Suppression of Critical Fluctuations by Strong Quantum Effects

in Quantum Lattice Systems by Sergio Albeverio^1 Yuri Kondratiev^2 and Yuri Kozitsky^3

Abstract

Translation invariant models of quantum anharmonic oscillators with a polynomial anharmonicity and a ferroelectric interaction are considered. For these models, it is proved that the critical fluctuations of the position operator, peculiar to the critical point, are suppressed at all temperatures provided the oscillators are strongly quantum. The latter is shown to occur in particular if the oscillator’s mass is less than some threshold value depending on the anharmonicity parameters.

1Fakultät für Mathematik, Ruhr–Universität, D 44780 Bochum, Germany SFB 237 Essen–Bochum–Düsseldorf BiBoS Research Centre, D 33615 Bielefeld, Germany CERFIM, Locarno (Switzerland) 2BiBoS Research Centre, Bielefeld Universität, D 33615, Germany Institute of Mathematics, Kiev, Ukraine 3Institute of Mathematics, Maria Curie–Sklodowska University, Lublin 20–031, Poland

1 Posing of the problem and results.

The object of our investigation in this paper is a countable system of quantum particles (oscillators) performing one-dimensional oscillations around their equilibrium positions and interacting among themselves. The set of all equilibrium positions is assumed to be a lattice IL. For further simplicity we choose this lattice to be simple cubic, that means IL = ZZ^ν with certain positive integer ν. For every l ∈ IL, let a quantum particle with the mass m and one internal degree of freedom be given. The dynamics of its oscillations around the equilibrium position l is described by means of canonical momentum and displacement operators {p_l, q_l} defined on (a dense subset of) the complex Hilbert space H_l = L^2(IR_l, dx_l). For every finite subset Λ ⊂ IL, we put H_Λ = ⨂ l∈Λ H_l. The dynamics of the whole system of particles can be described by means of the model Hamiltonian formally given by H = 1 2 ∑ l≠l^′;l,l^′∈IL d_{ll}′ q_lq_l′ + ∑ l∈IL H_l; (1)

H_l = p_l^2 2m + V (q_l), (2)

where the coefficients d_{ll}′ form the dynamical matrix, m is the oscillator’s mass, and V is the one-particle potential. The first term in (1) describes the interaction between the particles, the second one describes their individual properties by means of the one-particle Hamiltonian H_l, l ∈ IL. The interaction is assumed to be translation invariant and ferroelectric. The simplest example of such type can be given as follows. Let |l − l^′| be the Euclidean distance between the points l and l^′. We set for l ≠ l^′ d_{ll}′ = −ϕ(|l − l^′|), (3) where ϕ is some nonnegative monotone function with the sufficiently fast falloff, such that ∑ l∈IL ϕ(|l|) < ∞. For the further convenience, we include the case l = l^′ in the sum in (1) putting d_{ll} = 0. The formal Hamiltonian cannot be defined directly as an operator and used is ”represented” by its local versions – indexed by finite subsets Λ ⊂ IL local Hamiltonians, each of which is defined as essentially self-adjoint lower bounded operator acting on the corresponding Hilbert space H_Λ. For our purposes, it is enough to consider these Hamiltonians indexed by boxes Λ = {l = (l_1, . . . , l_ν) | l^0_j ≤ l_j ≤ l^1_j , j = 1, . . . , ν; l^0_j < l^1_j , l^0_j , l^1_j ∈ ZZ }. To introduce the local Hamiltonian in the box Λ which corresponds to the periodic boundary conditions, we set

d^Λ_{ll}′ = −ϕ(|l − l^′|_Λ), l ≠ l^′; d^Λ_{ll} = 0; (4)

where the function ϕ is the same as in (3) and the distance |l−l^′|_Λ is assumed to be on the torus T (Λ) which is obtained from Λ by suitable identification of boundary components. For the box Λ described above, it can be defined by the expression

|l − l^′|^2_Λ = ν∑ j=1 |l_j − l^′_j|^2_Λ,

where |l_j − l^′_j|_Λ = min{|l_j − l^′_j|; l^1_j − l^0_j + 1 − |l_j − l^′_j|}. (5)

This yields |l − l^′|_Λ ≤ |l − l^′| for all pairs l, l^′ in Λ. Taking into account the monotonocity of ϕ, one gets d^Λ_{ll}′ ≤ d_{ll}′ (6) for all pairs l, l^′ in Λ. Thus we set

H_Λ = 1 2 ∑ l,l^′∈Λ d^Λ_{ll}′ q_lq_l′ + ∑ l∈Λ H_l, (7)

H^0_Λ = 1 2 ∑ l,l^′∈Λ d_{ll}′ q_lq_l′ + ∑ l∈Λ H_l, (8)

where H_l is given by (2). The latter local Hamiltonian corresponds to zero boundary conditions. These ones will also be considered.

As it was mentioned above, the dynamical matrices introduced by (3) – (5) are the simplest ones having the properties we will utilize in this paper. Let us describe them more systematically. Denote L, a family of all boxes. For a given box Λ, let L(Λ) denote a partition of IL by boxes that can be obtained as corresponding translations of this Λ. Denote by G the group of all translations of IL. Let G(Λ) be the subgroup of G consisting of translations which generate the partition L(Λ). This means L(Λ) = {t(Λ), t ∈ G(Λ)}, where t(Λ) = {t(l), l ∈ Λ}. Thereafter, the dynamical matrices (d_{ll}′ )_{l,l}′_{∈IL} and (d^Λ_{ll}′ )_{l,l}′_{∈Λ} have the following properties (D1) d_{ll}′ is invariant under translations on IL; (D2) d^Λ_{ll}′ ≤ 0, d_{ll}′ ≤ 0 (ferroelectricity); d^Λ_{ll} = d_{ll} = 0; (D3) the series ∑ l^′∈IL dll^′ converges for all l ∈ IL;

(D4) d^Λ_{ll}′ = min{d_{lt(l}′_) : t ∈ G(Λ)}.

Now let us describe the one-particle potentials V that will be considered. We assume:

(V1) V is an even polynomial, deg V = 2M with M ≥ 2; (V2) the polynomial v such that v(q^2) = V (q) is convex on IR_+ = [0, +∞). An example of V satisfying these conditions is V (q) = aq^2 + q^4 (9) with arbitrary real a. For a < 0, the potential (9) has a double-well shape.

