Exponential mixing and j lnh̄j time scales in quantized hyperbolic maps on the torus

Francesco Bonechi INFN, Sezione di Firenze Dipartimento di Fisica, Università di Firenze Largo E.Fermi 2, 50125 Firenze, Italy e-mail: bonechi@fi.infn.it and Stephan De Bièvre UFR de Mathématiques et UMR AGAT Université des Sciences et Technologies de Lille

59655 Villeneuve d’Ascq Cedex France

e-mail: debievre@gat.univ-lille1.fr

October 11, 1999

Abstract

We study the behaviour, in the simultaneous limits h̄ ! 0, t ! 1, of the Husimi and Wigner distributions of initial coherent states and position eigenstates, evolved under the quantized hyperbolic toral automorphisms and the quantized baker map. We show how the exponential mixing of the underlying dynamics manifests itself in those quantities on time scales logarithmic in h̄. The phase space distributions of the coherent states, evolved under either of those dynamics, are shown to equidistribute on the torus in the limit h̄ ! 0, for times t between^1_2^{| ln h̄|}_γ and^{| ln h̄|}_γ , where γ is the Lyapounov exponent of the classical system. For times shorter than^1_2^{| ln h̄|}_γ , they remain concentrated on the classical trajectory of the center of the coherent state. The behaviour of the phase space distributions of evolved position eigenstates, on the other hand, is not the same for the quantized automorphisms as for the baker map. In the first case, they equidistribute provided t ! 1 as h̄ ! 0, and as long as t is shorter than^{| ln h̄|}_γ . In the second case, they remain localized on the evolved initial position at all such times.

1 Introduction

It has been known for a long time and proven in a large number of situations that the eigenfunctions of a quantum system that has an ergodic classical limit equidistribute on the relevant energy surface as h̄ → 0 [Bo, BDB1, BDB2, CdV, DBDE, GL, HMR, Sc, Z1]. Similarly, if the underlying dynamics is mixing, this has an effect on the off-diagonal matrix elements of observables between eigenstates [Bo, CR1, Z2, Z3]. In other words, signatures of ergodicity or mixing on spectral properties of quantum systems have been extensively studied. In this paper we exhibit a phenomenon in the time domain that is a signature of the exponential mixing of the underlying dynamics: the equidistribution on the relevant energy surface of the Husimi and Wigner distributions of an evolved coherent state in the limit where simultaneously h̄ → 0 and^1_2^{| ln h̄|}_γ << t <<^{| ln h̄|}_γ . We show this phenomenon occurs in the quantized cat and Baker maps. We expect it to hold also in other exponentially mixing systems, such as perturbed cat maps, chaotic billards, or manifolds of constant negative curvature. Rigorous proofs of these latter statements are still lacking for reasons that will be explained below.

More precisely, we give a rigorous proof of the occurrence of two distinct time scales, both logarithmic in h̄, in the behaviour of the Wigner and Husimi phase space distributions of initial coherent states evolved under quantized hyperbolic toral automorphisms or the quantized baker map. (Theorems 1.1 and 1.2). Denoting by γ the Lyapounov exponent of the classical map, we show in particular a qualitative difference between the behaviour of the above quantities for times shorter than^{| ln h̄|}_{2γ} and for times between^{| ln h̄|}_{2γ} and^{| ln h̄|}_γ . When t <<^{| ln h̄|}_{2γ} the system is in what could be called, following [CC], the “orbital instability regime”: the phase space distribution functions behave as a delta function situated on the classically evolved center of the initial coherent state. For times^{| ln h̄|}_{2γ} << t <<^{| ln h̄|}_γ the system is in the “mixing” or “statistical relaxation” regime: the phase space density spreads throughout the phase space and approaches the steady state given here by the uniform distribution. Some numerical evidence for the existence of such a transition at times of order | ln h̄| was given in [TI] for the cat map and in [BV] for the Baker transformation without however pinning down its precise location.

The occurence of the transition at^{| ln h̄|}_{2γ} is linked to the support properties of the phase space distributions of coherent states and the situation is different for position eigenstates. When evolved under a quantized toral automorphism, the latter reach the mixing regime “immediately”; by this we mean in any limit, however slow, where t → ∞ as h̄ → 0, and for all times up to^{| ln h̄|}_γ . When evolved under the quantized baker map, on the contrary, they remain in the “orbital instability regime” for all such times. For precise statements, see (1.6) and Proposition 4.2 (i).

We will argue below that the above phenomena can be understood in terms of the interaction between the exponential mixing properties of the classical dynamics and the support properties of the initial phase space distributions. This suggests that the results should remain valid – mutatis mutandis – for other exponentially unstable chaotic systems. To prove the existence of a transition in the behaviour of the coherent state matrix elements, however, one would need good control on the semi-classical approximation of the full quantum evolution of such systems for times longer than | ln h̄|/2γ, where γ is the classical mixing rate of the system. This is known to be a delicate matter: see [BR, BGP, CR2, HJ] for results in this direction.

The study of time-dependent quantities has attracted less attention in quantum chaos than that of spectral properties. Nevertheless, its importance has been stressed by several authors very early on [B] [BB] [BBTV]. There are two reasons for this. The first is that resolving fine spectral details is equivalent, via the Fourier transform, to understanding the (very) long time behaviour of the system. The other one, perhaps a bit more philosophical, is that chaotic properties of classical dynamical systems (ergodicity, mixing and mixing rates, Lyapounov exponents, . . . ) manifest themselves asymptotically in time (t → ∞). It is well kown that bound quantum mechanical systems, having discrete spectrum, can not be chaotic in the classical sense. This poses the question of how classical chaos “emerges” from quantum mechanics as h̄ → 0 and hence of the non-commutativity of the h̄ → 0 and t → ∞ limits. The following view on this problem has been expressed more or less explicitly by several authors [BV][OT][CC]. We know that for times that are not too long, but that could still go to infinity as h̄ goes to 0, classical and quantum mechanics are close. It is reasonable to expect that if, within this time scale, the classical system exhibits certain chaotic properties, then those will also manifest themselves in the quantum system. Our results give a precise quantitative content to this idea by showing that, for the quantized cat and Baker maps, the classical exponential mixing manifests itself already in the quantum system for times shorter than^{| ln h̄|}_γ .

Let us now give a precise statement of our results. For more details on the objects introduced, we refer to section 2 for the cat maps and to section 4.1 for the baker map. Let H_N (κ)(κ ∈ [0, 2π[×[0, 2π[) be the quantum Hilbert space of states associated to the torus T^2, where N = 1/(2πh̄) ∈ N, and where Op^W_κ (f) is the Weyl quantization of the classical observable f ∈ C^∞(T^2). We also introduce, for each x = (q, p) ∈ T^2, the coherent state |x, z, κ⟩ ∈ H_N (κ) which is obtained by periodizing the Gaussian centered at x, with shape determined by z ∈ C (Im z > 0). To each hyperbolic toral automorphism A ∈ SL_2(Z) (|TrA| > 2) the metaplectic representation associates a unitary map M_κ(A) on H_N (κ), the so called quantum map. To each (bounded) function f on the torus we associate the following (t, N) dependent function (x_0 ∈ T^2): O^{AW,κ}_f [t, N](x_0) = ⟨x_0, z, κ|M_κ(A)^{−t}Op^{AW}_{κ,z} (f)M_κ(A)^t|x_0, z, κ⟩ . (1.1) Here Op^{AW}_{κ,z} (f) stands for the anti-Wick quantization of f, so that O^{AW,κ}_f [t, N](x_0) = ∫ T^2 f(x)|⟨x, z, κ|M_κ(A)^t|x_0, z, κ⟩|^2 dx 2πh̄ . (1.2)

Our principal result for the quantized hyperbolic toral automorphisms is then:

Theorem 1.1 For all f ∈ C^∞(T^2), for all ϵ > 0 lim_{N→∞} t<(1−ϵ)^{ln N}_{2γ} ( O^{AW,κ}_f [t, N](x_0) − f(A^tx_0) ) = 0, (1.3)

and lim_{N→∞} (1+ϵ)^{ln N}_{2γ} <t<(1−ϵ)^{ln N}_γ O^{AW,κ}_f [t, N](x_0) = ∫ T^2 f(x) dx , (1.4)

uniformly in x_0 ∈ T^2 and in t in the indicated region. Here γ denotes the Lyapounov exponent of the classical map.

