A Generalization of the Stone-von Neumann Theorem to Non-Regular Representations of the CCR-Algebra

S. CAVALLARO^1, G. MORCHIO^2 and F. STROCCHI^3 1Dipartimento di Matematica e Informatica dell’Università, Udine, Italy 2Dipartimento di Fisica dell’Università and INFN, Pisa, Italy 3Scuola Normale Superiore and INFN, Pisa, Italy

Abstract. We give a classification, up to unitary equivalence, of the representations of the C^∗-algebra of the Canonical Commutation Relations which generalizes the classical Stonevon Neumann Theorem to the case of representations which are strongly measurable, but not necessarily strongly continuous. The classification includes all the (non-regular) representations which have been considered in physical models.

1. Introduction

The canonical approach to the description of quantum systems is based on the use of the so-called canonical variables {q̂, p̂} satisfying the Heisenberg commutation relations, in terms of which all the physical quantities, including the Hamiltonian, are defined. From a mathematical point of view it is more convenient to deal with the socalled Weyl operators, i.e. the unitary operators e^{−i(aq̂+bp̂)}, because they are bounded and can be considered as representatives of elements of an abstract C^∗-algebra, the algebra of the Canonical Commutation Relations or, briefly, the CCR-algebra. Furthermore the Weyl operators have the advantage of being meaningful also in the cases in which the corresponding generators q̂, p̂ cannot be recovered as self-adjoint operators in the Hilbert space of the states of the quantum system (non-regular representations of the CCR-algebra) and the use of q̂ and p̂ can only be justified at an heuristic level, e.g. in order to define the Hamiltonian.

These cases, which were not considered in the foundations of quantum mechanics [19], probably because they were regarded as unphysical pathologies, have recently turned out to be of physical interest to treat quantum systems whose ground state formally corresponds to a non-L^2 function. This phenomenon occurs when there are superselection sectors, in particular when the system lives on a compact manifold (quantum particle on a circle [1]), when the invariance under a “gauge” group characterizes the ground states (quantum particle in a periodic potential, the Bloch electrons [1,12]), when a magnetic field gives rise to non-commutative translations and their eigenstates are considered [22]. This phenomenon also occurs in two-dimensional QFT models (massless fields in 1 + 1 dimensions [1]), in the temporal gauge formulations of gauge QFT [4, 16], in the positive gauge quantization of Chern-Simons theory [17] and it is at the basis of the so-called θ-vacua superselection sectors [1, 12].

The above considerations suggest to reconsider the classical Stone-von Neumann (SvN) Theorem [20], which gives the uniqueness (up to unitary equivalence) of the regular irreducible representation of the CCR-algebra, and to look for a classification of non-strongly continuous representations, covering the non-regular ones needed for physically interesting models.

2. Regular Representations and Zak Transform

For a quantum system with one degree of freedom the algebra of the Canonical Commutation Relations is, by definition, the C^∗-algebra generated by the abstract elements, W (a, b), (a, b) ∈ IR^2, with product rule and involution given by W (a, b) W (c, d) = e^{− i2 (ad−bc)} W (a + c, b + d) ( W (a, b) )_∗ = W (−a, −b) (see [3, 13] for more details). We shall denote this algebra by A_W . A fundamental result in the study and classification of the representations of A_W is the

STONE-VON NEUMANN UNIQUENESS THEOREM. Let (H, π) be a representation of A_W satisfying the hypotheses:

(a) (H, π) is nondegenerate and irreducible (b) the operator-valued function (a, b) → π(W (a, b)) is strongly continuous. Then (H, π) is unitary equivalent to the Schrödinger representation.

A representation of A_W which satisfies the property (b) of the theorem is called regular.

The Schrödinger representation π_S is based on the realization of the maximal abelian subalgebra generated by W (0, b), b ∈ IR, as multiplication operators in L^2(IR), where IR arises as the spectrum of the (unbounded) generator of the strongly continuous group π_S (W (0, b)). More convenient unitarily equivalent realizations (Zak representations) are obtained by choosing as maximal abelian C^∗-subalgebras those generated by two elements, W (λ, 0) and W (0, 2π/λ), for a fixed positive λ. The advantage is that such sub-algebras are finitely generated, their Gelfand spectrum is the two-dimensional torus and, under the assumptions of the SvN Theorem, they can be realized as multiplicative operators in the space of square-integrable functions on their spectrum with the Lebesgue measure. Such subalgebras also play a relevant rôle in the above models. Up to automorphisms one can chose λ = 1; we shall denote by A_Z the resulting C^∗-subalgebra and identify the Gelfand spectrum of A_Z with the product space TT^2 = [0, 1) × [0, 2π). The isometric isomorphism U_Z (Zak transform [22,11]) from the Schrödinger representation to the λ = 1 Zak representation is given by ( U_Z ϕ ) (α, β) = ∑ n∈ZZ ϕ(n + α) e^{−i nβ} ∀ϕ ∈ L^2(IR) ( U^{−1}_Z ψ ) (x) = 1 2π ∫_{2π} 0 ψ(x mod 1, β) e^{i [x]β} dβ ∀ψ ∈ L^2(TT^2, 1 2π dα dβ) where x ∈ IR, (α, β) ∈ [0, 1) × [0, 2π) and [x] is the integer part of x. ¿From these relations it follows that, for each a, b in IR and ψ in L^2(TT^2,^1_{2π} dα dβ), ( U_Z π_S (W (a, 0)) U^{−1}_Z ψ ) (α, β) = e^{i [α+a]β} ψ((α + a) mod 1, β) ( U_Z π_S (W (0, b)) U^{−1}_Z ψ ) (α, β) = e^{−i bα} ψ(α, (β + b)mod 2π) . (2.1)