In the sequel, when speaking about a model of quantum anharmonic oscillators, we will mean the model possessing the properties (D1)–(D4), (V1),(V2). The simplest example of such a model was described above. Remark 1.1 Let V satisfy (V1), (V2). Then the probability measure dμ_V (x) = C exp(−V (x))dx (C is a positive normalizing constant) belongs to the BFS class of measures [6], and for every α > 0, the function exp(αx^2) is μ_V -integrable on IR. For every Λ ∈ L and given inverse temperature β = T^{−1}, the Gibbs states in Λ are defined as functionals on appropriate C^∗-algebra of observables by means of the local Hamiltonians H_Λ, H^0_Λ given by (7), (8) respectively as follows:

γ_{β,Λ}(A) = trace(Ae^{−βHΛ} ) trace(e^{−βHΛ} )

, γ^0_{β,Λ}(A) = trace(Ae^{−βH0Λ} ) trace(e^{−βH0}Λ )

(10)

see e.g. [4] for the definition and related discussions. The state γ is periodic, the state γ^0 corresponds to zero boundary conditions. These states can be fully determined by means of temperature Green functions. Let S_β be a circle of length β (isometric to the segment [0, β] with identified ends). For each ordered set {τ_0, τ_1, . . . , τ_n}, τ_i ≤ τ_{i+1}, τ_i ∈ S_β, and appropriate operators {A_0, A_1, . . . , A_n}, the corresponding temperature Green function is determined as follows Γ^{β,Λ}_{A0;A1;...;An} (τ_0, τ_1, . . . , τ_n) = 1 Z_Λ trace ( A_0e^{−(τ1−τ0)HΛ} A_1e^{−(τ2−τ1)HΛ} . . . A_ne^{−(β−τn+τ0)HΛ} ) , (11)

where Z_Λ = trace ( e^{−βHΛ} ) . (12)

The Green function defined by (11), (12) with H^0_Λ instead of H_Λ will be denoted by Γ^{0,β,Λ}_{A0;A1;...;An} (τ_0, τ_1, . . . , τ_n). These functions can be obtained by using the analytic continuation of the usual Green functions corresponding to the unitary time evolution, see [1],[7]. In the sequel, all properties of such Green functions, including the convergence of the sequences of these functions, are described as those that occur almost everywhere or for almost all values of their arguments. This means, they may not occur for values of the corresponding arguments which form a set of a zero Lebesgue measure. Thermodynamic properties of the model can be described by passing to the limit Λ ↗ IL. To do it, we introduce the collections of boxes C as sets completely ordered by inclusion. Each such a set is countable thus can be considered as a sequence of boxes. For the models we consider, the existence of limiting periodic Gibbs states can be proved (see e.g. [2], where it was done for systems satisfying a reflection positivity condition). Our intention in this paper is to show that the large fluctuations of displacements of oscillators described by the Hamiltonians (1)–(7), (8) are absent (suppressed) at any temperature if the model parameters satisfy certain conditions that can be characterized as conditions of ”strong quantumness”. Thus we restrict ourselves to the consideration of those operators that describe such fluctuations. Due to the Z_2-symmetry of the local Hamiltonians (7), (8) one has γ_{β,Λ}(q_l) = γ^0_{βΛ}(q_l) = 0. For some real δ, we define

A_δ(Λ) = 1 |Λ|^12^{+δ}

Q_Λ = 1 |Λ|^12^{+δ} ∑ l∈Λ q_l. (13)

This operator describes the fluctuations of displacements of particles in Λ. For some C, let us consider the sequence {A_δ(Λ), Λ ∈ C} from the point of view of the central limit theorem. In the case of a weak dependence between oscillations, one can expect the asymptotic “normality” of this sequence with δ = 0. But if this ”normality” occurs for some δ > 0, this will correspond to the appearance of a strong dependence between oscillations which takes place at the critical temperature. In a quantum case, the normality of these sequences can be understood in terms of corresponding Green functions. Accordingly, we give the following definition of the critical temperature.

Definition 1.1 For given temperature T , some δ > 0, and a sequence C, let the sequence of temperature Green functions {Γ^{β,Λ}_{Aδ(Λ);Aδ(Λ)}(τ, τ^′), Λ ∈ C} given by (11)–(13), or the sequence of Γ^{0,β,Λ}_{Aδ(Λ);Aδ(Λ)}(τ, τ^′) functions, converge to some function Γ^δ(τ, τ^′) different from zero on an S^2_β subset of a positive Lebesgue measure. Then one say that the critical fluctuations of displacements of particles occur at this temperature. The latter is said to be the critical temperature. If for every sequence C and arbitrary positive δ, these sequences of Green functions converge to zero, we say that the critical fluctuations are absent at this temperature.

Now we can formulate our main result.

Theorem 1.1 Let the model of quantum anharmonic oscillators which possesses the properties (D1)–(D4), (V1), (V2) be considered. For this model, there exists a positive m_∗ such that for all values of the oscillator’s mass m ∈ (0, m_∗), the critical fluctuations are absent at all temperatures.

The proof of this statement is preceded by a number of lemmas, other assertions, and remarks.

Remark 1.2 The model with the small values of oscillator’s mass can be characterized as ”strongly quantum”. Below we analize this and some other conditions of strong or large quantumness. Now we simplify our notations by setting

Γ^δ_Λ(τ, τ^′) = Γ^{β,Λ}_{Aδ(Λ);Aδ(Λ)}(τ, τ^′) , Γ^δ_{0,Λ}(τ, τ^′) = Γ^{0,β,Λ}_{Aδ(Λ);Aδ(Λ)}(τ, τ^′). (14) ¿From the definitions (11)–(13), one has: Γ^δ_Λ(τ + θ, τ^′ + θ) = Γ^δ_Λ(τ, τ^′) (15) where the addition of the type of τ + θ is understood modulo β. The same periodicity can be shown to hold also for Γ^δ_{0,Λ}.

Proposition 1.1 The following estimates hold with arbitrary δ ≥ 0, Λ ∈ L, almost everywhere on S^2_β: Γ^δ_Λ(τ, τ^′) ≥ Γ^δ_{0,Λ}(τ, τ^′) > 0.

The proof of this variant of the Lebowitz and Griffiths inequalities for our model will be given below. We set U^δ_Λ = 1 β ∫ ∫ S2_β Γ^δ_Λ(τ, τ^′)dτdτ^′ . (16) Taking into account (15), we obtain U^δ_Λ = ∫ S_β Γ^δ_Λ(τ, τ^′)dτ^′ = ∫ S_β Γ^δ_Λ(τ, τ^′)dτ, (17)

Proposition 1.2 For given δ > 0, let the sequence {U^δ_Λ, Λ ∈ C} converge to zero. Then the sequences {Γ^δ_Λ(τ, τ^′), Λ ∈ C}, {Γ^δ_{0,Λ}(τ, τ^′), Λ ∈ C} converge to zero almost everywhere on S^2_β.

The proof of this assertion immediately follows from Proposition 1.1 and (16).

Taking into account the definition (13), one has Γ^δ_Λ(τ, τ^′) = |Λ|^{−2δ}Γ^0_Λ(τ, τ^′) ; U^δ_Λ = |Λ|^{−2δ}U^0_Λ. (18)

Let us return to the dynamical matrix D = (d_{ll}′ ) that can naturally be defined on the Hilbert space l^2(IL) as a linear operator. Having in mind the translation invariance (D1) and the ”ferroelectricity” property (D2), we deduce that the series mentioned in (D3) does not depend on l. Thus the norm of the mentioned operator is ‖D‖ = − ∑ l^′∈IL d_{ll}′ . (19) Write H̃_l = H_l + ‖D‖q^2_l , l ∈ IL, (20) where H_l is given by (2). Each Hamiltonian H̃_l with V obeying (V1), (V2) has purely discrete spectrum. We set H̃_lψ_s = E_sψ_s, s ∈ ZZ_+, (21) where the eigenvalues E_s are numbered in increasing order. Denote Δ = min {E_{s+1} − E_s | s ∈ ZZ_+}. (22) Lemma 1.1 (Main estimate). For the model of quantum oscillators, let the parameters of the one-particle Hamiltonian m and Δ given by (22), and the interaction parameter ‖D‖ satisfy the following condition mΔ^2 > 2‖D‖. (23) Then for every β > 0 and arbitrary Λ ∈ L, U^0_Λ ≤ 1 mΔ^2 − 2‖D‖ . (24)

The proof will be given below.