The first part of Theorem 1.1 asserts that if N goes to infinity with t “much” smaller than^{ln N}_{2γ} , then O^{AW,κ}_f [t, N](x_0) tends to f(A^tx_0). In other words, on this time scale, the behaviour of O^{AW,κ}_f is determined by the motion of the center of the coherent state, which is erratic since the classical map is chaotic and which therefore depends strongly on the initial x_0 ∈ T^2 and on A: the system is in the orbital instability regime. Note that, in view of (1.2), equation (1.3) means that the Husimi distribution of the evolved coherent states converges (weakly) to the delta function at A^tx_0 as h̄ tends to 0. Changing from anti-Wick quantization to Weyl quantization, it is easy to see that the same statement holds for the Wigner distribution of the evolved coherent state as well.

Equation (1.4) shows that, at times beyond ln N/2γ, the situation changes. In the asymptotic region where ln N/2γ << t << ln N/γ, O^{AW,κ}_f [t, N](x_0) becomes a constant, independent of the coherent state center x_0 and of the dynamics A. This result is a consequence of the exponential mixing property of the classical map as we explain below.

Equation (1.3) is of course easily understood intuitively using the following simple argument about the evolution of coherent states. Recall first that (see also section 2) M_κ(A)|x_0, z, κ⟩ = (phase)|Ax_0, A · z, κ⟩, where the change from z to A · z represents the stretching and squeezing of the initial coherent state under the classical evolution by a factor exp γ. Hence, if t ≪^{ln N}_{2γ} (i.e. t ≤ (^1_2 − ϵ)^{ln N}_γ ), the region in which the coherent state lives is of maximal linear size e^{γt}/ √ N ≈ N^{−ϵ}, which shrinks with N, even though t may go to infinity. As a result, the only contribution to the integral in calculating (1.2) comes from the point A^tx_0.

To understand (1.4), let us first recall that for the classical system one has (see [DB] for a simple proof of this well known fact): | ∫ T^2 f(x)ρ(A^{−t}x, t) dx − ∫ T^2 f(x) dx| ≤ C_f (∫ T^2 |∇ρ|(x, t) dx ) exp −γt, (1.5)

for any phase space distribution ρ(x, t) ≥ 0, ∫ T^2 ρ(x, t) dx = 1, which may depend

explicitly on t, a remark we will use below. This means ρ(x, t) converges (weakly) to 1 and does so exponentially fast provided sup_t ∫ T^2 |∇ρ|(x, t) dx < ∞: this is the

property called exponential mixing, a consequence of the exponential instability of the dynamics. Note however that the convergence depends also on ∫ T^2 |∇ρ|(x, t) dx, a quantity that should be thought of as measuring the scale on which ρ(x, t) fluctuates: the faster the fluctuations in ρ, the bigger this quantity is and the slower the convergence in (1.5). Consider now O^{AW,κ}_f [t, N](x_0) = ∫ T^2 f(x) |⟨x_0, z, κ|A^{−t}x, A^{−t} · z, κ⟩|^2 2πh̄ dx. This is precisely of the form ∫ T^2 f(x)ρ(A −tx, t) dx with ρ(x, t) = |⟨x_0, z, κ|x, A^{−t} · z, κ⟩|^2 2πh̄ . Hence ρ(x, t) is the Husimi distribution of the initial coherent state |x_0, z, κ⟩ with respect to the “squeezed” coherent states |x, z^′ = A^{−t} · z, κ⟩: as a result, it is not unreasonable to expect that ∫ T^2 |∇ρ|(x, t) dx is of order 1/ √ h̄. If this were true, the exponential mixing property of the classical dynamics would immediately imply that |O^{AW,κ}_f [t, N](x_0) − ∫ T^2 f(x) dx| ≤ C_f exp −γt √ h̄ , yielding (1.4). We will give two proofs of (1.4). The proof of Proposition 3.3 (ii) will follow essentially the above strategy which clearly brings out the role of the exponential mixing in the result, and its interaction with the natural length scale √ h̄ associated to the Husimi distribution of |x_0, z, κ⟩. The proof of Proposition 3.1-3.2 is simpler, but perhaps less telling. Let us also point out that (1.4) remains true, even if x_0 is a periodic point of the underlying dynamics.

The toral automorphisms are obtained by folding a linear dynamics back over the torus and as a result they enjoy, both classically and quantum-mechanically, very special arithmetic properties [DEGI, KR, Ke]. This makes them rather particular and it is of interest to see if a result similar to Theorem 1.1 holds for more “generic” chaotic systems, such as the perturbed cat maps or the baker map. This would ensure that the phenomena observed are not due to the special nature of the toral automorphisms. A partial answer to this question is given for the baker map in Theorem 1.2 below. Our principal tool in the proof of this result is an Egorov theorem (Proposition 4.3) proven for this system in [DBDE], which allows us to control the dynamics for times up to log_2 N. Recall that the Lyapounov exponent of the Baker map is ln 2. As mentioned previously, such control is not available for perturbed toral automorphisms, nor for any other hyperbolic Hamiltonian system. Writing B for the baker map and V_B for its quantization on H_N (0), we have (for unexplained notations, see section 4):

Theorem 1.2 ∀x_0 ∈ T^2, ∀0 < ϵ < 1, there exists a sequence x_N = (q_N , p_N ) ∈ T^2, ||x_N − x_0|| ≤ N^{−ϵ/5}, so that, for all f ∈ C^∞(T), lim_{N→∞} 0≤t<(1−ϵ)^1_2 log_2 N ⟨x_N , z, 0|V^{−t}_B Op^{AW}_{0,z} (f)V^t_B|x_N , z, 0⟩ − f(2^tq_N ) = 0 and lim_{N→∞} (1+ϵ)^1_2 log_2 N<t<(1−ϵ) log_2 N ⟨x_N , z, 0|V^{−t}_B Op^{AW}_{0,z} (f)V^t_B|x_N , z, 0⟩ = ∫ 1 0 f(q) dq ,

The limits are uniform for t in the indicated region.

Comparing to Theorem 1.1, this result has two obvious shortcomings: the restriction to functions f of the q variable alone and the use of the sequences x_N . Their origin will be explained in section 4.2.

The occurence of a transition at^{| ln h̄|}_{2γ} in the qualitative behaviour of the matrix elements above is directly related to the choice of a coherent state as an initial state. To illustrate this, we also study the behaviour of ⟨e^κ_j , M_κ(A)^{−t}Op^{AW}_{κ,z} (f)M_κ(A)^te^κ_j ⟩ (section 3.3), and of ⟨e^κ_j , V^{−t}_B Op^{AW}_{κ,z} (f)V^t_Be^κ_j ⟩ (section 4), where the e^κ_j are the “position eigenstates” in H_{h̄}(κ) (see section 2). In the case of the cat maps, if one applied the same heuristic reasoning as above (based on (1.5)), one would conclude that the mixing regime should set in no later than for times of the order^{ln N}_{2γ} , since the Husimi distribution of the position eigenstates still has a spread of the order of √ h̄ in the q-direction. In fact, we will prove in section 3.3 that for all sequences j_N (1 ≤ j_N ≤ N) lim N→∞,t→∞ t<(1−ϵ)^{ln N}_γ ⟨e^κ_{jN} , M_κ(A)^{−t}Op^{AW}_{κ,z} (f)M_κ(A)^te^κ_{jN} ⟩ = ∫ T^2 f(x)dx, (1.6)

the limit being again uniform with respect to j_N : in other words, no orbital instability regime is observed here, mixing sets in as soon as t → ∞. This results, intuitively at least, from a suitably adapted version of (1.5), proven in section 4, together with the observation that the phase space distributions of the position eigenstates are completely delocalized in the p-direction.

In the case of the baker map, the opposite phenomenon occurs: in this case, no mixing regime is observed for ⟨e^κ_j , V^{−t}_B Op^{AW}_{κ,z} (f)V^t_Be^κ_j ⟩ at times shorter than | log_2 h̄|. For a detailed statement we refer to Proposition 4.2 (i). This result can again be understood in terms of the interaction of the mixing properties of the classical map with the support properties of the initial position state, the support of which is now exactly lined up with the stable manifold of the classical baker map.