In conclusion, a regular irreducible and nondegenerate representation of A_W is unitarily equivalent to a representation on the space L^2(TT^2,^1_{2π} dα dβ) such that the elements of the abelian C^∗-subalgebra A_Z act multiplicatively by their Gelfand transforms.

3. Spectrally Multiplicity-Free Representations

In the following our strategy will be to characterize the representations of A_W in terms of representations of its maximal abelian C^∗-subalgebra A_Z . The first problem is to understand under which condition the representation of A_Z can be described in terms of a space L^2(TT^2, μ), where μ is a positive measure on the Borel (equivalently Baire) sets of TT^2 , and the elements of A_Z act as multiplicative operators by their Gelfand transforms. This condition is general enough to cover all the above mentioned models and, in our opinion, it represents a mild restriction which allows a measure theoretical discussion of the problem. In the separable case such a property amounts to the standard property of multiplicity-free, which in turn follows from the irreducibility and regularity of the representation of A_W . However, in the non-separable case, which is typical of non-regular representations of A_W , a multiplicity-free representation of an abelian unital C^∗-algebra B cannot, in general, be diagonalized on a single copy of its spectrum (see [5, 6] for a counterexample). More precisely, in the following, we denote by B an abelian unital C^∗-algebra and by (H, π) a representation of B; for every vector x in H, we denote by H_x the cyclic π(B)-invariant subspace of H given by the closure of the set {π(A)x | A ∈ B} and by μ_x the positive Baire measure on the Gelfand spectrum ^B of B defined by x via the Riesz–Markov Representation Theorem (x , π(A)x) = ∫ ^B ^A dμ_x ∀ A ∈ B

(with ^A the Gelfand transform of A).

DEFINITION 3.1. A nondegenerate representation (H, π) of B is multiplicity-free if it verifies one (and therefore all) of the following equivalent [5,6] conditions (i) for each vector x in H, the projection on the cyclic subspace H_x belongs to the von Neumann algebra, π(B)^{′′}, generated by π(B) (ii) π(B)^{′′} is maximal abelian (iii) if x, y ∈ H and H_x ⊥ H_y, then μ_x and μ_y are mutually orthogonal, i.e., for every x in H and every vector y ⊥ H_x, there exists a Baire set, S^y_x of ^B such that μ_x( ^B \ S^y_x) = 0 and μ_y(S^y_x ) = 0.

In separable Hilbert spaces we have [14]:

PROPOSITION 3.2. Let (H, π) be a multiplicity-free nondegenerate representation of B, with H a separable Hilbert space. Then there exists a positive measure μ on the Baire sets of ^B and an isometric isomorphism, U, from H onto L^2( ^B, μ) such that, for each element A of B, Uπ(A) U^{−1} is the operator of multiplication by the Gelfand transform of A.

In the non-separable case, the rôle of the von Neumann algebra π(B)^{′′} is played [5, 6] by the Baire*-algebra generated by π(B) (i.e. the smallest C^∗-algebra of operators in H which contains π(B) and the limit of each of its weakly convergent monotone sequences [10]):

THEOREM 3.3. Let (H, π) be a representation of a unital abelian C^∗-algebra B. Then the following statements are equivalent:

(i) for each vector x in H, the projection on the cyclic subspace H_x belongs to the Baire*-algebra generated by π(B) (ii) for every x in H, there exists a Baire subset, S_x, of ^B such that μ_x( ^B \ S_x) = 0 and μ_y(S_x) = 0 for each vector y ⊥ H_x (iii) there exist a positive measure μ on the Baire sets of ^B and an isometric isomorphism U from H onto L^2( ^B, μ) such that, for each element A of B, Uπ(A) U^{−1} is the operator of multiplication by the Gelfand transform of A.

DEFINITION 3.4. We say that a representation of B is spectrally multiplicity-free if it verifies one (and therefore all) of the statements of Theorem 3.3.

Finally, if (H, π) is spectrally multiplicity-free, the measure μ, in the statement (iii) of Theorem 3.3, can be explicitly constructed as the sum μ = ∑ i∈I μ_{xi}

where {x_i}_{i∈I} is a family of orthogonal vectors such that H = ⊕_{i∈I} H_{xi} .

According to the above discussion, in the following we shall consider those representations of A_W whose restriction to the commutative subalgebra A_Z is spectrally multiplicity-free. This property is related to the irreducibility of the representation of the full algebra A_W ; it is in fact equivalent to it in the regular case and it implies irreducibility under measurability conditions discussed below.