Lemma 1.2 For the model of quantum anharmonic oscillators, let the parameters m, Δ, and ‖D‖ satisfy the condition (23). Then the critical fluctuations are absent for all β > 0.

Proof: Proposition 1.1 implies U^0_Λ > 0, for all β > 0 and Λ ∈ L. Therefore, for m, Δ, and ‖D‖ satisfying (23), the estimate (24) holds, thus the sequence {U^0_Λ, Λ ∈ C} is bounded. This yields, for arbitrary δ > 0, that the sequence {U^δ_Λ, Λ ∈ C} converges to zero . The latter and Proposition 1.2 yield in their turn that the sequences {Γ^δ_Λ(τ, τ^′), Λ ∈ C} , {Γ^δ_{0,Λ}(τ, τ^′), Λ ∈ C} converge to zero almost everywhere on S^2_β. Thus the critical fluctuations are absent for all β > 0.

For the system of harmonic oscillators, we obtain an equality in (24) (this follows from the proof of Lemma 1.1 given below). This agrees with the corresponding results obtained for such systems (see e.g. expression (7) in [7]). For a harmonic oscillator ( V (q) =^1_2 a^2q^2) , we have mΔ^2 = ‖D‖ + a^2, where the latter coefficient describes the “rigidity” of the oscillator. In this case, the condition (23) does not depend on m. But in the case of anharmonic oscillators where the one-particle potential V satisfies the conditions (V1), (V2), mΔ^2 may infinitely grow with m tending to zero, which implies that the condition (23) can be satisfied for given ‖D‖ by putting m to be less than some threshold value m_∗. Such a growth of mΔ^2 is proven in the following assertion.

Lemma 1.3 Let V satisfy the conditions (V1), (V2). Then there exists a positive m_∗ such that for all values of the oscillator’s mass m less than m_∗, the condition (23) is satisfied.

Proof: The one-particle potential V (q) = v(q^2) in the Hamiltonian (7) has the form

V (q) = b_0q^{2M} + b_1q^{2M−2} + . . . + b_{M−1}q^2 + b_M , (25)

where b_0 > 0, M = deg v ≥ 2 , due to the condition (V1). For some σ > 0, we consider the unitary operator W_σ in L^2(IR, dx) (Symanzik scaling) given by the formula (W_σφ)(x) = σ^{12} φ(σx). (26)

Then from (26), we have

W_σpW^{−1}_σ = σ^{−1}p , W_σqW^{−1}_σ = σq. (27)

Taking σ = σ_m := m^{− 12M+2} and using (27), we have that H̃_l is unitary equivalent to the operator m^{− MM+1} [ L_0 + m^{1M+1} R_m(q) ] , (28) where L_0 = 1 2 p^2 + b_0q^{2M} (29) and R_m(q) = b_1q^{2M−2} + b_2m^{1M+1} q^{2M−4} + . . . + (b_{M−1} + ‖D‖)m^{M−2M+1} q^2 + b_M m^{M−1M+1} .

Let Δ^{(0)} be defined by (22) but with the eigenvalues E_s of the operator L_0 instead of H̃_l. Then using the analytic perturbation theory for the operator

L_0 + m^{1M+1} R_m(q)

(see e.g. [8]), we deduce the asymptotic equivalence

mΔ^2 ∼ m^{− M−1M+1} (Δ^{(0)})^2, m → 0 + .

Therefore, we can choose m_∗ such that mΔ^2 > 2‖D‖ for all m ∈ (0, m_∗) .

Remark 1.3 For the of anharmonic oscillator with V meeting (V1), (V2), mΔ^2 can be considered as a parameter describing the quantum character of this oscillator. It may infinitely grow with m tending to zero, as it was established by Lemma 1.3, or with the growth of Δ. The latter may occur for the double-well potential, when its minima are coming close (e.g. by means of the external pressure [12]), increasing the tunnelling between the wells. Therefore, for these systems, the condition (23) may serve as a mathematical realization of the notion of ”strong quantumness”.

Proof of Theorem 1.1 It follows directly from Lemmas 1.2 and 1.3.

In fact, we can prove stronger statements than that of Theorem 1.1. Let us consider a sequence of operators {B(Λ), Λ ∈ C}.

Definition 1.2 The sequence {B(Λ), Λ ∈ C} is said to be degenerate at zero if the sequences of temperature Green functions {Γ^{β,Λ}_{B(Λ);...;B(Λ)} (τ_1, . . . , τ_n), Λ ∈ C} converge to zero for all n ∈ IN and almost all values of corresponding arguments.

Theorem 1.2 Let the conditions of Lemma 1.2 be satisfied. Then for all β > 0 and arbitrary δ > 0 ,the sequence of fluctuation operators {A_δ(Λ), Λ ∈ C} is asymptotically degenerate at zero.

The proof of this and the following theorem will be given in the next section. For given sequence {λ(Λ), Λ ∈ C | λ(Λ) ∈ IR}, we set

B_λ(Λ) = λ(Λ)A_0(Λ). (30)

Theorem 1.3 Let the conditions of Lemma 1.2 be satisfied. Then for all β > 0 and an arbitrary sequence {λ(Λ), Λ ∈ C} converging to zero, the sequence of operators {B_λ(Λ), Λ ∈ C} given by (30) is asymptotically degenerate at zero.

Remark 1.4 The suppression of the long range order by strong quantum fluctuations in the physical systems described by the above models was experimentally observed (see e.g. J.E. Tibballs et al [12]) and discussed long ago from the physical point of view (see e.g. T. Schneider et al [9] or the book [5], chapter 2.5.4.3). A rigorous justification of this phenomenon was given by A. Verbeure and V.A. Zagrebnov [14]. Our theorems describe a quantum effect which is essentially stronger than the one described in [14] – they imply the suppression not only of the long-range order but also of any critical anomalies. The suppression of the long-range order would correspond to the value of δ =^1_2 in (13).