As mentioned above, manifestations of classical chaos in the corresponding quantum system have been searched mainly in the energy domain. Nevertheless, several papers [B, BB, BBTV, BV, CC, OT, OTH, TH, TI] have analysed the behaviour of the Wigner function of semi-classically evolved initial states with initial support either in a point, such as coherent states, or on a Lagrangian submanifold, such as position eigenstates, and compared them numerically to the Wigner function of the quantum mechanically evolved states. The general picture that emerges from these studies is as follows: for times that are not too long the semi-classical approximation should be valid and is itself determined essentially by the behaviour of the support of the Wigner function of the initial state under the classical flow. The results of the present paper, as summarized above, corroborate this picture by proving some rigorous statements in this direction on a few simple systems, for times up to | ln h̄|/γ. As an example, Theorem 1.1 shows that the Husimi distribution of the quantum mechanically evolved coherent state (i.e.^{|⟨x0,z,κ|A−tx,A−t·z,κ⟩|2}_{2πh̄} ) can not be distinguished, as h̄ goes to 0, from the classically evolved Husimi distribution of the initial coherent state (i.e. ,^{|⟨x0,z,κ|A−tx,z,κ⟩|2}_{2πh̄} ) for times up to^{ln N}_γ . The change in behaviour of either of these quantities, at times of the orderof^{ln N}_{2γ} is entirely due to the interaction of the exponential mixing of the classical dynamical system with the uncertainty principle which forces the initial Husimi distribution to have a spread of size √ h̄. In addition, we exhibit one extra phenomenon: a slightly longer time scale on which the above picture breaks down, in the sense that the semi-classical or quantum evolution does no longer stay close to the underlying purely classical evolution. Indeed, we show in section 3.2 that, in quantized cat maps, the classical-quantum (and hence the classical-semi-classical) agreement breaks down “a little later than at | ln h̄|/γ”, that is to say at times of order^3_2^{ln N}_γ . More details, as well as an intuitive explanation of the phenomenon can be found in section 3.2.

It is important to add a few words of caution: we want to stress that our results have nothing to say about the problem of the existence or not of a so-called | ln h̄|- barrier, i.e. a time scale of the form α^{| ln h̄|}_γ (α > 0) beyond which semi-classical approximations to the quantum evolution may break down [B, BB, BBTV, BV, OT, OTH, TH]. What we have shown here is that the exponential mixing of the classical dynamics manifests itself in the quantum system already on time scales short enough to be accessible to semi-classical approximations. In other words, the phenomena we exhibit are taking place before such a breakdown – if any – is expected to occur. At any rate, the cat maps being linear, for them semi-classical approximations are exact at all times, and their study can not shed light on the above problem. For the baker map, we show that the semi-classical evolution of the Husimi or Wigner distributions of a position eigenstate (Proposition 4.2 (ii)) and of a coherent state (Proposition 4.1 (ii)) agrees indeed with the quantum mechanical one for times up to log_2 h̄, as expected.

At the risk of belabouring the point, we repeat one more time that we have not been able to exhibit a time scale on which the agreement between the semi-classical and the full quantum evolution breaks down.

2 Kinematical estimates on the torus

The kinematic framework of quantum mechanics on the two-torus T^2 (with coordinates (q, p) ∈ [0, 1[×[0, 1[) as well the quantization of the toral automorphisms is well known. We briefly recall the essential ingredients, following [Bo, BDB2], where proofs omitted here, as well as references to the original literature can be found.

First, recall that the quantum Hilbert space of a particle on the line is L^2(R). Moreover, to each classical observable f(q, p) (f ∈ C^2(R^2)), Weyl quantization associates a quantum observable Op^W (f) defined by

Op^W (f) = ∫ ∫ f̃(a)U(a) da 2πh̄ , wheref(q, p) = ∫ f̃(a)e− i h̄ (a_1p − a_2q) da 2πh̄ , (2.1)

and where U(a_1, a_2) = e − i h̄ (a_1P − a_2Q) are the phase space translation operators in the usual notations (see [BDB2] for further technical details). In particular, if f is periodic of period 1 in both q and p, one readily concludes that

Op^W (f) = ∑ n∈Z^2 f_nU(2πh̄n_1, 2πh̄n_2), where f = ∑ n f_ne2πi(n^2q − n^1p). (2.2)

We will always suppose ∑ n |f_n| < ∞ and shall write f ∈ ℓ̌_{1,k} iff ∑ n |f_n|‖n‖^k < ∞. (2.3) For ξ, η ∈ R^2, we introduce the notation ⟨ξ, η⟩ = ξ_1η_2−ξ_2η_1 and χ_ξ(x) = exp 2πi⟨x, ξ⟩.

One constructs the quantum Hilbert space of states by searching for states ψ having the symmetry of the torus, i.e. states periodic of period 1 both in the position and the momentum variable:

U(1, 0)ψ = e−iκ^1 ψ U(0, 1)ψ = eiκ^2 ψ, (κ_1, κ_2) ∈ [0, 2π) × [0, 2π), (2.4)

where one allows for the usual phase change. The space of solutions H_{h̄}(κ) to (2.4) is a space of tempered distributions of which one proves readily that either it is zero-dimensional, or there exists a positive integer N so that

2πh̄N = 1, (2.5)

in which case it is N-dimensional. Equation (2.5) will always be assumed to hold in the rest of this section.

Condition (2.5) is equivalent to [U(0, 1), U(1, 0)] = 0, so that (2.4) is nothing but the problem of simultaneously diagonalizing U(0, 1) and U(1, 0). Since their spectra are continuous, this leads to a direct integral decomposition of L^2(R):

L^2(R) ∼= ∫ 2π 0 ∫ 2π 0 dκ (2π)^2 H_{h̄}(κ) , ψ ∼= ∫ 2π 0 ∫ 2π 0 dκ (2π)^2 ψ(κ). (2.6)

This equips each “term” H_{h̄}(κ) with a natural inner product. For each admissible h̄ (i.e. 2πh̄N = 1), the spaces H_{h̄}(κ), indexed by κ, are the quantum Hilbert spaces of states for systems having the torus as phase space. An orthonormal basis for H_{h̄}(κ) is given by the position eigenstates {e^κ_j }^{N−1}_{j=0} , where

e^κ_j (y) = √ 1 N ∑ n einκ^1 δ(y − κ_2 2πN − j N − n) y ∈ R . (2.7)

The following unitary representation of the discrete phase space translations U_κ ( n_1 N , n_2 N ) e^κ_j = e^{iπ n1n2N} e^{i(κ2+2πj) n2N} e^κ_{j+n1} (2.8)

is obtained by restriction of U(^{n1}_N ,^{n2}_N ) to H_{h̄}(κ). For each ψ ∈ S(R), we have that ⟨e^κ_j , ψ(κ)⟩ = 1 √ N ∑ n∈Z e^{iκ1n}ψ( κ_2 2πN + j N − n) . (2.9)

For later use, we introduce the vectors ϵ_j ∈ L^2(R) that are the direct sum (see (2.6)) of the position eigenstates e^κ_j ∈ H_{h̄}(κ).

Lemma 2.1 Let ϵ_j ∈ L^2(R), j = 0, . . . , N − 1, be defined by ϵ_j(x) = √ N if j/N ≤ x < (j + 1)/N and 0 otherwise. Then

ϵ_j = ∫ ⊕ dκ (2π)^2 e^κ_j .

Proof. A direct computation shows that for each ψ = ∫ ⊕ dκ (2π)^2 ψ(κ) one has ⟨ϵj, ψ⟩ = ∫ dκ/(2π)^2 ⟨e^κ_j , ψ(κ)⟩ . Turning now to the quantization of observables, since for each f on T^2, the commutator [Op^W (f), U(k, ℓ)] = 0, it is clear that, for each κ, Op^W (f) H_{h̄}(κ) ⊂ H_{h̄}(κ) and hence Op^W (f) ∼= ∫ 2π 0 ∫ 2π 0 dκ (2π)^2

Op^W_κ (f), (2.10)

where Op^W_κ (f) denotes the restriction of Op^W (f) to H_{h̄}(κ). We conclude from (2.2) and (2.5) that Op^W_κ (f) = ∑ n∈Z^2 f_n U_κ ( n_1 N , n_2 N ) . We will make extensive use of coherent states in our analysis. Recall first the definition of the standard Weyl-Heisenberg coherent states. For z ∈ C, and Imz > 0, they are defined, for each x = (q, p) ∈ R^2, by

η_{0,z}(y) = ( Imz πh̄ )^1_4 e i 2h̄ zy^2 , η_{x,z}(y) = (U(q, p)η_{0,z}) (y) ≡ ⟨y | x, z⟩ y ∈ R, (2.11) in the standard manner. We will systematically use the bra-ket notation of Dirac, i.e. η_{x,z}(y) = ⟨y | x, z⟩. Furthermore we recall here the explicit formula for the scalar product between coherent states (x = (q, p), x^′ = (q^′, p^′))

⟨x, z|x^′, z^′⟩ = F (z, z^′) e i 2h̄ (qp^′ − pq^′) e − 1 2h̄ (x − x^′, B(z, z^′)(x − x^′)) , (2.12) where, F (z, z^′) = (Imz Imz^′)^{1/4}/ √ (z^′ − z^∗)/(2i), and B(z, z^′) = 1 z^′ − z^∗ ( iz^∗z^′ −^i_2 (z^′ + z^∗) −^i_2 (z^′ + z^∗) i ) . If z = z^′ then B(z) = B(z, z) is a positive definite matrix; we will denote by β_+(z) (β_−(z)) its greatest (smallest) eigenvalue.

