bothering to keep track of the constant C(k, t). One could estimate the constant, but the analog of (2.36) would be complicated.

The higher order result is the following:

Theorem 3.6 Suppose N ≥ 2, and V ∈ CN+2(IRn) satisfies −C1 ≤ V (x) ≤ C2eMx^2 for some C1, C2, and M. Let (A(t), B(t), a(t), η(t), S(t)) be a solution to system (3.41), and let H(ℏ) = − ℏ2 2 ∂2 ∂x2 + V (x). Given ck for |k| ≤ K, let ck(t, ℏ) be the unique solution to a Schrödinger type system i ℏ dck dt (t, ℏ) = ∑ |j|≤K+3N−3 ∑ 3≤|m|≤N+1 ℏ|m|/2 [DmV ](a(t)) m! bk,m,j(A(t)) cj(t, ℏ), (3.33)

with initial conditions ck(0, ℏ) = ck for |k| ≤ K, and ck(0, ℏ) = 0 for |k| > K. (The quantity bk,m,j(A(t)) depends continuously on A(t).) Then for any T > 0, there exists C3, such that t ∈ [0, T ] implies ‖ e−itH(^ℏ)/^ℏ ∑ |k|≤K ck φk(A(0), B(0), ℏ, a(0), η(0), ·) − eiS(t)/^ℏ ∑ |k|≤K+3N−3 ck(t, ℏ) φk(A(t), B(t), ℏ, a(t), η(t), ·) ‖ ≤ C3 ℏN/2. (3.34)

Proof: We simply mimic the proof of Theorem 2.10. The quantity bk,m,j(A(t)) is the k, j matrix element of (x − a)m in the basis of φk(A(t), B(t), ℏ, a(t), η(t), ·).

4. Matrix Elements of (x − a)m in One Dimension

In this section we present fairly explicit formulas for the quantity M(k, m, j) = ⟨ φk(1, 1, 1, 0, 0, x), xm φj(1, 1, 1, 0, 0, x) ⟩ that appears in (2.41). Although we believe these formulas must be known, we are unaware of specific references.

Theorem 4.1 The quantity M(k, m, j) is non-zero only if m − |k − j| is even and nonnegative. The even order diagonal matrix elements are

M(k, m, k) = 2−m/2 1 · 3 · 5 · · · (m − 1) min{m/2, k} ∑ p=0 2p ( m/2 p ) ( k p ) , (4.1)

where ( a b ) denotes the standard binomial coefficient.

More generally, when m and |j−k| are even, let α = m/2, β = |j−k|/2, and γ = min{j, k}. Then M(k, m, j) = 2β−α 1 · 3 · 5 · · · (2α − 1) ( (γ + 2β)! γ! )1/2

× α! (α + β)! min{α−β, γ} ∑ p=0 2p ( γ p ) ( α + β p + 2β ) . (4.2)

When m and |j − k| are odd, let α = (m − 1)/2, β = (|j − k| + 1)/2, and γ = min{j, k}. Then M(k, m, j) = 2β−α−3/2 1 · 3 · 5 · · · (2α + 1) ( (γ + 2β − 1)! γ! )1/2

× α! (α + β)! min{α−β+1, γ} ∑ p=0 2p ( γ p ) ( α + β p + 2β − 1 ) . (4.3)

Proof: For A = ℏ = 1, the generating function (2.47) is well known in the form ∞∑ k=0 Hk(x) tk k! = e−t^2+2tx. It follows that ∞∑ j,k=0 2(j+k)/2 (j!)1/2 (k!)1/2 π1/2 M(k, m, j) tj sk j! k! = ∫ IR e−s^2+2sx xm e−t^2+2tx dx = 22st ∫ IR e−(x−s−t)^2 xm dx = ∞∑ n=0 2nsntn n! ∫ IR (x + s + t)m e−x^2 dx. (4.4)

We now assume that m is even. The proof when m is odd is similar. When m is even, explicit evaluation of the last integral in (4.4) shows that the quantity (4.4) equals ∞∑ n=0 2nsntn n! m∑ l = 0 l even

( m l ) (s + t)l 1 · 3 · 5 · · · (m − l − 1) 2(m−l)/2 π1/2. (4.5)

Thus, by equating like powers of t and s in (4.4) and (4.5), we obtain M(k, m, j) = 2−(j+k)/2 (j!)1/2 (k!)1/2

× min {k+j, m} ∑ l=|j−k| l even min {j, k} ∑ n=max {k−l, j−l} 2n n! ( m l ) ( l k − n ) 1 · 3 · 5 · · · (m − l − 1) 2(m−l)/2 δk+j, 2n+l.