2 Functional Integral Representation.

For given inverse temperature β and Λ ∈ L, let us consider the measure space (Ω_{β,Λ}; Σ_{β,Λ}), where Ω_{β,Λ} = {ω_Λ(·) | ω_Λ : S_β → IR^Λ}, ω_Λ(·) = {ω_l(·), l ∈ Λ | ω_l ∈ Ω := C(S_β → IR)}. The set Σ_{β,Λ} is the standard σ-algebra of Ω_{β,Λ} subsets generated by cylinder subsets, see e.g. [2]. In view of Definitions 1.1, 1.2 , our main objects are the Green functions defined by (11) with all A_j chosen to be A_δ(Λ). But in the case where A_j are the multiplication operators by measurable functions A_j(q_Λ) with q_Λ = {q_l, l ∈ Λ} , we have, in fact [7]: Γ^{β,Λ}_{A0;...;An} (τ_0, . . . , τ_n) = ∫ Ω_{β,}Λ n∏ j=0 A_j(ω_Λ(τ_j))dν_{β,Λ}(ω_Λ(·)) (31)

Here ν_{β,Λ} is determined as a measure on Ω_{β,Λ} by the Hamiltonian H_Λ and has been rigorously defined in [1], [7]. In the sequel, we will use the local

Hamiltonian H_Λ presented as follows

H_Λ = − 1 2 ∑ l,l^′∈Λ J^Λ_{ll}′ q_lq_l′ + ∑ l∈Λ H̃_l, (32)

where H̃_l is given by (20) and J^Λ_{ll}′ = −d^Λ_{ll}′ + ‖D‖δ_{ll}′ , (33) with d^Λ_{ll}′ defined by (D4). For the one-particle Hamiltonian , we will use the following representation

H̃_l = 1 2m p^2_l + Ṽ (q_l) , Ṽ (q_l) = V (q_l) + ‖D‖q^2_l . (34)

By means of the matrix (J^Λ_{ll}′ ) , one can define on the Euclidean space IR^Λ the operator J^Λ that has the norm ‖J^Λ‖ = ‖D‖ − ∑ l^′∈Λ d^Λ_{ll}′ . (35)

Therefore, the smallest eigenvalue of J^Λ is not less than ‖D‖ + ∑ l^′∈Λ d^Λ_{ll}′ > 0, where (D2) and (D4) were taken into account. Thus this operator is symmetric and positive. The latter means the scalar product in IR^Λ, (J^Λx, x) is strictly positive for all nonzero x ∈ IR^Λ. Thus we can write ν_{β,Λ} as follows:

dν_{β,Λ}(ω_Λ(·)) = 1 Z_{β,Λ} exp 1 2 ∑ l,l^′∈Λ J^Λ_{ll}′ ∫ S_β ω_l(τ)ω_l′ (τ)dτ X l∈Λ dχ_β(ω_l(·)) (36)

The measure χ_β is determined by the one-particle Hamiltonian (34) and has also been defined in [1], [7]. For our purpose, it is convenient to use its heuristic representation [1], [7].

dχ_β(ω_l(·)) = 1 X exp ( − m 2 ∫ S_β (ω̇_l(τ))^2dτ − ∫ S_β Ṽ (ω_l(τ)dτ ) dω_l(·). (37)

It is possible to give a rigorous meaning to (37) by means of a lattice approximation , as in constructive quantum field theory. Within this approximation, the derivative ω̇_l(τ) := dω_l(τ)/dτ is replaced by a difference relation, whereas the integrals over S_β are put to be equal to corresponding Riemann integral sums [10]. This approach will be used in the next section.

For given k ∈ IN, let π be a partition of the set {1, 2, . . . , 2k} onto unordered pairs, i.e. π = {(π(1), π(2)); (π(3), π(4)); . . . ; (π(2k − 1), π(2k))}, and P(2k) be the collection of all such partitions. We set

Γ^δ_{2k,Λ}(τ_1, . . . , τ_{2k}) = Γ^{β,Λ}_{Aδ(Λ);...;Aδ(Λ)}(τ_1, . . . , τ_{2k}), (38)

where the right-hand-side of (38) is defined by (11) with A_δ(Λ) given by (13). Then (see (14)) Γ^δ_{2,Λ}(τ, τ^′) = Γ^δ_Λ(τ, τ^′).

Lemma 2.1 For all δ ≥ 0, k ∈ IN, the following estimate holds for all Λ ∈ L and almost all values of corresponding variables

Γ^δ_{2k,Λ}(τ_1, . . . , τ_{2k}) ≤ ∑ π∈P(2k) k∏ i=1 Γ^δ_Λ ( τ_{π(2i−1)}, τ_{π(2i)} ) . (39)

The proof of this Gaussian-upper-bound-like inequality is done in the next section.

For Λ consisting of only one element, we denote the corresponding U^δ_Λ given by (17) simply by U. Clearly, this U does not depend on δ and is determined by the one-particle Hamiltonian (34). The proof of Lemma 1.1 is based on the following Gaussian-upper-bound-like estimate, which for our model is proved in the next section by means of the lattice approximation.

Lemma 2.2 For given β, let U and ‖D‖ satisfy the condition U^{−1} > 2‖D‖. (40) Then for arbitrary Λ ∈ L,

U^0_Λ ≤ U 1 − 2U‖D‖ . (41)

Lemma 2.3 Let Δ be defined by (22), then for all β > 0, the following estimate holds U ≤ 1 mΔ^2

. (42)

Proof: Taking into account (17), (14), (12), (11), (10) and (21), one gets U = 1 Z ∫ S_β trace ( qe^{−τH̃l} qe^{−(β−τ)H̃l} ) dτ, (43) where Z = trace ( e^{−βH̃l} ) . We set q_{ss}′ = (ψ_s, qψ_s′ ) and obtain from (43) U = 1 Z ∑ s,s^′∈ZZ+ (q_{ss}′ )^2 (E_s − E_s′ )(e^{−βEs′} − e^{−βEs} ) (E_s − E_s′ )^2

. (44)

For symmetry reasons, we have q_{ss} = 0, thus the case s = s^′ in the sum (44) can be excluded. Therewith, taking into account the definition (22), one can estimate the denominator in (44) and obtain U ≤ 1 ZΔ^2 ∑ s,s^′ (q_{ss}′ )^2(E_s − E_s′ )(e^{−βEs′} − e^{−βEs} ) = 1 Δ^2 · 1 Z trace ( [q, [H̃_l, q]]e^{−βH̃l} ) = 1 mΔ^2 where [·, ·] means the commutator. This gives (42).

Proof of Lemma 1.1: Follows immediately from Lemmas 2.2 and 2.3. Proof of Theorem 1.2 and 1.3: Follows immediately from Theorem 1.1 and the estimate (39).

3 Proof of Lemmas 2.1 and 2.2.

In order to prove Lemmas 2.1 and 2.2, we will construct some technical background within the lattice approximation approach. The starting point here is the expression (37). As it was mentioned, the main idea of this approach is to replace the integrals over S_β by corresponding Riemann integral sums.