The following property that generalizes the resolution of the identity for coherent states is valid for each ψ_1, ψ_2, ϕ_1, ϕ_2 ∈ L^2(R): ∫ R^2 dx 2πh̄ ⟨ψ_1|U(x)ϕ_1⟩⟨U(x)ϕ_2|ψ_2⟩ = ⟨ψ_1|ψ_2⟩⟨ϕ_2|ϕ_1⟩ . (2.13)

The coherent states |x, z, κ⟩ are defined on the torus implicitly by | x, z⟩ ∼= ∫ 2π 0 ∫ 2π 0 dκ (2π)^2 | x, z, κ⟩ . (2.14) They still satisfy an analogue of the generalized resolution of the identity.

Lemma 2.2 For i = 1, 2, let ψ_{i,κ0} ∈ H_N (κ_0), ϕ_i ∈ S(R). If we denote by ∫ dk/(2π)^2[U(x)ϕ_i](κ) the integral decomposition of U(x)ϕ_i for x ∈ T^2 , we have ∫ T^2 dx 2πh̄ ⟨ψ_{1,κ0} |[U(x)ϕ_1](κ_0)⟩⟨[U(x)ϕ_2](κ_0)|ψ_{2,κ0} ⟩ = ⟨ψ_{1,κ0} |ψ_{2,κ0} ⟩⟨ϕ_2|ϕ_1⟩ .

Proof. Recall from [BDB2] that the map

S(κ) = ( ∑ m exp −iκ_2m U(0, m))( ∑ n exp iκ_1n U(n, 0))

defines a surjection of the space of Schwartz functions S(R) onto H_{h̄}(κ) ⊂ S^′(R). Let ϕ, ψ ∈ S(R) and write, as in (2.6), ϕ ∼= ∫ dκ (2π)^2 ϕ(κ), ψ

∼= ∫^{dκ}_{(2π)2} ψ(κ). Then, as a simple calculation shows, ⟨ϕ(κ), ψ(κ)⟩ = ⟨ϕ, S(κ)ψ⟩ = 1 N ∑ ℓ∈Z ϕ̄(x_ℓ)ψ^{(κ}1^)(x_ℓ),

where x_ℓ =^{κ2}_{2πN} +^ℓ_N and

ψ^{(κ1)}(y) = ∑ n∈Z exp iκ_1n ψ(y − n). As a simple inspection shows, the matrix element ⟨ϕ(κ), ψ(κ)⟩ is a smooth period function of κ and, as a result, is pointwise equal to the sum of its Fourier series. These observations can be used to justify the following formal computation. Let ψ_i ∈ S(R) such that S(κ_0)ψ_i ∼= ψ_{i,κ0} . Then we have ∫ T^2 dx 2πh̄ ⟨ψ_{1,κ0} |[U(x)ϕ_1](κ_0)⟩⟨[U(x)ϕ_2](κ_0)|ψ_{2,κ0} ⟩ =

= ∑ mn e^{iπN(m1m2+n1n2)}e^{i((m1+n1)κ01−(m2+n2)κ02)} ∫ T^2 dx 2πh̄ ⟨ψ_1|U(m)U(x)ϕ_1⟩⟨U(x)ϕ_2|U(n)ψ_2⟩ = ∑ ms e^{iπNs1s2} e^{i(s1κ01−s2κ02)} ∫ T^2 dx 2πh̄ ⟨ψ_1|U(m + x)ϕ_1⟩⟨U(x + m)ϕ_2|U(s)ψ_2⟩ = ∑ s e^{iπNs1s2} e^{i(s1κ01−s2κ02)} ∫ R^2 dx 2πh̄ ⟨ψ_1|U(x)ϕ_1⟩⟨U(x)ϕ_2|U(s)ψ_2⟩ = ∑ s e^{iπNs1s2} e^{i(s1κ01−s2κ02)}⟨ψ_1|U(s)ψ_2⟩⟨ϕ_2|ϕ_1⟩ = ⟨ψ_{1,κ0} |ψ_{2,κ0} ⟩⟨ϕ_2|ϕ_1⟩ .

Given f ∈ L^∞(T^2), the anti-Wick quantization Op^{AW}_{κ,z} (f) of f is the operator on H_{h̄}(κ) defined by Op^{AW}_{κ,z} (f) = ∫ T^2 f(x) |x, z, κ⟩⟨x, z, κ| dx 2πh̄ . (2.15)

One has [BDB2],

Id_{Hh̄(κ)} = ∫ T^2 |x, z, κ⟩⟨x, z, κ| dx 2πh̄ ; Op^{AW}_z (f) = ∫ ⊕ dκ (2π)^2 Op^{AW}_{κ,z} f. (2.16)

In the following lemma we collect a useful relation between Weyl and anti-Wick quantization.

Lemma 2.3 Let z ∈ C, with Imz > 0.

(i) [Plane] For each φ_i ∈ L^2(R), i = 1, 2, β ∈ R^2 we have that ⟨φ_1|Op^{AW}_z (χ_β)|φ_2⟩ = ⟨2πh̄β, z|0, z⟩⟨φ_1|Op^W (χ_β)|φ_2⟩ . (ii)[Torus] For each φ_{i,κ} ∈ H_N (κ), β ∈ Z^2 we have that ⟨φ_{1,κ}|Op^{AW}_{κ,z} (χ_β)|φ_{2,κ}⟩ = ⟨ β N , z|0, z⟩⟨φ_{1,κ}|Op^W_κ (χ_β)|φ_{2,κ}⟩ . Proof. (i) The result comes from (2.13) with ϕ_1 = |0, z⟩, ϕ_2 = U(2πh̄β)|0, z⟩, ψ_1 = φ_1, ψ_2 = U(2πh̄β)φ_2. Point (ii) is proven exactly as in (i) using now Lemma (2.2) with ϕ_1 = |0, z⟩, ϕ_2 = U(β/N)|0, z⟩, ψ_{1,κ} = φ_{1,κ} and ψ_{2,κ} = U_κ(β/N)φ_{2,κ}.

Let us introduce some notation. If s ∈ R, then we denote by p(s) the nearest integer to s; if s = m + 1/2 is a half-integer (m ∈ Z) then p(m + 1/2) = m. With some abuse of notation, we write p(ξ) = (p(ξ_1), p(ξ_2)) ∈ Z^2 for ξ ∈ R^2.

We end this section with two propositions collecting a few simple but crucial semiclassical estimates on the Weyl quantized observables and the Husimi distributions, respectively.

Proposition 2.4 Let z ∈ C, with Imz > 0. (i) For each function f ∈ ℓ̌_{1,0}, for all x = (q, p), x^′ = (q^′, p^′) ∈ T^2, we have that ⟨x, z, κ|Op^W_κ (f)|x^′, z, κ⟩ = ∑ m∈Z^2 (−)^{Nm1m2} e^{iπN⟨m,x′⟩}e^{−i(m1κ1−m2κ2)} ⟨x, z|Op^W (f)|x^′ − m, z⟩ . (ii) For all n in Z^2, for all x ∈ T^2, we have that ⟨x, z, κ|U_κ( n N )|x, z, κ⟩ = ∑ m∈Z^2 c^m_n (x)e^{−i(m1κ1−m2κ2)} , where c^m_n (x) = χ_{n−Nm}(x) (−)^{Nm1m2} e^{−iπ<m,n>}e^{−πN(m− nN ,B(z)(m− nN ))} . (iii) There exists C > 0 such that for each n ∈ Z^2 and for each x ∈ T^2 the following inequality holds | | | |⟨x, z, κ|U_κ( n N )|x, z, κ⟩ − c^{p( nN )}n e^{−i(p}(^{n1N )κ1−p( n2N )κ2}) | | | | ≤ C exp − πNβ_−(z) 4 . Proof. Part (i) is easily obtained by calculating the Fourier coefficients of the function ⟨x, z, κ|Op^W_κ (f)|x^′, z, κ⟩ in κ. Indeed, for m ∈ Z^2 let

c^m(f) = ∫ T^2_κ dκ (2π)^2 ⟨x, z, κ|Op^W_κ (f)|x^′, z, κ⟩ei(m^1κ^1 − m^2κ^2) . Then, by using the direct sum decomposition of L^2(R), of the coherent states and of Op^W (f) we have

c^m(f) = ∫ T^2_κ dκ (2π)^2 ⟨x, z, κ|Op^W_κ (f)U(−m_1, 0)U(0, −m_2)|x^′, z, κ⟩ = (−)^{Nm1m2} e^{iπN<m,x′>} ∫ T^2_κ dκ (2π)^2 ⟨x, z, κ|Op^W_κ (f)|x^′ − m, z, κ⟩ = (−)^{Nm1m2} e^{iNπ<m,x′>}⟨x, z|Op^W (f)|x^′ − m, z⟩ . (ii) This is obtained from (i) using the explicit formula of the scalar product between two coherent states on the plane (2.12).