4. A Classification of Strongly Measurable Representations of A_W

Also within the class of spectrally multiplicity-free representations of A_Z pathologies may arise if no “regularity” condition is required on the representation of the full algebra A_W . For instance, even in the separable case, one may construct (multiplicity free) representations π which are not weakly measurable in the parameters of the Weyl operators π(W (a, b)) [5; Ex. V.3.2], so that even the Borel structure of IR^2 may be lost in the representation, excluding a discussion in terms of the Borel measures of Theorem 3.3. We recall that, for representations in separable Hilbert spaces, the strong continuity of the Weyl operators (as function from IR^2 into L(H)) is equivalent to their strong, or weak, measurability [21]. The SvN Theorem thus amounts to a classification of strongly measurable representations in separable spaces. To obtain a generalization to non-regular representations we are led to discuss measurability properties in non-separable spaces.

Let (X, M, μ) be a positive σ-finite measure space and H be an Hilbert space.

DEFINITION 4.1. A function from X into H is said to be countably-valued if it assumes at most a countable set of values in H, each value being taken on a measurable set. A function from X into H is called measurable w.r.t. μ if there exists a sequence of countably-valued functions converging μ-almost everywhere to it.

DEFINITION 4.2. An operator-valued function V from X into the set L(H) of bounded operators in H is called strongly measurable w.r.t. μ if, for every x in H, the vector-valued function X ∋ a → V (a)x ∈ H is measurable w.r.t. μ.

PROPOSITION 4.3. [9; Thm. 3.5.5] An operator-valued function V : X → L(H) is strongly measurable w.r.t. μ iff:

(i) it is weakly measurable (i.e. ∀x, y ∈ H, the function X ∋ a → (V (a)x | y) ∈ C is measurable) (ii) V (a)x is μ-almost separably-valued for every x in H ( i.e. for every x in H, there exists a μ-null set N such that {V (a)x | a ∈ X\N} is a separable subset of H).

By the discussion at the beginning of the section, we have to require some measurability property of the operator-valued function IR^2 ∋ (a, b) → π(W (a, b)). Actually, since in our analysis the Zak algebra is already represented by multiplication operators, it is enough to discuss the measurability of π(W (a, b)) with (a, b) ∈ [0, 1)×[0, 2π). Since the adjoint action of W (a, b) on A_Z induces a translation on the spectrum of A_Z , it is natural to identify the parameter space [0, 1)×[0, 2π) with the spectrum TT^2 of A_Z and to require strong measurability w.r.t. every measure μ_x, x ∈ H.

For each vector y in H, the set {π(W (a, b))y | (a, b) ∈ TT^2 } is, in general, nonseparable, but strong measurability guarantees a sort of “local separability” of the representation; in fact, by Proposition 4.3, it implies that, for every measure μ_x, there exists a Borel subset N of TT^2 such that μ_x(N) = 0 and {π(W (a, b))y | (a, b) ∈ TT^2 \ N} is separable. This will allow to make a “local” use of standard results which hold only in separable Hilbert spaces (or for σ-finite measures), even if the representation is non-separable. We can now state our theorem.

THEOREM 4.4. Let (H, π) be a representation of the CCR-algebra A_W satisfying the following hypotheses:

(A) spectrally multiplicity-free condition for the subalgebra A_Z (B) strong measurability w.r.t. every measure μ_x, x ∈ H, i.e. [0, 1)×[0, 2π) ∋ (a, b) −→ π(W (a, b))y ∈ H is μ_x-measurable for all x and y in H.

Then:

(1) (H, π) is an irreducible representation of A_W (2) there exist a positive translation-invariant measure μ on the Borel σ-algebra of

TT^2 and an isometric isomorphism U from H onto L^2(TT^2, μ) such that, for every

a, b in IR and every ψ in L^2(TT^2, μ), ( U π(W (a, 0)) U^{−1} ψ ) (α, β) = e^{i [α+a]β} ψ((α + a) mod 1, β) ( U π(W (0, b)) U^{−1} ψ ) (α, β) = e^{−i bα} ψ(α, (β + b) mod 2π) (4.1)

where [α + a] denotes the integer part of α + a (3) the measure μ can be written as the sum of a family of finite positive Borel measures concentrated on disjoint sets.

Conditions (A) and (B) allow to characterize the representations, up to unitary equivalence: inequivalent representations correspond to inequivalent translation-invariant measures. This classification covers the known examples:

− the Schrödinger representation corresponds to the two-dimensional Lebesgue measure on TT^2 ; hence H ∼= L^2(TT^2,^1_{2π} dα dβ) − the (equivalent) representations defined, via the GNS construction, by the “momentum states” ω_p , p ∈ IR, ω_p(W (a, b)) = { 0 , if b ≠ 0 e^{i pa} , if b = 0

(see [1, 2, 8]), correspond to the measure μ = ∑ j∈[0,2π) dαj where dαj , j ∈ [0, 2π), denotes the one-dimensional Lebesgue measure concentrated on the interval {(α, j) | α ∈ [0, 1)} ⊆ TT^2

− the (equivalent) representations defined by the “Zak states” ω_{ζγ} , ζ ∈ [0, 2π), γ ∈ [0, 1), ω_{ζγ} (W (a, b)) = { 0 , if (a, b) ∉ ZZ × 2πZZ e^{iπm n} e^{i nζ} e^{i2πm γ} , if (a, b) = (n, 2πm) (see [2,22]), correspond to the counting measure on TT^2 ; hence H ∼= ℓ^2(TT^2 ).