Let us divide S_β by the points τ_n =^n_N β, n = 0, 1, . . . , N − 1, and introduce the following notations ξ_{ln} = √ β N ω_l(τ_n); n = 0, 1, . . . , N − 1; (45)

ξ_{l0} = ξ_{lN} , ξ_l = (ξ_{l0}, ξ_{l1}, . . . , ξ_{lN−1});

Δτ = τ_{n+1} − τ_n = β N ; n = 0, 1 . . . N − 1;

ω̇_l(τ_n) = ω_l(τ_{n+1}) − ω_l(τ_n) Δτ . Now we define a sequence of measures on IR^N that converges to the corresponding measure on trajectories, when N → ∞, in the sense of convergence of integrals on cylinder functions.We set

dχ^{(N)}_β (ξ_l) = 1 X^{(N)}_β exp ( α_N N−1∑ n=0 ξ_{ln}ξ_{ln+1} ) X N−1 n=0 dρ^{(N)}_β (ξ_{ln}) (46)

dρ^{(N)}_β (ξ_{ln}) = 1 Y^{(N)}_β exp ( −α_N ξ^2_{ln} − β N Ṽ (√ N β ξ_{ln} )) dξ_{ln}; (47)

where X^{(N)}_β , Y^{(N)}_β are normalizing constants, and

α_N = m ( N β )2 . We consider dν^{(N)}_{β,Λ} (ξ) = 1 Z^{(N)}_{β,Λ} exp 1 2 ∑ l,l^′∈Λ J^Λ_{ll}′ N−1∑ n=0 ξ_{ln}ξ_l′_n X l∈Λ dχ^{(N)}_β (ξ_l) (48)

= 1 Z^{(N)}_{β,Λ} X^{(N)}_β exp 1 2 ∑ l,l^′∈Λ N−1∑ n=0 J^{(N)}_Λ (ln, l^′n^′)ξ_{ln}ξ_l′_n′ X l∈Λ X N−1 n=0 dρ^{(N)}_β (ξ_{ln}), where J^{(N)}_Λ (ln, l^′n^′) = δ_{nn}′ J^Λ_{ll}′ + δ_{ll}′ δ_{|n−n}′_{|N ,1}α_N , (49) δ_{|n−n}′_{|N ,1} = 1 iff |n − n^′| = 1, N − 1. For a suitable function F (ξ), we define < F (ξ) >^{(N)}_Λ = ∫ IR^{N|}Λ^| F (ξ)dν^{(N)}_{β,Λ} (ξ), (50) and < F (ξ) >^{(N)}_{0,Λ} = ∫ IR^{N|}Λ^| F (ξ)dν^{(0,N)}_{β,Λ} (ξ), (51) where ν^{(0,N)}_{β,Λ} is defined by (48) with J^{(N)}_{0,Λ} (ln, l^′n^′) = δ_{nn}′ J_{ll}′ + δ_{ll}′ δ_{|n−n}′_{|N ,1}α_N , (52) instead of J^{(N)}_Λ (ln, l^′n^′), and J_{ll}′ = −d_{ll}′ + ‖D‖, (53) instead of J^Λ_{ll}′ . Note that (D4) yields J_{ll}′ ≤ J^Λ_{ll}′ . (54) Introduce S^{δ,N}_{2k,Λ}(n_1, . . . , n_{2k}) = |Λ|^{−k(1+2δ)} ( N β )k ∑ l1,...l2_k∈Λ < ξ_{l1n1} . . . ξ_{l2kn2k} >^{(N)}_Λ , (55)

where k ∈ IN and n_j = 0, 1, . . . , N − 1. We also introduce S^{δ,N}_{2k,0,Λ}(n_1, . . . , n_{2k}) as given by (55) with < . . . >^{(N)}_{0,Λ} instead of < . . . >^{(N)}_Λ . Let us consider a sequence {N_s ∈ IN, s ∈ IN} possessing the property N_s < N_{s+1} and, therefore, tending to infinity when s → ∞. By means of this sequence, we can define a sequence {n^{(s)}(τ), s ∈ IN | 0 ≤ n^{(s)} ≤ N_s} such that for given τ ∈ S_β, lim_{s→∞}(n^{(s)}(τ)/N_s) = τ/β.

Lemma 3.1 For every k ∈ IN, δ ≥ 0, Λ ∈ L, the sequence { S^{δ,Ns}_{2k,Λ}(n^{(s)}_1 (τ_1), n^{(s)}_2 (τ_2), . . . , n^{(s)}_{2k} (τ_{2k})), s ∈ IN } converges to the temperature Green function Γ^δ_{2k,Λ}(τ_1, . . . , τ_{2k}), given by (38), (31), when s → ∞, for almost all values of (τ_1, . . . , τ_{2k}) ∈ S^{2k}_β . The same convergence of the sequence of S^{δNs}_{2,0,Λ}(n^{(s)}_1 (τ_1), n^{(s)}_2 (τ_2)) to Γ^δ_{0,Λ}(τ_1, τ_2) given by (14) holds true.

Proof: The standard arguments yield that the sequence of measures {ν^{(N)}_{β,Λ} , N ∈ IN} converges to the measure ν_{β,Λ} given by (36) in the sense of convergence of integrals of cylinder functions. This yields the convergence of the corresponding moments, which yields in turn the convergence to be proven. Just the same arguments yield the convergence to the Green functions in the case of zero boundary conditions.

Now we can fix Λ ∈ L, the integer N, and simplify our notations by putting ∑ l = ∑ l∈Λ, ∑ n = ∑N−1 n=0 , and so on. Let us consider the measure (48) as a Gibbs measure (with corresponding boundary conditions) for a classical ferromagnetic spin model with the single-spin measure ρ^{(N)}_β given by (47), which belongs to the BFS class of measures (see Remark 1.1). We set

u_2(ln, l^′n^′) =< ξ_{ln}ξ_l′_n′ >^{(N)}_Λ ; u^{(0)}_2 (ln, l^′n^′) =< ξ_{ln}ξ_l′_n′ >^{(N)}_{0,Λ} . (56)

u_4(l_1n_1, l_2n_2, l_3n_3, l_4n_4) = < ξ_{l1n1} ξ_{l2n2} ξ_{l3n3} ξ_{l4n4} >^{(N)}_Λ −u_2(l_1n_1, l_2n_2)u_2(l_3n_3, l_4n_4) − u_2(l_1n_1, l_3n_3)u_2(l_2n_2, l_4n_4) − u_2(l_1n_1, l_4n_4)u_2(l_2n_2, l_3n_3). (57)

Proposition 3.1 For our model, the following estimates hold

0 < u^{(0)}_2 (ln, l^′n^′) ≤ u_2(ln, l^′n^′). (58)

u_4(l_1n_1, l_2n_2, l_3n_3, l_4n_4) < 0 (59) < ξ_{l1n1} . . . ξ_{l2kn2k} >^{(N)}_Λ ≤ ∑ π∈P(2k) k∏ i=1 u_2(l_{π(2i−1)}n_{π(2i−1)}, l_{π(2i)}n_{π(2i)}) (60)

Proof: (58) (positivity) and (59) are known as Lebowitz inequalities, the estimate (60) is the Gaussian upper bound inequality, the relationship between u^{(0)}_2 and u_2 in (58) is the Griffiths inequality produced by (54). The validity of these inequalities follows from the properties of the measures (48), mentioned above (see Section 12 of [6]).