(iii) According to the definition given in (2.12) we have that |⟨x, z, κ|U_κ( n N )|x, z, κ⟩ − c^{p( nN )}n e^{−i(p}(^{n1N )κ1−p( n2N )κ2})| ≤ ∑ m≠p(^n_N ) e^{−πN(m− nN ,B(z)(m− nN ))} ≤ ∑ m≠p(^n_N ) e^{−πNβ−(z)}‖^{m− nN} ‖^2 . The result then comes from the following inequality: let a > 0 and x_o = p(x_o)+f_o ∈ R, with 0 ≤ |f_o| ≤ 1/2; then we have ∑ n≠p(xo) e^{−a(n−xo)2} = ∑ n≠0 e^{−a(n−fo)2} ≤ ∑ n≠0 e^{− a2 |n−fo|}

= e^{− a}2 1 − e^{− a}2

(e^{− a2 fo} + e^{a2 fo} ) ≤

2 e^{− a}4 1 − e^{− a}2 .

Notice in the above proof that it is convenient to estimate various κ-dependent quantities – which is an a priori difficult task – by estimating the terms of the corresponding κ-Fourier series expansion, written in terms of quantities defined on the plane which are often easy to calculate. This technique will be extensively used in the rest of the paper.

The following estimate makes precise the statement given in the introduction about quantum fluctuations of the Husimi distribution of a state ψ, both on the plane and on the torus.

Proposition 2.5 Let z ∈ C, Im z > 0.

(i)[Plane] For each ψ ∈ L^2(R), we have that ∫ R^2 |∂_q|⟨ψ|x, z⟩|^2| dx 2πh̄ ≤ |z| √ 2 h̄ Imz ‖ψ‖^2 ∫ R^2 |∂_p|⟨ψ|x, z⟩|^2| dx 2πh̄ ≤ √ 2 h̄ Imz ‖ψ‖^2 (ii)[Torus] For each κ_0 ∈ [0, 2π) × [0, 2π), ψ_{κ0} ∈ H_N (κ_0) we have that ∫ T^2 |∂_q|⟨ψ_{κ0} |x, z, κ_0⟩|^2| dx 2πh̄ ≤ 2|z| √ πN Imz ‖ψ_{κ0} ‖^2_{HN} ∫ T^2 |∂_p|⟨ψ_{κ0} |x, z, κ_0⟩|^2| dx 2πh̄ ≤ 2 √ πN Imz ‖ψ_{κ0} ‖^2_{HN} Proof. (i) By direct computation we obtain that (x = (q, p)) ∂_qη_{x,z} = − i 2h̄ pη_{x,z} − iz h̄ U(x)Q η_{0,z} , ∂_pη_{z,x} = i 2h̄ qη_{z,x} + i h̄ U(x)Q η_{z,0} , so that ∂_q|⟨ψ|x, z⟩|^2 = 2 h̄ Im [z⟨x, z|ψ⟩⟨ψ|U(x)Q|0, z⟩] ∂_p|⟨ψ|x, z⟩|^2 = − 2 h̄ Im [⟨x, z|ψ⟩⟨ψ|U(x)Q|0, z⟩] . (2.17) Then we have ∫ R^2 |∂_q|⟨ψ|x, z⟩|^2| dx 2πh̄

≤ 2 h̄ |z| ∫ R^2 |⟨ψ|x, z⟩⟨ψ|U(x)Q|0, z⟩| dx 2πh̄ ≤ 2 h̄ |z| [∫ R^2 |⟨ψ|x, z⟩|^2 dx 2πh̄ ]1/2 [∫ R^2 |⟨ψ|U(x)Q|0, z⟩|^2 dx 2πh̄ ]1/2

= 2 h̄ |z|‖ψ‖^2‖Qη_{0,z}‖ , where we used (2.13). The result then follows from ‖Qη_{0,z}‖ = √ h̄ 2Imz .

(ii) By using the Fourier transform in κ it is easy to show that the analogues of equations (2.17) are still valid in H_{h̄}(κ_0), i.e. ∂_q|⟨ψ_{κ0} |x, z, κ_0⟩|^2 = 4πN Im [z⟨x, z, κ_0|ψ_{κ0} ⟩⟨ψ_{κ0} |[U(x)Qη_{0,z}](κ_0)⟩] ∂_p|⟨ψ_{κ0} |x, z, κ_0⟩|^2 = −4πN Im [⟨x, z, κ_0|ψ_{κ0} ⟩⟨ψ_{κ0} |[U(x)Qη_{0,z}](κ_0)⟩] , where [U(x)Qη_{z,0}](κ) ∼= S(κ)U(x)Qη_{z,0}. The result is then obtained exactly as in (i), by the use of Lemma 2.2.

3 The quantized toral automorphisms

Recalling the quantization of quadratic hamiltonians on R^2 it is easy to be convinced that to any linear map specified by A ∈ SL_2(R) Weyl quantization associates a unitary propagator in L^2(R)

(M(A)ψ)(y) = ( i 2πh̄a_{12} )1/2 ∫ dη e i h̄ S_A(y, η) ψ(η) , (3.1)

where S_A is the classical action associated to A (see [F] for details). A fundamental property of Weyl quantization with respect to this dynamics is the absence of an error term in the so called Egorov theorem, meaning that “quantization and evolution commute”, i.e.

M(A)^{−t}Op^W (f)M(A)^t = Op^W (f ∘ A^t) ∀t ∈ Z . (3.2)

The quantization of A ∈ SL_2(Z) on the torus is straightforward. It turns out that for all N there exists κ such that M(A)H_N (κ) ⊂ H_N (κ) (see [BDB2] for the equation that κ must satisfy). We shall write M_κ(A) for the restriction of M(A) to H_N (κ). From this construction it follows that (3.2) holds for Op^W_κ (f) as well. We finally recall that M(A) | x, z⟩ = eiϕ(A) | Ax, A · z⟩ where A · z = (za_{22} + a_{21})/(za_{12} + a_{11}) (closely related to the usual homographic action), and where ϕ(A) is a phase we don’t specify. As a result, M_κ(A) | x, z, κ⟩ = eiϕ(A) | Ax, A · z, κ⟩. (3.3) 3.1 The proof of Theorem 1.1

Our strategy for the first proof of (1.3) and (1.4) will be as follows. We will first consider

O^{W,κ}_f [t, N](x_0) = ⟨x_0, z, κ|M_κ(A)^{−t}Op^W_κ (f)M_κ(A)^t|x_0, z, κ⟩ (3.4) rather than O^{AW,κ}_f [t, N](x_0) (see (1.1)) and prove the results for those objects (Propositions 3.1-3.2). Equations (1.3) and (1.4) then follow immediately from the observation [BDB2] that ||Op^{AW}_{κ,z} (f) − Op^W_κ (f)|| ≤ C_f 1 N . To study the limiting behaviour of O^{W,κ}_f [t, N], we proceed in two steps: first, we show the limiting behaviour of O^{W,κ}_f [t, N](x_0) is identical to that of

O^W_f [t, N](x_0) = ⟨x_0, z|M(A)^{−t}Op^W (f)M(A)^t|x_0, z⟩ (3.5)

for times up to^{ln N}_γ (Proposition 3.2); here M(A) is defined in (3.1) and the coherent states |x_0, z⟩ in (2.11). Hence the problem is reduced to the analysis of the limiting behaviour of O^W_f [N, t], which is essentially trivial since M(A) is just the quantization of the ordinary linear dynamics on the full phase plane, rather than on the torus (Proposition 3.1).

Let A ∈ SL_2(R) with |TrA| > 2. We write Av_± = λ^{±1}v_±, λ = exp γ > 1, v_± = (cos θ_±, sin θ_±) for the eigenvectors and the eigenvalues of A. We will always write N = 1/(2πh̄), although N will be assumed to be an integer only when we deal with the quantum map on H_N (κ) (in which case automatically A ∈ SL_2(Z)), in Proposition 3.2.

Proposition 3.1 Let z ∈ C, with Imz > 0.