5. Proof of Theorem 4.4

The logic of the proof is the following. By exploiting the spectrally multiplicityfree condition and the strong measurability we first show that the representation is irreducible (Lemma 5.3). Then we reduce the analysis of the representation to that of a unitary representation T of the commutative group IR/ZZ × IR/2πZZ (Lemma 5.5). Such representation is shown to be of the form ( T (a)ψ ) (α) = f(a, α) ψ(α + a) (Lemma 5.6). By exploiting the measurability of the function f, which follows from the hypothesis (B), and the group law, f is shown to be of the form f(a, α) = ξ(a + α) ξ(α) (Lemma 5.7). Hence f can be removed by a unitary transformation and the relations (4.1) are easily obtained.

Let (H, π) be a representation of A_W satisfying the hypotheses (A) and (B) of the theorem. According to the spectrally multiplicity-free property (see Section 3), there exist a positive measure μ on the Borel σ-algebra B (TT^2 ) of TT^2 and an isometric isomorphism U from the representation space H onto L^2(TT^2 , μ) such that, for each A in A_Z , U π(A) U^{−1} is the operator of multiplication by the Gelfand transform of A. The measure μ is of the form μ = ∑ i∈I μ_{xi} where {x_i}_{i∈I} is a family of orthogonal vectors such that H = ⊕_{i∈I} {π(A_Z )x_i} and μ_{xi} is the measure associated to x_i via the Riesz-Markov Theorem. Moreover, for each i in I, there is a Borel set S_i of TT^2 such that μ_{xi} (S_i) = μ_{xi} (TT^2 ) and μ_y(S_i) = 0 for all y ⊥ H_{xi} .

If f is a function on TT^2 and (a, b) ∈ IR^2, denote by f^{(a,b)} the translate of f, i.e. f^{(a,b)}(α, β) = f((α−a) mod 1, (β −b) mod 2π). If μ is a positive measure on B (TT^2 ), its translate, μ^{(a,b)}, is the measure defined by μ^{(a,b)}(f) = μ(f^{(−a,−b)}), for every bounded Borel-measurable function f on TT^2 .

LEMMA 5.1. For every (a, b) in IR^2 and x in H, the measure associated to the vector π(W (a, b))x is the translated measure μ^{(−a,−b)}_x .

Proof. The relation τ_{ab}(A) = W (a, b)^{−1}A W (a, b), A ∈ A_Z , defines a inner automorphism of A_Z . This map induces, by the Gelfand transform, an automorphism ^τ_{ab} on

C(TT^2 ): ^τab(^^A ) =^^A^{(a,b)}. On the other hand, from the definition of μx one has, for

every ^A in C(TT^2 ), ∫ T^2 ^τ_{ab}( ^A ) dμ_x = ( x , π ( W (a, b)^{−1}A W (a, b) ) x ) = ∫ T^2 ^A dμ_{π(W (a,b))x} .

In the following, for simplicity, a point of TT^2 will be denoted by an overlined (Greek or Latin) letter; α + a will indicate a translation of α ∈ TT^2 by a ∈ TT^2 . For each pair (i, j) of indices in I one can consider the product measure μ_{xi} ⊗ μ_{xj} defined on the Borel σ-algebra B (TT^2 ×TT^2 ) of the product space TT^2 × TT^2 .

LEMMA 5.2. Let (i, j) be a pair of indices in I and let A be an element of the σ-algebra

B (TT^2 ×TT^2 ) such that (μx_i ⊗ μx_j )(A) > 0. Then there exists k in I such that ( μ_{xi} ⊗ μ_{xj} ) (A ∩ ℑ_k) > 0 , with ℑ_k = { (a, α) ∈ TT^2 ×TT^2 | | χ_{Sk} (α + a) = 1} .

Proof. Note firstly that ℑ_k ∈ B (TT^2 × TT^2 ) (in fact, if η is the homeomorphism of

TT^2 × TT^2 such that (a , α)^η−→ (a , α − a), then ℑk = η(TT^2 × Sk)). Let A be an element

of B (TT^2 ×TT^2 ) such that (μ_{xi} ⊗ μ_{xj} )(A) > 0. We can always assume that A ⊆ S_i × S_j . By Fubini Theorem there exists a measurable Y_A ⊆ S_i, with μ_{xi} (Y_A) > 0, so that, for every a in Y_A, the set A|_a = {α ∈ TT^2 | (a, α) ∈ A} (the a-section of A) is Borel measurable and μ_{xj} (A|_a) > 0. Thus, if k is an index in I for which (μ_{xi} ⊗ μ_{xj} )(A ∩ ℑ_k) = 0, since A|_a ⊆ S_j , ∫ T^2 χ_{A|a} (α) χ_{Sk} (α + a) dμ(α) = 0 μ_{xi} (a)-a.e. .