Proof of Proposition 1.1 and Lemma 2.1: It follows immediately from (58), (60), (55) and Lemma 3.1

The rest of this paper is devoted to the proof of Lemma 2.2. To achieve this aim, we will need an additional technique explained below.

Let F be a set of functions F defined on IR^M , M ∈ IN, that can be continued onC^M as entire functions, such that the norm

‖F ‖_a = sup{|F (z)| exp(−a‖z‖^2) : z ∈C^M } (61)

is finite for all a > 0. Here ‖z‖^2 = |z_1|^2 + . . . + |z_M |^2. This set equipped with the pointwise linear operations and the topology defined by the family of norms {‖ · ‖_a, a > 0} becomes a Fréchet space that will also be denoted as F. We will use the following property of this space [11]:

Proposition 3.2 The set of all polynomials is dense in F.

With each symmetric bilinear form on IR^M × IR^M , one can associate a symmetric linear operator A such that this form can be written as (y, Ax), where (·, ·) denotes the scalar product in IR^M . The matrix (A_{jj}′ ) consisting of the matrix elements of the operator A in the canonical basis of IR^M will also be denoted by A. We will use the notation A > 0, for positive operators of such type. Let A be a symmetric linear positive operator. We set

(T (A)F )(x) = ∞∑ k=0 1 k! M∑ j1...j_k=1 M∑ j^′1...j^′_k=1 A_{j1j}′_1 . . . A_{jkj}′_k ∂^{2k}F (x) ∂x_{j1} . . . ∂x_j′_k (62)

Estimating the derivatives, one can prove that for all such A, T (A) continuously maps F into itself. T (A) can be expressed in the integral form: (T (A)F )(x) = 1 X(A) ∫ IR^M F (y) exp ( − 1 2 (y − x, A^{−1}(y − x) ) dy, (63) where X(A) = [det(2πA)]^{12} . (64)

The identity of (62) and (63) can be proven for monomials, and then for every F ∈ F by means of Proposition 3.2. This identity permits for the operator T (A) to be extended to a wider class of functions. Let A be symmetric linear positive , B be symmetric linear, operators on IR^M . The set of all such B satisfying with this A the condition A^{−1} − B > 0 will be denoted by B(A).

For every B ∈ B(A), the operator T (A) given by (63) can be applied to F (x) = exp(^1_2 (x, Bx)), giving (T (A)F )(x) = 1 X(A) ∫ IR^M exp ( 1 2 (y, By) − 1 2 (y − x, A^{−1}(y − x)) ) dy. (65) We put (y, By) − (y − x, A^{−1}(y − x)) = (x, Cx) − (y − W x, D(y − W x)), (66) and obtain

C = B(1 − AB)^{−1}; D = A^{−1} − B; W = (1 − AB)^{−1}. (67) Then we insert the right-hand-side of (66) into the exponent in (65). This yields: (T (A)F )(x) = X((1 − AB)^{−1}A) X(A) exp( 1 2 (x, B(1 − AB)^{−1}x)) 1 X((1 − AB)^{−1}A) ∫ IR^M exp(− 1 2 (y − W x, (A^{−1} − B)(y − W x)))dy = X((1 − AB)^{−1}A) X(A) exp( 1 2 (x, B(1 − AB)^{−1}x)). (68)

Proceeding in this direction, we can extend the operator T (A) to the following class of functions. For a symmetric linear positive operator A, we set F(A) = { F (x) = exp( 1 2 (x, Bx))G(x) | B ∈ B(A), G ∈ F } . (69) Proposition 3.3 For a given symmetric linear positive operator A, the operator T (A) defined on F by the expression (63) can be continuously extended to F(A) as follows (T (A)F )(x) = Ξ(A, B) exp( 1 2 (x, B(1 − AB)^{−1}x)) (T ((1 − AB)^{−1}A)G)((1 − AB)^{−1}x), (70) with Ξ(A, B) = X((1 − AB)^{−1}A) X(A) . (71)

Proof: For G ≡ 1, (70) reduces to (68). Now let G(x) be a polynomial. Then the integral on the right-hand-side of (63) with F (x) = exp(^1_2 (x, Bx)) G(x) and B ∈ B(A) converges. Applying the representation (66), we obtain (T (A)F )(x) = Ξ(A, B) exp( 1 2 (x, B(1 − AB)^{−1}x)) 1 X((1 − AB)^{−1}A) ∫ IR^M G(y) exp(− 1 2 (y − W x, (A^{−1} − B)(y − W x)))dy = Ξ(A, B) exp( 1 2 (x, B(1 − AB)^{−1}x))(T ((1 − AB)^{−1}A)G)(W x). where the integral form (63) is used as a definition, and W is given by (67). Thus (70) holds for G(y) being polynomials. Now we apply Proposition 3.2 and obtain the stated extension.

Let us consider F ∈ F(A), then, for every t ∈ (0, 1], F ∈ F(tA). Having this in mind, we set

F_t(x) = (T (tA)F )(x), t ∈ (0, 1]; F_0(x) = F (x). (72)

Proposition 3.4 For every t ∈ [0, 1], F_t(x) is differentiable with respect to t, and obeys the following equation ∂F_t(x) ∂t = 1 2 M∑ j,j^′=1 A_{jj}′ ∂^2F_t(x) ∂x_j ∂x_j′ ; F_0(x) = F (x). (73)

The proof follows easely from the definition (62) of T (A). Now let us return to the measures (46)–(49). We set

Φ^{(N)}_Λ (η) = ∫ IR^{N|}Λ^| exp ∑ l,n η_{ln}ξ_{ln} dν^{(N)}_{β,Λ} (ξ), (74)

F^{(N)}_Λ (η) = ∫ IR^{N|}Λ^| exp ∑ l,n η_{ln}ξ_{ln} X l dχ^{(N)}_β (ξ_l), η ∈ IR^{N|Λ|}.

Taking into account that the one-particle potential V satisfies the requirements (V1), (V2), we conclude that both Φ^{(N)}_Λ and F^{(N)}_Λ belong to F, where M used in the definition of the latter is put to be equal N|Λ|. Moreover, the expression (48) implies

Φ^{(N)}_Λ (η) = 1 Z^{(N)}_{β,Λ} (T (I_Λ)F^{(N)}_Λ )(η) (75)

where the operator I_Λ : IR^{|Λ|N} → IR^{|Λ|N} is defined by its matrix elements I_Λ(ln, l^′n^′) = J^Λ_{ll}′ δ_{nn}′ (76) and then is positive, symmetric, and periodic. The linear operator C : IR^{|Λ|N} → IR^{|Λ|N} is said to be periodic if for its matrix elements, one has C(ln, l^′n^′) = C((l + λ)(n + ν), (l^′ + λ)(n^′ + ν)) with arbitrary λ ∈ Λ and ν ∈ {0, 1, . . . , N − 1}, where the additions are modulo |Λ| and N respectively. Since Λ and N are fixed, we simplify our notations by omitting these symbols in Φ, F , Z_β and I. Now let C be a periodic linear symmetric operator belonging to B(I). Write