(i) Let A ∈ SL_2(R) with |TrA| > 2. Then, for each f ∈ ℓ̌_{1,2}, there exists C_f > 0 such that ∀ x_0 ∈ T^2 | |O^W_f [t, N](x_0) − (f ∘ A^t)(x_0) | | ≤ C_f β_+(z) λ^{2t} N . (ii) Let A ∈ SL_2(Z) with |TrA| > 2. If f ∈ ℓ̌_{1,k}, (k ∈ N^∗) then there exist C_{f,1}, C_{f,2} > 0 such that ∀ x_0 ∈ T^2 and ∀ (t, N) | | | |O^W_f [t, N](x_0) − ∫ T^2 dx f(x) | | | | ≤ C_{f,1} β_−(z)^k ( N λ^{2t} )^k_2 + C_{f,2} e −π λ^{2t} N c^2_+β_−(z) , where c_+ = Max{| cos θ_+|, | sin θ_+|}.

Proof. (i) Since χ_ξ(x) = exp 2πi⟨x, ξ⟩, we have Op^W (χ_ξ) = U(ξ_1/N, ξ_2/N) and hence we obtain, using (2.12), O^W_{χξ} [0, N](x_0) = e2iπ⟨x^0, ξ⟩e − π N (ξ, B(z)ξ) . (3.6)

Using (3.2), it then follows that O^W_{χξ} [t, N] = O^W_{χξt} [0, N] where ξ_t = A^{−t}ξ . As a result, if f = ∑ n f_nχ_n, then

O^W_f [t, N](x_0) = ∑ n∈Z^2 f_ne − π N (n_t, B(z)n_t) χ_{nt} (x_0) . (3.7)

Using (3.7) we have that | | |O^W_f [t, N](x_0) − f ∘ A^t(x_0) | | | ≤ ∑ n∈Z^2 |f_n|(1 − e − π N (n_t, B(z)n_t) ) ≤ π N ∑ n∈Z^2 |f_n|(n_t, B(z)n_t) , ≤ πβ_+(z) N ∑ n∈Z^2 |f_n|‖n_t‖^2 , where we used the inequality 1 − e−y ≤ y, for each y ≥ 0. The result then follows from the properties of ‖A^{−t}‖ and from the regularity of f.

(ii) We recall that s_+ = cot θ_+ is a quadratic irrational. The basic properties of quadratic irrationals that we will use can be found in [Kh]. Using the Schwarz inequality we have that ‖ ‖ ‖A^{−t}n ‖ ‖ ‖ ≥ | | |⟨v_+, A^{−t}n⟩ | | | = | | |⟨A^tv_+, n⟩ | | | = λ^t| sin θ_+||n_1 − n_2s_+| ,

and from (3.7) we obtain the following estimate | | | |O^W_f [t, N](x_0) − ∫ T^2 dx f(x) | | | | ≤ ∑ n≠0 |f_n| e −πβ_−(z) λ^{2t} N sin^2 θ_+|n_1 − n_2s_+|^2 . Without loss of generality suppose that s_+ > 0. It is convenient to divide the sum in two parts, I_1 and I_2. In I_1 we sum over n_1 · n_2 ≤ 0, from which we easily obtain the exponential term in the estimate. To discuss I_2, we recall that since s_+ is a quadratic irrational, there exists a constant C > 0 such that ∀ n_1, n_2 > 0

|n_1 − s_+n_2| > 1 Cn_2 . Then,

I_2 ≤ ∑ n_1,n_2>0 (|f_{n1,n2} | + |f_{−n1,−n2} |) e −πβ_−(z) λ^{2t} N sin^2 θ_+ C^2n^2 .

We then obtain the final estimate using the inequality exp(−x) < C^′_k/x^k, valid for some C^′_k > 0 and for each x > 0.

From now on, N = 1/(2πh̄) is an integer and let H_{h̄}(κ) be the Hilbert space defined in section 2. The key observation allowing a simple analysis of the behaviour of O^{W,κ}_f [t, N] in the (t, N)-plane is the following proposition, which shows that for times t <<^{ln N}_γ , O^{W,κ}_f [t, N] is close to O^W_f [t, N], so that its behaviour can be read off from Proposition 3.1 above.

Proposition 3.2 Let z ∈ C, with Imz > 0. If f ∈ ℓ̌_{1,k}, then there exist C_{f,1}, C_{f,2} > 0 such that for each x_0 ∈ T^2 and all t, N | |O^{W,κ}_f [t, N](x_0) − O^W_f [t, N](x_0) | | < C_{f,2} ( λ^t N )k + C_{f,1} exp − πN 4 β_−(z) .

Proof. Using the inequality of Proposition 2.4(iii) and recalling that c^0_n = O^W_{χn} [0, N], it is easy to find C_{f,1} such that | | |O^{W,κ}_f [t, N](x_0) − O^W_f [t, N](x_0) | | | ≤ C_{f,1}e^{− πN4 β−(z)}+ ∑ n |f_n| | | | |c^{p( ntN )}n_t (x_0)e^{−i(p}(^{nt1N )κ1−p( nt2N )κ2}) − c^0_{nt} (x_0) | | | | . Because p(x) ≠ 0 only if |x| > 1/2 the sum is limited to n such that |n_{t1}/N| or |n_{t2}/N| > 1/2. Then, we have | | |O^{W,κ}_f [t, N](x_0) − O^W_f [t, N](x_0) | | | ≤ C_{f,1}e^{− πN4 β−(z)} + 2 ∑ ‖A^{−t}n‖>^N_2 |f_n|

≤ C_{f,1}e^{− πN4 β−(z)} + 2 ∑ n |f_n| ( 2‖A^{−t}n‖ N )k

≤ C_{f,1}e^{− πN4 β−(z)} + 2 ( 2‖A^{−t}‖ N )k ∑ n |f_n|‖n‖^k . It is now clear that the results of Propositions 3.1 and 3.2 imply Theorem 1.1.

We now give a more direct proof of the mixing regime of Theorem 1.1 for the Husimi distribution, based on the intuitive picture presented in the introduction and in particular on (1.5).

Proposition 3.3 Let z ∈ C, (Imz > 0), and A ∈ SL_2(Z), with TrA > 2.

(i) Let f ∈ ℓ̌_{1,1}. There exists C_{f,A} > 0 such that ∀x_0 ∈ R^2, h̄, t > 0, |⟨x_0, z|M(A)^{−t}Op^{AW}_z (f)M(A)^t|x_0, z⟩ − ∫ T^2 dx f(x)| ≤ C_{f,A} |z| + 1 √ Imz 1 λ^t √ h̄ . (ii) Let f ∈ ℓ̌_{1,k}, with k ≥ 1. There exist C_{f,A}, C_{f1} , C_{f2} > 0 such that ∀x_0 ∈ T^2, N, t > 0 |⟨x_0, z, κ|M_κ(A)^{−t}Op^{AW}_{κ,z} (f)M_κ(A)^t|x_0, z, κ⟩ − ∫ T^2 dx f(x)| ≤ C_{f,A} √ N λ^t + C_{f2} ( λ^t N )k + C_{f1} e^{−πNβ−(z)/4} .

Proof.(i) Let f_1 = ∑ n f_{1,n}χ_n ∈ ℓ̌_{1,1} (with ∫ T^2 dx f1(x) = 0) and f2 ∈ C

∞(R^2) such that ∫ R^2 dy [|∂qf2| + |∂pf2|] < ∞. Adapting the proof given in Theorem 4 of

[DB] it can be shown that | ∫ R^2

dy (f_1 ∘ A^t)(y)f_2(y)| ≤ C_Aλ^{−t}( ∑ n |f_{1,n}|‖n‖) ∫ R^2 dy [|∂_qf_2| + |∂_pf_2|] , for some C_A > 0. Then, if ∫ T^2 f = 0 |⟨x_0, z|M(A)^{−t}Op^{AW}_z (f)M(A)^t|x_0, z⟩| = | ∫ R^2 dy (f ∘ A^t)(y) |⟨y, A^{−t} · z|x_0, z⟩|^2 2πh̄ |

= | ∫ R^2 dy (f ∘ A^t)(y) |⟨0, A^{−t} · z|x_0 − y, z⟩|^2 2πh̄ | = | ∫ R^2 dξ (f ∘ A^t)(x_0 − ξ) |⟨0, A^{−t} · z|ξ, z⟩|^2 2πh̄ | ≤ C_A( ∑ n |f_n|‖n‖)λ^{−t} ∫ R^2 dy [|∂_qh| + |∂_ph|], where h(ξ) = |⟨0, A^{−t} · z|ξ, z⟩|^2/(2πh̄) is the Husimi distribution of |ψ⟩ = |0, A^{−t}z⟩. The result then follows from Proposition 2.5(i).