The limits on the sums and the Kronecker delta are generated by the conspiracy of trivial relations: 0 ≤ n, n ≤ j ≤ l + n, n ≤ k ≤ l + n, 0 ≤ l ≤ m, l even, and the condition j+k = 2n+l which is the sum of the exponents of t and s. We note that j−k must be even and that our expression for M(k, m, j) is symmetric in j and k because ( l k − n ) = ( l j − n ) . By exploiting the Kronecker delta, and using q = l/2, α = m/2, β = |j − k|/2, and γ = min {j, k}, we obtain M(k, m, j) = 2−(j+k)/2 (j!)1/2 (k!)1/2

× min {α, (j+k)/2} ∑ q=β 2(j+k−2q)/2 ((k + j − 2q)/2)! ( m 2q ) ( 2q q − β ) 1 · 3 · 5 · · · (m − 2q − 1) 2(m−2q)/2 . We rewrite this expression as M(k, m, j) = 2−α (j!)1/2 (k!)1/2

× min {α, (j+k)/2} ∑ q=β 1 ( j+k 2 − q ) ! (2α)!

(2q)! (2(α − q))!

(2q)!

(q − β)! (q + β)!

1 · 3 · 5 · · · (2(α − q) − 1)

= 2−α (j!)1/2 (k!)1/2 min {α, (j+k)/2} ∑ q=β 1 ( j+k 2 − q ) ! (2α)!

2 · 4 · 6 · · · (2(α − q)) 1 (q − β)! (q + β)!

= 2−2α (j!)1/2 (k!)1/2 min {α, (j+k)/2} ∑ q=β 2q ( j+k 2 − q ) ! (2α)! (α − q)! 1 (q − β)! (q + β)! .

Due to the symmetry in j and k, we may assume without loss that j ≥ k. We can then

rewrite this expression as

M(k, m, j) = 2−2α ( j! k! )1/2 min {α, (j+k)/2} ∑ q=β 2q ( j+k 2 − q ) ! (2α)! (α − q)! k! (q − β)! (q + β)!

= 2−2α ( j! k! )1/2 min {α, (j+k)/2} ∑ q=β 2q ( k q − β ) (2α)!

(α − q)! (q + β)!

= 2−2α ( j! k! )1/2 min {α, (j+k)/2} ∑ q=β 2q ( k q − β ) ( α + β q + β ) (2α)!

(α + β)! .

We now replace q by p = q − β to rewrite this as

M(k, m, j) = 2−2α (2α)!

(α + β)! ( j! k! )1/2 min {α−β, k} ∑ p=0 2p+β ( k p ) ( α + β p + 2β )

= 2β−2α (α + β + 1) · (α + β + 2) · · · (2α) ( j! k! )1/2 min {α−β, k} ∑ p=0 2p ( k p ) ( α + β p + 2β )

= 2β−α 1 · 3 · 5 · · · (2α − 1) α! (α + β)! ( j! k! )1/2 min {α−β, k} ∑ p=0 2p ( k p ) ( α + β p + 2β ) .

Our assumption j ≥ k implies k = γ and j = γ +2β, so this expression is equivalent to (4.2).

The calculations for odd m are similar.

Corollary 4.2 The polynomial Qm(k) in (2.27) and (2.31) is

Qm(k) = 1 · 3 · 5 · · · (2m − 1) min{m, k} ∑ p=0 2p ( m p ) ( k p ) .

Proof: This is an immediate consequence of (4.1), since Qm(k) = 2m M(k, 2m, k).

References

1. Arai, T: On the Large Order Asymptotics of General States in Semiclassical Quantum Mechanics. Ann. Inst. H. Poincaré Sect. A. 59, 301–313 (1993).

2. Arai, T: Dynamical Evolution of the Projector Induced from the Generalized Squeezed State. J. Math. Phys. 35, 560–567 (1994).

3. Arai, T: Some Extensions of Semiclassical Limit ℏ → 0 for Wigner Functions on Phase Space. J. Math. Phys. 36, 622–630 (1995).

4. Combescure, M.: Trapping of Quantum Particles for a Class of Time Dependent Potentials. A Semiclassical Approach. Ann. Phys. 173, 210–225 (1987).

5. Combescure, M.: A Quantum Particle in a Quadrupole Radio–Frequency Trap. Ann.

Phys. 44, 293–314 (1988).

6. Combescure, M.: A Generalized Coherent State Approach of the Quantum Dynamics for Suitable Time Dependent Hamiltonians. Journées “Equations aux Dérivées Partielles” (Saint Jean–de–Monts 1992) Exp. No. XVI, 13 pp, Ecole Polytech. Palaiseau 1992.

7. Combescure, M.: The Squeezed State Approach to the Semiclassical Limit of the Time Dependent Schrödinger Equation. J. Math. Phys. 33, 3870–3880 (1992).