F (η) = exp( 1 2 (η, Cη))G(η). (77) For given C, this can be considered as a definition of G(η). It is not difficult to check that for each positive symmetric I, C ∈ B(I) implies −C ∈ B((1 − IC)^{−1}I) . This yields G(η) ∈ F((1 − IC)^{−1}I) (due to F ∈ F). We set for t ∈ [0, 1] (see (72)):

exp R(t, η) = (T (t(1 − IC)^{−1}I)G)(η). (78) Inserting F (η) as given by (77) into (75) and applying the identity (70), one obtains

Φ(η) = 1 Z_β Ξ(I, C) exp{ 1 2 (η, C(1 − IC)^{−1}η) + R(1, (1 − IC)^{−1}η)}. (79)

Now let us consider the expression (78) having in mind Proposition 3.4. This yields Ṙ(t, η) := ∂R(t, η) ∂t = 1 2 ∑ ln,l^′n^′ [(1 − IC)^{−1}I](ln, l^′n^′) { ∂^2R(t, η) ∂η_{ln}∂η_l′_n′ + ∂R(t, η) ∂η_{ln} ∂R(t, η) ∂η_l′_n′ } . (80)

It is not difficult to show that for all t ∈ [0, 1], R(t, η) and Ṙ(t, η) are even and infinitely often differentiable functions with respect to η at the point η = 0. We set

R_{2k}(t | l_1n_1, l_2n_2, . . . , l_{2k}n_{2k}) = ( ∂^{2k}R(t, η) ∂η_{l1n1} . . . ∂η_{l2kn2k} ) η=0 , Ṙ_{2k}(t | l_1n_1, . . . , l_{2k}n_{2k}) = ∂ ∂t R_{2k}(t | l_1n_1, . . . , l_{2k}n_{2k}).

Then we obtain from (80):

Ṙ_2(t | ln, l^′n^′) = 1 2 ∑ l1n1,l2n2 [(1 − IC)^{−1}I](l_1n_1, l_2n_2)

{R_4(t | l_1n_1, l_2n_2, ln, l^′n^′) +2R_2(t | l_1n_1, ln)R_2(t | l_2n_2, l^′n^′)}. (81)

Taking into account the periodic boundary conditions with respect to l ∈ Λ, as well as to n ∈ {0, 1, . . . , N − 1}, one deduces that ∑ ln,l^′n^′ R_2(t | ln, l^′n^′) = |Λ|N ∑ ln R_2(t | ln, l^′n^′). (82)

We set R_2(t) = 1 |Λ|N ∑ ln,l^′n^′ R_2(t | ln, l^′n^′), (83)

and obtain from (81) taking into account (82).

Ṙ_2(t) = KR^2(t) + Q(t), (84)

where K = 1 |Λ|N ∑ ln,l^′n^′ [(1 − IC)^{−1}I](ln, l^′n^′); (85)

Q(t) = 1 2|Λ|N ∑ ln,l^′n^′ [(1 − IC)^{−1}I](ln, l^′n^′) ∑ l1n1,l2n2 R_4(t | ln, l^′n^′, l_1n_1, l_2n_2).

(86)

The initial condition for R_2(t) follows from (78) and (77):

R_2(0) = 1 |Λ|N ∑ ln,l^′n^′ G_2(ln, l^′n^′)

= 1 |Λ|N ∑ ln,l^′n^′ F_2(ln, l^′n^′) − ∑ ln,l^′n^′ C(ln, l^′n^′) (87)

where G_2(ln, l^′n^′) = ( ∂^2 log G(η) ∂η_{ln}∂η_l′_n′ ) η=0 (88)

F_2(ln, l^′n^′) = ( ∂^2 log F (η) ∂η_{ln}∂η_l′_n′ ) η=0 (89)

The operator C has been restricted to be periodic and to belong to B(I). Now we impose more essential restrictions as follows: ∑ ln,l^′n^′ C(ln, l^′n^′) = ∑ ln,l^′n^′ F_2(ln, l^′n^′), (90)

C = gI^{−1}, g < 1 (91) where I^{−1} is the inverse operator of I (it exists due to the positivity of J^Λ), g is a positive quantity (depending on Λ and N) to be determined from (90). The possibility to choose it being less than one will be shown to be produced by (23).

Lemma 3.2 Let the operator C satisfy (90), (91). Then R_2(t) given by (83) is negative for all t ∈ (0, 1]. In particular R_2(1) < 0. (92) Proof: Taking into account (90), one gets R_2(0) = 0. The condition (91) yields in turn

[(1 − IC)^{−1}I](ln, l^′n^′) = 1 1 − g J^Λ_{ll}′ δ_{nn}′ ≥ 0, (93)

due to (33) and (D2). Let us prove the assertion of this Lemma assuming R_4(t | l_1n_1, l_2n_2, ln, l^′n^′) < 0 (94) for t ∈ [0, 1]. Then Q(t) given by (86) is negative for t ∈ [0, 1]. Taking into account (93), we obtain that K given by (85) is positive. Thus the function R_2(t) possesses the properties: it is equal to zero at t = 0, has a negative derivative at t = 0 and a negative derivative at each t such that R_2(t) = 0. The latter can be deduced from (84). Clearly, each continuous function of t possesing these properties becomes zero at most once. In our case this occurs at the point t = 0. Thus, this function preserves its sign for all t ∈ (0, 1], that means it is negative (it decreases at t = 0) for these t, which was to be proved. Now let us prove (94). We return to (78) and insert in it G as given by (77), that is G(η) = exp(− 1 2 (η, Cη))F (η). Taking into account (91), we obtain then

exp R(t, η) = ( 1 − g 1 − (1 − t)g )^{N|Λ|}_2 exp ( − 1 2 g(1 − g) 1 − (1 − t)g (η, I^{−1}η) )

( T ( t 1 − (1 − t)g I ) F ) ( 1 − g 1 − (1 − t)g η ) . (95)

We set h_t = (1 − g)[1 − (1 − t)g]^{−1} and

exp Ψ(t, η) = (T ( th_t 1 − g I)F )(η). (96)

Then (95) can be rewritten as

exp(R(t, η) = h^{N|Λ|2}_t exp(− 1 2 gh_t(η, I^{−1}η) + Ψ(t, h_tη)), hence

R_4(t | l_1n_1, l_2n_2, ln, l^′n^′) = h^{−4}_t Ψ_4(t | l_1n_1, l_2n_2, ln, l^′n^′), (97) where Ψ_4 is defined in the same way as R_4. Recalling the definition (74) of F (η) = F^{(N)}_Λ (η), we obtain from (96)

exp Ψ(t, η) = ∫ IR^{N|}Λ^| exp( ∑ ln η_{ln}ξ_{ln} + 1 2 th_t ∑ l,l^′,n J^Λ_{ll}′ ξ_{ln}ξ_l′_n +α_N ∑ ln ξ_{ln}ξ_{ln+1})X ln dρ^{(N)}_β (ξ_{ln}). (98) where we have also taken into account (46). Therefore, Ψ_4 is the fourth semiinvariant (of the type (57)) of the ferromagnetic Gibbs measure (J^Λ_{ll}′ ≥ 0, α_N > 0) with the initial measure ρ^{(N)}_β belonging to the BFS class. Then Ψ_4 is negative (see Proposition 3.1). The latter implies (94), which completes the proof.