(ii) The only difficulty to repeat on the torus the estimate given under (i) comes from the fact that |⟨y, z_1, κ|x, z_2, κ⟩|^2 ≠ |⟨0, z_1, κ|x − y, z_2, κ⟩|^2. Indeed, ⟨x_0, z, κ|M(A)^{−t}Op^{AW}_{κ,z} (f)M(A)^t|x_0, z, κ⟩ = ∫ T^2 dy (f ∘ A^t)(x_0 − y) |⟨0, A^{−t} · z; κ|y, z; κ⟩|^2 2πh̄ + ∫ T^2 dy G(x_0, z; y, A^{−t} · z)(f ∘ A^t)(y) , where G(x, z_1; y, z_2) = N(|⟨y, z_2, κ|x, z_1, κ⟩|^2 − |⟨0, z_2, κ|x − y, z_1, κ⟩|^2). The first term can be evaluated as in part (i), using this time Proposition 2.5 (ii). Let G(x, z_1; y, z_2) = ∑ β G_β(x, z_1; z_2) exp i2π⟨β, y⟩. By using the definition of anti-Wick quantization we easily rewrite G_β(x, z_1; z_2) = ⟨x, z_1, κ|Op^{AW}_{κ,z2} (χ_β)|x, z_1, κ⟩ − χ_β(x)⟨0, z_2, κ|Op^{AW}_{κ,z1} (χ^∗_β)|0, z_2, κ⟩ . By subtracting the same quantity calculated on the plane, which is zero, and by using Lemma 2.3 we finally have

G_β(x, z_1; z_2) = ⟨ β N , z_2|0, z_2⟩ [ ⟨x, z_1, κ|Op^W_κ (χ_β)|x, z_1, κ⟩ − ⟨x, z_1|Op^W (χ_β)|x, z_1⟩ ] − χ_β(x)⟨0, z_1| β N , z_1⟩ [ ⟨0, z_2, κ|Op^W_κ (χ^∗_β)|0, z_2, κ⟩ − ⟨0, z_2|Op^W (χ^∗_β)|0, z_2⟩ ] . After some simple calculation we can finally write (β_t = A^{−t}β) ∫ T^2 dy G(x_0, z; y, A^{−t} · z)(f ∘ A^t)(y) = ∑ β f_β⟨ β N , z|0, z⟩ [ ⟨x_0, z, κ|Op^W_κ (χ_{βt} )|x_0, z, κ⟩ − ⟨x_0, z|Op^W (χ_{βt} )|x_0, z⟩ ] − ∑ β f_βχ_{βt} (x_0)⟨0, z| β_t N , z⟩ [ ⟨0, z, κ|Op^W_κ (χ^∗_β)|0, z, κ⟩ − ⟨0, z|Op^W (χ^∗_β)|0, z⟩ ] . The result then follows by making use of Proposition 3.2.

3.2 The Period of the Quantum Map

It is natural to wonder if (1.4) holds beyond^{ln N}_γ and in particular if it holds possibly for times that are polynomial in N. We shall show (see (3.11)-(3.12)) with an example that the mixing regime may break down on a time scale which is only logarithmic in N, thereby showing that on this scale the agreement between the classical and quantum or semi-classical evolutions breaks down.

The intuitive “proof” of (1.4) given in the introduction, which is based on (1.5), does not predict any breakdown of (1.4) at long times. It is possible to get an intuitive understanding of the breakdown of the mixing regime using the uncertainty principle as follows. First remark that, given any ψ ∈ H_N (κ), the support of its Wigner distribution has, due to the uncertainty principle, necessarily a linear size of the order of at least h̄ in all directions: indeed, from ΔXΔP ≥ h̄ and ΔX, ΔP ≤ 1, one concludes ΔX, ΔP ≥ h̄. Consider now M(A)^t|x, z, κ⟩; we expect its Wigner distribution to have a spread of √ h̄ exp γt along the unstable direction and therefore to wrap around the torus as soon as √ h̄ exp γt >> 1. The transversal distance between the successive windings so obtained can be estimated by √ h̄^{−1} exp −γt.

When this distance becomes less than h̄, the support of the Wigner distribution of M(A)^t|x, z, κ⟩ can no longer separate the separate windings, because of the previous remark, and as a result one expects the classical evolution picture may break down at such times, given by √ h̄^{−1} exp −γt ∼ h̄ or t ∼^3_2^{| ln h̄|}_γ . We shall now exhibit precisely such a phenomenon for the quantized cat maps.

For that purpose we consider A such that either a_{12} = 1 or a_{21} = 1 and [a_{11}]_2 = [a_{22}]_2 = 0 (we use the notation [x]_n = x mod n, both for numbers and matrices). We know that κ = 0 gives an admissible quantization; furthermore it was shown in [HB] that the corresponding quantum map M_o(A) is periodic with period n(N) = Min { t | M_o(A)^t = e^{iϕN} , ϕ_N ∈ R } . These periods have been studied in [Ke], were it is argued that they behave “on average” linearly in N, but with great fluctuations about this average. It is of course clear that the “mixing regime” must break down before the period. In the following we will show that there exists a sequence N_{2k+1} of values of N for which the period is extremely short: n(N_{2k+1}) ∼ 2^{ln N2k+1}_γ , leading to the announced result.

We will need the following simple formulas for A. If we call λ the biggest eigenvalue of A, we know that for each t ∈ N^+

A^t = p_tA − p_{t−1} , p_{t+1} = Tr(A)p_t − p_{t−1} , where p_t = λ^t − λ^{−t} λ − λ^{−1} . (3.8)

We also introduce T_N = Min {t | [A^t]_N = 1 } . We denote by A_N the matrix with integer entries such that A^{TN} = 1 + NA_N . Then, following [HB], n(N) = T_N if N is odd or if N is even and [(A_N )_{12}]_2 = [(A_N )_{21}]_2 = 0; otherwise n(N) = 2T_N . We finally define for k ∈ N^+

N_k ≡ Max { N | [A^k]_N = 1 } , (3.9)

and we prove the following result.

Proposition 3.4 For each k ∈ N^+ we have that T_{Nk} = k and

N_{2k} = 2p_k, N_{2k+1} = p_k + p_{k+1} . (3.10)

Proof. Using (3.8), we see that N_k is the greatest integer such that

[p_ka_{11} − p_{k−1} − 1]_{Nk} = 0 [p_ka_{12}]_{Nk} = 0 [p_ka_{22} − p_{k−1} − 1]_{Nk} = 0 [p_ka_{21}]_{Nk} = 0 ,

or, because of the hypothesis about the off-diagonal terms of A, [p_k]_{Nk} = 0 , [p_{k−1}]_{Nk} = −1. This means that N_k is the greatest common divisor of p_k and p_{k−1} + 1, i.e. N_k = (p_k, p_{k−1} + 1). We are going to show by induction that, for each s = 0, . . . , k − 1,

N_k = (p_{k−s} + p_s, p_{k−(s+1)} + p_{s+1}) .

Since p_0 = 0 and p_1 = 1, this is clearly true for s = 0. Supposing it is true for s, we have N_k = (TrA p_{k−s−1} − p_{k−s−2} + p_s, p_{k−s−1} + p_{s+1}) = (TrA (p_{k−s−1} + p_{s+1}) − TrA p_{s+1} − p_{k−s−2} + p_s, p_{k−s−1} + p_{s+1}) = (p_{s+2} + p_{k−(s+2)}, p_{k−(s+1)} + p_{s+1}) ,

so that it is true for s + 1. In the third line we used the identity (a, ca − b) = (a, b), valid for all a, b, c, and formula (3.8).

If k = 2ℓ, then, setting s = ℓ in the above formula, we have

N_{2ℓ} = (2p_ℓ, p_{ℓ−1} + p_{ℓ+1}) = (2p_ℓ, TrA p_ℓ) = 2p_ℓ; ,

because TrA is pair by hypothesis. If k = 2ℓ + 1, then N_{2ℓ+1} = p_ℓ + p_{ℓ+1} . For each k we have that [A^k]_{Nk} = [A^{TN}k ]_{Nk} = [A^{TN}k ]_{NTNk} = 1. From the definition of the period we have that T_{Nk} ≤ k and from the definition of N_k it follows that N_k ≤ N_{TNk} . Since the sequence {N_k} is increasing (see (3.8)-(3.10)) we conclude that T_{Nk} ≥ k and hence that T_{Nk} = k.