Using the translation property of the measures μ_x (Lemma 5.1), for every ^B in C(TT^2 ), ( χ_{A|a} , Uπ(W (a))U^{−1} ^Bχ_{Sk} ) = ∫ T^2 ( Uπ(W (a))U^{−1} ^Bχ_{Sk} ) (α) χ_{Sk}(α + a) χ_{A|a}(α) dμ(α) = 0 μ_{xi} (a)-a.e. .

Therefore (μ_{xi} ⊗ μ_{xj} )(A ∩ ℑ_k) = 0 implies π(W (−a)) U^{−1}χ_{A|a} ⊥ H_{xk} almost everywhere w.r.t. μ_{xi} (a). By the measurability property (B), one has that, removing at most a μ_{xi} -null set from Y_A, the set {π(W (−a)) U^{−1}χ_{A|a} | a ∈ Y_A} is separable. Since the subspaces H_{xk} are mutually orthogonal, this implies that the family ~I = { k ∈ I | | | Hx_k ⊥̸ π(W (−a)) U^{−1}χ_{A|a} for some a ∈ YA }

must be countable. In conclusion, if (μ_{xi} ⊗ μ_{xj} )(A ∩ ℑ_k) = 0, for every k in I, then, since ~I is countable, π(W (−a)) U^{−1}χ_{A|a} ⊥ ⊕_{k∈}~_I H_{xk} μ_{xi} (a)-a.e. . So π(W (−a)) U^{−1}χ_{A|a} is zero μ_{xi} (a)-a.e.. Since π(W (−a)) U^{−1} is norm-preserving, this means that μ_{xj} (A|_a) = 0 for μ_{xi} -almost all a in Y_A, which contradicts the property previously obtained for Y_A.

LEMMA 5.3. The representation (H, π) is irreducible.

Proof. Let x_1 be a non-null vector of H and H_1 = {π(A_W )x_1}. Let x_2 ⊥ H_1. Consider H_2 = {π(A_W )x_2} and the subrepresentation (H_1 ⊕ H_2, π_1 ⊕ π_2). Writing H_1 = ⊕_{l∈I1} {π(A_Z )x_{1,l}} , H_2 = ⊕_{m∈I2} {π(A_Z )x_{2,m}} we obtain the decomposition H_1 ⊕ H_2 = ⊕_{j=1,2 m∈Ij} H_{xj,m} . Now for every product measure μ_{x1,l} ⊗ μ_{x2,m} , with l in I_1 and m in I_2, and every k in I_1, (μ_{x1,l} ⊗ μ_{x2,m} )(ℑ_{1,k}) = ∫ T^2 μ_{x2,m} (S_{1,k}^{(−a)}) dμ_{x1,l} (a) = 0

(S_{1,k}^{(−a)} is the (−a)-translated of S_{1,k}), since x_{1,k} ∈ H_1 ⊥ H_2 ∋ π(W (a))x_{2,m} and therefore, for each a, μ_{x2,m} (S_{1,k}^{(a)}) = 0. Similarly (μ_{x1,l} ⊗ μ_{x2,m} )(ℑ_{2,k}) = 0 for each k in I_2. From Lemma 5.2 it then follows that x_2 = 0.

The notion of localizability, as introduced by Segal [18], plays an important rôle in the following: a positive measure space (Ω, Σ, μ) is said to be localizable if for every (not necessarily countable) collection G ⊂ Σ of sets of finite measure there exists a set B in Σ, called the supremum, such that: (1) for each E in G, μ(E\B) = 0 and (2) if ~B is another element of Σ such that μ(E\ ~B) = 0 for every E in G, then μ(B\ ~B) = 0. LEMMA 5.4. The measure μ is localizable and can be written in the form μ = ∑ i∈I χ_{Si} μ^{(ri)}_{x0} ≡ ∑ i∈I μ_i where: r_i’s are points of TT^2 , x_0 is an arbitrary non-null vector in H and {S_i}_{i∈I} is a disjoint collection of Borel subsets of TT^2 .

Proof. Let x_0 be a fixed non-null vector of H. For every Borel set Y of TT^2 and every point r in TT^2 , define x_{Y,r} = π(W (−r)) U^{−1}χ_Y U x_0 .

By Lemma 5.1, μ_{xY,r} = (χ_Y μ_{x0} )^{(r)}. Let J = {x_{Yi,ri} }_{i∈I} be a maximal family of such vectors, with the properties: (i) J contains x_0 (ii) if x_{Yi,ri} and x_{Yj ,rj} are in J , then μ_{xYi,ri} ⊥ μ_{xYj ,rj} . ¿From the orthogonality of these measures it follows that the corresponding cyclic subspaces H_{xYi,ri} are mutually orthogonal and the irreducibility of the representation (Lemma 5.3) implies that H = ⊕_{i∈I} H_{xYi,ri} . Then, according to the spectrally multiplicity-free property, we can take μ = ∑ i∈I (χ_{Yi} μ_{x0} )^{(ri)} .