Now let us return to (79). We set

U^{(N)}_Λ = 1 N|Λ| ∑ ln,l^′n^′ Φ_2(ln, l^′n^′), (99)

where Φ_2(ln, l^′n^′) = ( ∂^2 log Φ(η) ∂η_{ln}∂η_l′_n′ ) η=0 . (100)

Then (79) gives with C = gI^{−1}:

U^{(N)}_Λ = g (1 − g)‖J^Λ‖ + 1 (1 − g)^2

R_2(1); (101)

where ‖J^Λ‖ = ∑ l∈Λ J^Λ_{ll}′ . (102)

is given by (35). To obtain (101), we have used (76). But Lemma 3.2 yields (92), thus U^{(N)}_Λ < g (1 − g)‖J^Λ‖

. (103)

The zeroth initial condition for (84) is produced by the relation (90). But (74) implies F (η) = ∏ l f(η_l) (104)

with f(η_l) = ∫ IR^N exp(η_lξ_l)dχ^{(N)}_β (ξ_l). (105)

Taking into account (105), (104), and (89), we get

F_2(ln, l^′n^′) = δ_{ll}′ f_2(n, n^′) = δ_{ll}′ ( ∂^2 log f(η_l) ∂η_{ln}∂η_{ln}′ ) η_l=0 = δ_{ll}′ ∫ IR^N ξ_{ln}ξ_{ln}′ dχ^{(N)}_β (ξ_l). (106)

Proof of Lemma 2.2: Comparison of (99), (100) and (50) yields

U^{(N)}_Λ = 1 N|Λ| ∑ ln,l^′n^′ < ξ_{ln}ξ_l′_n′ >^{(N)}_Λ . (107)

Then taking into account the definition (55), one gets

U^{(N)}_Λ = 1 β ∑ n,n^′ S^{0,N}_{2,Λ} (n, n^′) ( β N )2 . The latter can be rewritten as follows

U^{(N)}_Λ = 1 β ∑ n,n^′ S^{0,N}_{2,Λ} (n, n^′)ΔτΔτ^′. (108)

The right-hand-side of (108) tends to 1 β ∫ ∫ S2_β Γ^0_{2,Λ}(τ, τ^′)dτdτ^′ = 1 β ∫ ∫ S2_β Γ^0_Λ(τ, τ^′)dτdτ^′ = U^0_Λ

as N → ∞. Here we have taken into account (16) and Lemma 3.1. This means that the left-hand-side of (103) tends to U^0_Λ when N → ∞. In order to obtain the limit of the right-hand-side of (103), we use (91), (90), and obtain g = ∑ ln,l^′n^′ F2(ln, l ′n^′) ∑ ln,l^′n^′ (I −1)(ln, l^′n^′) , and then by means of (106) and (45), we have

lim_{N→∞} g = = ‖J^Λ‖ β lim_{N→∞} ∫ IR^N ( ∑ n ω(τ_n)Δτ )2 dχ^{(N)}_β (ξ) = ‖J^Λ‖ β ∫ Ω (∫ S_β ω(τ)dτ )2 dχ_β(ω(·)) = ‖J^Λ‖ β ∫ ∫ S2_β Γ(τ, τ^′)dτdτ^′ = ‖J^Λ‖U < 2‖D‖U < 1, where we have used (40) as well as the estimate ‖J^Λ‖ < 2‖D‖ which follows from (35) and (D2), (D4). Meanwhile, Γ(τ, τ^′) means Γ^δ_Λ(τ, τ^′) with one– point Λ, and U is the same as in Lemma 2.2. Then passing to the limit N → ∞ in (103), we obtain

U^0_Λ ≤ U 1 − U‖J^Λ‖ ≤ U 1 − 2U‖D‖ where we have taken is account the definition (35) which yields lim_{Λ↗IL} ‖J^Λ‖ = 2‖D‖, when Λ ↗ IL.

4 Acknowledgements

One of the authors (Yuri Kozitsky) gratefully acknowledges the partial support of the International Science Foundation under the Grants UCN 000, UCN 200 as well as of the Deutscher Akademischer Austauschdienst (Referat 325). The financial support of the DFG (Research Project AL 214 / 9- 2) is also gratefully acknowledged by the authors.

References

[1] S. Albeverio, R. Høegh–Krohn: Homogeneous Random Fields and Quantum Statistical Mechanics, J. Funct. Anal., 19 242–279 (1975)

[2] V.S. Barbulyak, Yu.G. Kondratiev: A Criterion for the Existence of Periodic Gibbs States of Quantum Lattice Systems, Selecta Math. formerly Sov., 12, 25–35 (1993)

[3] Yu.M. Berezansky, Yu.G. Kondratiev: Spectral Methods in Infinite Dimensional Analysis, Kluwer Academic Publishers, Holland (1994)

[4] O. Bratteli, D.W. Robinson: Operator Algebras and Quantum Statistical Mechanics 2, Springer Verlag, New–York–Heidelberg– Berlin (1979)

[5] A.D. Bruce, R.A. Cowley: Structural Phase Transitions, Taylor and Francis Ltd. (1981)

[6] R. Fernandez, J. Fröhlich, A. Sokal: Random Walks, Critical Phenomena and Triviality in Quantum Field Theory, Springer Verlag, Berlin–Heidelberg–New–York–London–Paris–Tokyo–Hong Kong (1992)

[7] S.A. Globa, Yu.G. Kondratiev: The Construction of Gibbs States of Quantum Lattice Systems, Selecta Math. Sov., 9, 297–307 (1990)

[8] T. Kato: Perturbation Theory for Linear Operators Springer Verlag, Berlin–Heidelberg–New–York (1966)

[9] T. Schneider, H. Beck, E. Stoll: Quantum Effects in an ncomponent Vector Model for Structural Phase Transitions, Phys. Rev. B13, 1123–1130 (1976)

[10] B. Simon: The P (φ)_2 Euclidean (Quantum) Field Theory, Princeton Univ. Press (1974)

[11] B.A. Taylor: Some Locally Convex Spaces of Entire Functions, in: Proceedings of Symposia of Pure Mathematics, Vol. XI, AMS, Providence (1968)

[12] J.E. Tibballs, R.J. Nelmes, G.J. McIntyre: The Crystal Structure of Tetragonal KH_2 PO_4 and KD_2 PO_4 as a Function of Temperature and Pressure, J. Phys. C: Solid State Phys., 15, 37–58 (1982)

[13] A.Verbeure, V.Zagrebnov: Phase Transitions and Algebra of Fluctuation Operators in Exactly Soluble Model of a Quantum Anharmonic Crystal, J.Stat.Phys. 69, 329–359 (1992)

[14] A.Verbeure, V.Zagrebnov: No–Go Theorem for Quantum Structural Phase Transitions, J.Phys.A: Math.Gen. 28, 5415–5421 (1995)