8. Combescure, M. and Robert, D.: Semiclassical Sum Rules and Generalized Coherent States. J. Math. Phys. 36, 6596–6610 (1995).

9. Combescure, M. and Robert, D.: Coherent State Propagation by the Schrödinger Equation and Semiclassical Approximation. Comptes Rendus de l’Academie des Sciences, Series I, Mathematiques. 323, 871–876 (1996).

10. Combescure, M. and Robert, D.: Semiclassical Spreading of Quantum Wave Packets and Applications near Unstable Fixed Points of the Classical Flow. Asymptotic Anal. 14, 377–404 (1997).

11. Hagedorn, G. A.: Semiclassical Quantum Mechanics I: The ℏ → 0 Limit for Coherent States. Commun. Math. Phys. 71, 77–93 (1980).

12. Hagedorn, G. A.: A Time–Dependent Born–Oppenheimer Approximation. Commun.

Math. Phys. 77, 1–19 (1980).

13. Hagedorn, G. A.: Semiclassical Quantum Mechanics III: The Large Order Asymptotics and More General States. Ann. Phys. 135, 58–70 (1981).

14. Hagedorn, G. A.: A Particle Limit for the Wave Equation with a Variable Wave Speed.

Comm. Pure Appl. Math. 37, 91–100 (1984).

15. Hagedorn, G. A.: Semiclassical Quantum Mechanics IV: Large Order Asymptotics and More General States in More than One Dimension. Ann. Inst. H. Poincaré Sect. A. 42, 363–374 (1985).

16. Hagedorn, G. A.: High Order Corrections to the Time–Dependent Born–Oppenheimer Approximation I: Smooth Potentials. Ann. Math. 124, 571–590 (1986). Erratum 126, 219 (1987).

17. Hagedorn, G. A.: High Order Corrections to the Time–Dependent Born–Oppenheimer Approximation II: Coulomb Systems. Commun. Math. Phys. 117, 387–403 (1988).

18. Hagedorn, G. A.: Electron Energy Level Crossings in the Time–Dependent Born– Oppenheimer Approximation. Theor. Chimica Acta. 77, 163–190 (1990).

19. Hagedorn, G. A.: Molecular Propagation through Electron Energy Level Crossings.

Memoirs Amer. Math. Soc. 536, 1–130 (1994).

20. Hagedorn, G. A. and Joye, A.: Landau–Zener Transitions through Small Electronic Eigenvalue Gaps in the Born–Oppenheimer Approximation. Ann. Inst. H. Poincaré Sect. A. (to appear).

21. Hagedorn, G. A. and Joye, A.: Molecular Propagation through Small Avoided Crossings of Electron Energy Levels. Rev. Math. Phys. (to appear).

22. Hagedorn, G. A., Loss, M., and Slawny, J.: Non–stochasticity of Time–Dependent Quadratic Hamiltonians and the Spectra of Canonical Transformations. J. Phys. A. 19, 521–531 (1986).

23. Hagedorn, G. A. and Robinson, S. L.: Bohr–Sommerfeld Rules in the Semiclassical Limit. (in preparation).

24. Heller, E. J.: Classical S–Matrix Limit of Wave–Packet Dynamics. J. Chem. Phys.

65, 4979–4989 (1976).

25. Kargol, A.: The Infinite Time Limit for the Time–Dependent Born–Oppenheimer Approximation. Commun. Math. Phys. 166, 129–148 (1994).

26. Reed, M. and Simon, B.: Methods of Modern Mathematical Physics, Vol I. Functional Analysis. New York, London: Academic Press 1972.

27. Robinson, S. L.: The Semiclassical Limit of Quantum Dynamics I: Time Evolution.

J. Math. Phys. 29, 412–419 (1988).

28. Robinson, S. L.: The Semiclassical Limit of Quantum Dynamics II: Scattering Theory.

Ann. Inst. H. Poincaré Sect. A. 48, 281–296 (1988) 29. Robinson, S. L.: High Frequency Asymptotic Solution of the Wave Equation in an Inhomogeneous Medium. J. Math. Phys. 32, 651–655 (1991).

30. Robinson, S. L.: Semiclassical Mechanics for Time Dependent Wigner Functions. J.

Math. Phys. 34, 2185–2205 (1993) 31. Robinson, S. L.: Dynamical Approach to Inhomogeneous Rays. J Optical Soc. America A – Optics, Image Science, and Vision. 13, 2021–2026 (1996).

32. Trifonov, A. Y. and Yeveseyevich, A. A.: The Aharonov–Anandan Phase for Quasi– Energy Trajectory Coherent States. J. Phys. A. 28, 5653–5672, (1995).