We claim that such a μ, naturally extended to the σ-algebra ⋂ x∈H B (TT^2 )^{μx} (where

B (TT^2 )^{μx} denotes the μx-completion of B (TT^2 )) is localizable.

Firstly we observe that, as a consequence of the hypotheses (A) and (B), there exists a Borel set Y_0 in TT^2 such that: (1) μ_{x0} (TT^2 \Y_0) = 0 and μ_y(Y_0) = 0 for every y ⊥ H_{x0} (2) {π(W (a − b)) H_{x0} | a , b ∈ Y_0} is a separable subset of H. By the first of these two properties, we can write μ = ∑ i∈I χ_{(Yi∩Y0)}(r_i) μ^{(ri)}_{x0} . The second property implies that, for each index i in I, the set

I^′ = { j ∈ I | | j ≠ i and (Y_0 ∩ Y_i)^{(r}i^) ∩ (Y_0 ∩ Y_j )^{(r}j^) ≠ Ø } is countable. In fact, if c ∈ ((Y_0 ∩ Y_i)^{(ri)} ∩ (Y_0 ∩ Y_j )^{(rj )}), then a + r_j = c = b + r_i for some a in Y_0 ∩ Y_j and b in Y_0 ∩ Y_i; therefore { x_{Yj ,rj} | j ∈ I^′ } ⊆ π(W (−r_i)) { π(W (a − b)) H_{x0} | a, b ∈ Y_0 }

and I^′ must be countable. In conclusion μ turns out to be the sum of finite measures which are concentrated on a family {(Y_0 ∩ Y_i)^{(ri)}}_{i∈I} of measurable sets such that μ ( ∪_{j≠i} (Y_0 ∩ Y_j )^{(rj )} ∩ (Y_0 ∩ Y_i)^{(ri)} ) = μ ( ∪_{j∈I}0 (Y_0 ∩ Y_j )^{(rj )} ∩ (Y_0 ∩ Y_i)^{(ri)} ) = 0 .

Using this result and the fact each finite measure is localizable, the localizability of μ can be easily obtained.

To conclude the proof of the lemma we note that, since the generators of A_W are indexed by IR^2 and the representation is cyclic, the dimension of H and therefore the cardinality of I cannot exceed that of continuum. Since the measure μ is localizable and admits the family {(Y_0 ∩ Y_i)^{(ri)} | i ∈ I} of μ-a.e. disjoint measurable sets, with 0 < μ((Y_0 ∩ Y_i)^{(ri)}) < +∞, by a theorem due to McShane [15], there exists a disjoint collection {S_i | i ∈ I} of Borel subsets of TT^2 such that, for each i in I, S_i ⊆ Y^{(ri)}_i and μ^{(ri)}_{x0} (S_i) = μ^{(ri)}_{x0} (Y^{(ri)}_i ); hence μ can be written into the desired form.

LEMMA 5.5. The family of operators {T (a, b)} defined by ( T (a, b) ψ ) (α, β) = e^{−i [α+a]β} e^{i b(α+a) mod 1} e^{− i2 ab} ( U π(W (a, b)) U^{−1}ψ ) (α, β) gives a unitary representation of the commutative group IR/ZZ × IR/2πZZ. Proof. Indicate by M_f the operator in L^2(TT^2, μ) of multiplication by a Borel-measu-rable function f on TT^2 . If ^A is a continuous function, from the properties of ^τ_a (see the proof of Lemma 5.1) we have ( U π(W (−a)) U^{−1} ) M ^_A ( U π(W (a)) U^{−1} ) = M ^_{A(a)} . By weak density this relation extends to each operator M_f , with f bounded Borelmeasurable function on TT^2 ; the commutation relations of the algebra A_W imply the desired result on the family {T (a, b)} by a straightforward computation.

LEMMA 5.6. There exists a function f : TT^2 × TT^2 → C such that, for every a in TT^2 , ( T (a)ψ ) (α) = f(a, α) ψ(α + a) ∀ ψ(α) ∈ L^2(TT^2 , μ) .

Moreover f is measurable w.r.t. the σ-algebra ⋂ i,j∈I B (TT^2 ×TT^2 ) μi�μ_j . Proof. For each j, k in I, define

TT^2 ∋ a −→ G^k_j (a) ≡ χS_j T (a)χS_k ∈ L^2(TT^2 , μj) .

The strong measurability of the representation and the boundedness of operators T (a)’s imply (see [7; Thm. III.11.17]) that, for all i in I, there exist complex functions g^k_{ij} on TT^2 ×TT^2 which are B (TT^2×TT^2 )-measurable and such that g^k_{ij}(a, ·) = G^k_j (a) almost everywhere w.r.t. μ_i. Redefining g^k_{ij} on a μ_i ⊗ μ_j -null set we obtain a new function, say f^k_{ij} , measurable w.r.t. the completed σ-algebra B (TT^2 ×TT^2 )^{μi}�^{μj} and verifying the equality f^k_{ij} (a, ·) = G^k_j (a) for each a in TT^2 . Since the sets {S_i × S_j }_{i,j∈I} are disjoint, we can define, for each k in I,

f^{(k)}(a, α) = { f^k_{ij} (a, α) , if (a, α) ∈ S_i × S_j , i, j ∈ I ( T (a)χ_{Sk} ) (α) , otherwise .

Such f^{(k)} turns out to be ⋂ i,j∈I B (TT^2 ×TT^2 )

μi�μ_j -measurable and f_{(k)}(a, ·) = T (a)χ_{Sk} for each a in TT^2 ; moreover we can always assume f^{(k)}(a, α) to be zero if (a, α) does not belong to the set ℑ_k (see Lemma 5.2). The function f of the lemma can now be obtained setting f(a, α) = { f^{(k)}(a, α) , if (a, α) ∈ ℑ_k , k ∈ I 0 , otherwise .

To verify that f is measurable w.r.t. the σ-algebra ⋂ i,j∈I B (TT^2 ×TT^2 )

μi�μ_j consider a Borel subset Y of C and a pair i, j in I. Since

f^{−1}(Y ) = [ f^{−1}(Y ) ∩ (S_i × S_j ) ] ∪ [ f^{−1}(Y ) ∩ (S_i × S_j )^c ]

and f^{−1}(Y )∩(S_i × S_j )^c is in B (TT^2 ×TT^2 )^{μi}�^{μj} , it remains to discuss f^{−1}(Y )∩(S_i ×S_j ). The family I^′ = {k ∈ I | (μ_i ⊗ μ_j )(ℑ_k) > 0} must be countable (since μ_i ⊗ μ_j is a finite measure and the sets ℑ_k are disjoint). Then, if 0 ∉ Y , we write

f^{−1}(Y ) ∩ (S_i × S_j ) = A ∪ B

with A = ∪_{k∈I}0(f^{(k)})^{−1}(Y ) ∩ (S_i × S_j ) and B = ∪_{k∉I}0(f^{(k)})^{−1}(Y ) ∩ (S_i × S_j ). The set A is a countable union of measurable sets. The set B is contained in (∪_{k∈I}0 ℑ_k)^c which is μ_i ⊗ μ_j -null. (In fact (μ_i ⊗ μ_j )((∪_{k∈I}0 ℑ_k)^c) > 0 would imply, according to

Lemma 5.2, the existence of a k_0 such that (μ_i ⊗ μ_j )((∪_{k∈I}0 ℑ_k)^c ∩ ℑ_{k0} ) > 0 and this would imply k_0 ∉ I^′.) Therefore B ∈ B (TT^2 ×TT^2 )^{μi}�^{μj} . If 0 ∈ Y , the above argument applies apart from a set contained in (∪_{k∈I} ℑ_k)^c ∩ (S_i × S_j ) which is μ_i ⊗ μ_j -null. Finally for every k in I and A in A_Z , using the definition of T (a) and the translation property of the automorphism ^τ_a (see the proof of Lemma 5.1), one has ( T (a) ^A χ_{Sk} ) (α) = ^A(α + a) ( T (a)χ_{Sk} ) (α) = ^A(α + a) χ_{Sk} (α + a) f^{(k)}(a, α) = f(a, α) ( ^ A χ_{Sk} ) (α + a)

and, by continuity, ( T (a)ψ ) (α) = f(a, α) ψ(α + a) for every ψ in L^2(TT^2 , μ).

LEMMA 5.7. There exists a complex function, ξ(α), on TT^2 , measurable w.r.t. the σ-algebra ⋂ x∈H B (TT^2 )^{μx} , such that |ξ(α)| ∈ (0, +∞) μ-a.e. and, for each a in TT^2 , f(a, α) = ξ(a + α) ξ(α) μ(α)-a.e. .

Proof. It is useful to introduce the measure ν = ∑ i,j∈I μ_i ⊗ μ_j

defined on the σ-algebra ⋂ i,j∈I B (TT^2 ×TT^2 )

μi�μ_j and the homeomorphism ϑ of TT_2 ×TT_2 given by ϑ(a, α) = (a + α, α). ¿From the strong measurability of the representation and Lemma 5.2, it follows that, if N ⊂ TT^2 × TT^2 and ν(N) = 0, then also ν(ϑ(N)) = 0. The group law T (a + b) = T (a) ∘ T (b) and Lemma 5.6 imply that, for every a, b in TT^2 , f(a + b, α) = f(b, α + a) f(a, α) μ(α)-a.e. and, replacing f with g = f ∘ ϑ^{−1}, we obtain g(a + b + α, α) = g(a + b + α, α + a) g(a + α, α) μ(α)-a.e. . Thus the function G given by G(b, a, α) = g(a + b + α , α) − g(a + b + α , α + a) g(a + α , α) is equal to zero ν(a, α)-a.e. for each fixed b. According to the properties of ϑ we have that G(b, ·, ·) ∘ ϑ^{−1} is still ν(a, α)-a.e. null, i.e.

g(a + b , α) = g(a + b , a) g(a , α) ν(a, α)-a.e. for each b in TT^2 . (5.1)

The strong measurability of the representation and the unitarity of T (a) ensure that (see [5]) there exist at least a Borel set X_0 in TT^2 such that the function ξ ( b ) = ∫ X_0 g(b, α) dμ_{x0} (α) is well-defined and such that |ξ ( b ) | ∈ (0, +∞) μ-almost everywhere; furthermore ξ is measurable w.r.t. the σ-algebra ⋂ x∈H B (TT^2 )^{μx} . Then, using relation (5.1), we can conclude that, for each d in TT^2 , g(b + d, b) ξ ( b ) = ∫ X_0

g(b + d, α) dμ_{x0} (α) = ξ ( b + d )

μ(b)-almost everywhere. So, for every d in TT^2 , we have f(d, b) = g(b + d, b) = ξ ( b + d ) ξ ( b ) μ(b)-a.e.

and the lemma is proved.

To complete the proof of the theorem define now a new measure ~μ on TT^2 setting ~μ = |ξ|^{−2} μ . It is not difficult to verify that the map Ξ, given by (Ξψ)(α, β) = ξ(α, β) ψ(α, β), is a norm-preserving isomorphism from L^2(TT^2 , μ) onto L^2(TT^2 , ~μ) and, for each ~ψ in L^2(TT^2 , ~μ) and each (a, b) in TT^2 , ( Ξ T (a, b) Ξ^{−1} ~ψ ) (α, β) = ~ψ((α + a)mod 1, (β + b)mod 2π) .

This equation implies that ~μ is translation-invariant (since the operators Ξ T (a, b) Ξ^{−1} are norm-preserving) and the isomorphism Ξ ∘ U (from H onto L^2(TT^2 , ~μ)) gives equations (4.1) for the action of the Weyl operators.

References

1. Acerbi, F., Morchio, G. and Strocchi, F.: Infrared singular fields and nonregular representations of canonical commutation relation algebras, J. Math. Phys. 34 (1993), 899-914.

2. Baume, R., Manuceau, J., Pellet, A. and Sirugue, M.: Translation Invariant States in Quantum Mechanics, Comm. Math. Phys. 38 (1974), 29-45.

3. Bratteli, O. and D. W. Robinson, D. W.: Operator Algebras and Quantum Statistical Mechanics, Volume 2. Springer-Verlag, New York, 1987.

4. Buchholz, D. and Fredenhagen, K.: Mathematical Problems in Theoretical Physics, Lecture Notes in Physics 153, R. Shrader, R. Seiler and D. A. Uhlenbrock, Springer-Verlag, Berlin, 1982.

5. Cavallaro, S.: Spectral representations in non-separable Hilbert spaces and A general characterization of non-regular representations of the Heisenberg group, Ph.D. thesis, International School for Advanced Studies, Trieste, 1997.

6. Cavallaro, S.: Multiplicity-free representations of commutative C^∗-algebras and spectral properties, preprint, 1998.

7. Dunford, N. and Schwartz, J. T.: Linear Operators Part I: General Theory, Wiley Interscience Publishers, USA, 1988.

8. Fannes, M., Verbeure, A. and Weder R.: On momentum states in quantum mechanics, Ann. Inst. Henri Poincaré XX A (3) (1974), 291-296 .

9. Hille, E. and Phillips, R. S.: Functional analysis and semi-groups. Amer. Math. Soc.

Colloq. Pub. vol. 31, New York, 1948.

10. Kehlet, E. T.: On the monotone sequential closure of a C^∗-algebra, Math. Scand. 25 (1969), 59-70.

11. Klimyk, A. U. and Schempp, W.: Classical and quantum Heisenberg groups, their Representations and applications, Acta Appl. Math. 45 (1996), 143-194.

12. Löffelholz, J., Morchio, G. and Strocchi, F.: Spectral stocastic processes arising in quantum mechanical models with a non-L^2 ground state, Lett. Math. Phys. 35 (1995), 251-262.

13. Manuceau, J.: C^∗-algèbre de relations de commutation, Ann. Inst. Henri Poincaré VIII (2) (1968), 139-161.

14. Maurin, K.: General Eigenfunction Expansions and Unitary Representations of Topological Groups, Polish Scientific Publishers, Warszawa, 1968.

15. McShane, E. J.: Families of measures and representations of algebras of operators, Trans.

Am. Math. Soc. 102 (1962), 328-345.

16. Narnhofer, H. and Thirring, W.: Covariant QED without indefinite metric Rev. Mod.

Phys. Special Issue (1992), 197-211.

17. Nill, F.: A constructive quantum field theoretic approach to Chern-Simons theory, J. Mod.

Phys. B 6 (1992), 2159-2198.

18. Segal, I. E.: Equivalence of measure spaces, Am. J. Math. 73 (1954), 275-313. 19. von Neumann, J.: Mathematical Foundations of Quantum mechanics, Princeton University Press, Priceton, 1955.

20. von Neumann, J.: Die Eindeutigkeit der Schrödingerschen operatoren, Math. Ann. 104 (1931), 570-578; Collected Works, Vol. 2, No. 7.

21. von Neumann, J.: Über einen Satz von M. H. Stone, Ann. of Math. 33 (1932), 567-573. 22. Zak, J.: Dynamics of Electrons in Solid in External Fields, Phys. Rev. 168 (1968), 686-695.