Since [TrA]_2 = 0, we have that [p_{2k}]_2 = 0 and [p_{2k+1}]_2 = 1, so that [N_{2k+1}]_2 = 1. Using the results of Proposition 3.4, it then follows that 2k + 1 is the quantum period for N_{2k+1} = p_k + p_{k+1}, i.e. n(N_{2k+1}) ≈ 2^{ln N2k+1}_γ . Keeping in mind that M(A)^{−1} = M(A^{−1}), so that M(A)^t = M(A)^{t−n(N2k+1)} = M(A^{−1})^{n(N2k+1)−t)}, (0 ≤ t ≤ n(N_{2k+1})), we can apply (1.3) and (1.4) to A^{−1} to conclude that if we perform the limits running only over N_{2k+1}, we have lim_{k→∞} ln N2k+1

2γ ≪t≪^3_2^{ln N2k+1}_γ

O^{AW,0}_f [t, N_{2k+1}](x_0) = ∫ T^2

f(x^′) dx^′ (3.11)

lim_{k→∞} 3 2 ln N2k+1 γ ≪t≪2^{ln N2k+1}_γ |O^{AW,0}_f [t, N_{2k+1}](x_0) − ( f ∘ A^{t−n(N2k+1)} ) (x_0)| = 0 .(3.12)

Equation (3.12) clearly shows the breakdown of the mixing regime for times beyond 3 2 ln N

γ , in the cases considered here. It is of course still possible that, “generically”, it remains valid for much longer times, as the classical intuition would predict.

3.3 Position eigenstates

In this subsection we study the Wigner and Husimi distributions of evolved position eigenstates by studying the matrix elements ⟨e^κ_j , M(A)^{−t}Op^W_κ (f)M(A)^te^κ_j ⟩ and ⟨e^κ_j , M(A)^{−t}Op^{AW}_{κ,z} (f)M(A)^te^κ_j ⟩ in the limits t → ∞ and N → ∞. If we applied the heuristic argument of the introduction to this case, we would conclude that the mixing regime should set in no later than at times of order^{ln N}_{2γ} . As a matter of fact, it sets in much sooner, as Proposition 3.6 shows. We need the following preparatory result.

Lemma 3.5 For each f ∈ ℓ̌_{1,k}, there exist C_f > 0 such that for each N, t ≥ 0, j = 0, . . . N − 1 and |J| < N/2 we have that

|⟨e^κ_{j+J}, M(A)^{−t}Op^W_κ (f)M(A)^te^κ_j ⟩ − ∫ 1 0 dp (f ∘ A^t)( κ_2/π + 2j + J 2N , p)e^{i2πJp}| ≤ C_f ( ‖A^{−t}‖ N )k . (3.13)

Proof. Using the Egorov theorem and (2.8) we find that

⟨e^κ_{j+J} , M(A)^{−t}Op^W_κ (f)M(A)^te^κ_j ⟩ = ∑ n f_At_ne^{iπ n1n2N} e^{i(κ2+2πj) n2N} ⟨e^κ_{j+J} , e^κ_{j+n1} ⟩ = ∑ n f_At_{(J+n1N,n2)}e^{−ik1n1} e^{i πN n2(J+Nn1)}e^{i(κ2+2πj) n2N} . It is clear that the integral in (3.13) is obtained posing n_1 = 0. The remaining terms are easily estimated: ∑ n n_1≠0 |f_At_{(J+Nn1,n2)}| ≤ ∑ ‖n‖≥^N_2 |f_At_n|

≤ ∑ n ( 2‖n‖ N )k |f_At_n| ≤ ( 2‖A^{−t}‖ N )k ∑ n ‖n‖^k|f_n| . Proposition 3.6 For each f ∈ ℓ̌_{1,k}, there exist C_{f,1}, C_{f,2} such that, for all t, N, j = 0, . . . , N − 1, one has

|⟨e^κ_j , M(A)^{−t}Op^W_κ (f)M(A)^te^κ_j ⟩ − ∫ T^2 dx f| ≤ C_{f,1} ( ‖A^{−t}‖ N )k + C_{f,2} λ^{tk} . Proof. From (3.13) it is clear that it will be enough to show that it exists C_{f,2} such that, for all 0 ≤ q ≤ 1, | ∫ 1 0 (f ∘ A^t)(q, p)dp − ∫ T^2 f(x)dx| ≤ C_{f,2} λ^{tk} . Indeed, | ∫ 1 0 (f ∘ A^t)(q, p)dp − ∫ T^2 f(x)dx| ≤ ∑ n≠0 |f_At_{(0,n)}| ≤ ∑ ‖m‖≥λ^t| cos θ_−| |f_m|

≤ 1 λ^{tk}| cos θ_−|^k ∑ m |f_m|‖m‖^k , where we used the inequality ‖A^t(0, n)‖ ≥ |⟨v_−, A^t(0, n)⟩| ≥ λ^t| cos θ_−|, valid for each n ≠ 0.

It is clear that we actually have, for any sequence θ_N → ∞, lim_{N→∞} θ_N <t<(1−ϵ)^{ln N}_γ ⟨e^κ_j , M(A)^{−t}Op^W_κ (f)M(A)^te^κ_j ⟩ = ∫ T^2 f(x) dx .

Therefore there is no “orbital instability regime” for initial position eigenstates, but this is easily understood in terms of the classical dynamics applied to the support of the initial Wigner distribution.

4 The Quantum Baker Map

4.1 Presentation of the model and of the results

The Baker map is a discontinuous map B on the torus, defined on x = (q, p) ∈ T^2 by Bx = { B_ox q ∈ [0, 1/2[ B_ox + (−1, 1/2) q ∈]1/2, 1]

, (4.1)

where B_o is the linearized map given by ( 2 0 0^1_2 ) . The following relation concerning the action of B on the characters χ_n, n ∈ Z^2, will be crucial:

χ_{2n1,n2} ∘ B = χ_{n1,2n2} . (4.2)

With the usual assumption [N]_2 = 0 and posing κ = 0 (see [BV] or [DBDE] and further references therein for the general scheme) the quantization of B is given by the following unitary operator on H_N ≡ H_N (0):

V_B = F^{−1}_N ∘ ( F_{N/2} 0 0 F_{N/2} )

where (F_N )_{k,ℓ} = 1 √ N e −i2π kℓ N are the matrix elements of F in the position eigen-

state basis {e_j ≡ e^0_j }^{N−1}_{j=0} .

In this section we will mean by semi-classical evolution of the Husimi function associated with ψ ∈ H_N the following function g^{sc}_ψ (x, t) = |⟨B^{−t}x, B^{−t}_o · z|ψ⟩|^2 2πh̄ , (4.3) where B^{−t}_o · z = 4^tz. We will write g^{sc}_j , respectively g^{sc}_{x0,z} when ψ = e_j, respectively ψ = |x_0, z; 0⟩. We will compare this quantity to the Husimi distribution of the quantum mechanically evolved state.

Since throughout the rest of this section κ = 0, and in order to alleviate the notations, we will drop the κ-dependence of many symbols. In the following propositions we list our principal results about the quantum and semi-classical evolutions of coherent states and position eigenstates from which Theorem 1.2 will follow easily. The proofs are postponed to the next subsection. From now on, we will deal with observables depending only on the q-variable, for which we will write f ∈ C^∞(T).

We consider for each N a lattice of M_N < N points x^{(N)}_j on the torus, given by x^{(N)}_j = (^{j1√}_{MN} ,^{j2√}_{MN} ), 1 ≤ j_1, j_2 ≤ √ M_N . Proposition 2.4 (i) with f = 1 and z = i then immediately implies |⟨x^{(N)}_k , i|x^{(N)}_j , i⟩ − δ_{kj}| ≤ C exp − π 2 N M_N , (4.4)

where we wrote, with some abuse of notation |x^{(N)}_j , z⟩ ≡ |x^{(N)}_j , z, 0⟩ ∈ H_{h̄}(0) ∼ H_{h̄} (Do not confuse with (2.11)). Since we will need to apply Lemma 4.5 below to the |x^{(N)}_j , i >, we will always need the sequence M_N to be such that

8CM_N exp − π 2 N M_N ≤ 1. (4.5)

Consequently, from now on, we will always take^π_2^N_{ln 8CN} − 1 ≤ M_N ≤^π_2^N_{ln 8CN} . We can now state the main ingredient for the proof of Theorem 1.2:

Proposition 4.1 [Coherent states] (i) Let N > 0, 0 < ϵ < 1 and 0 < α <^ϵ_4 be given and let M_N be as above. Then there exists a subset M_N of the index set 1 ≤ i_1, i_2 ≤ √ M_N with the following properties:

(a) 0 ≤ 1 −^{♯MN}_{MN} ≤^1_{N 2α}^N_{MN} ;

(b) For all f ∈ C^∞(T), and for all k ∈ N, there exists a constant C_{f,k} so that, for all 0 ≤ t < (1 − ϵ) log_2 N and for all j ∈ M_N , |⟨x^{(N)}_j , i|V^{−t}_B Op^W_0 (f)V^t_B|x^{(N)}_j , i⟩ − ⟨x^{(N)}_j , i|Op^W_0 (f ∘ B^t)|x^{(N)}_j , i⟩| ≤ C_{f,k}[ 1 √ M_N + N^{α− ϵ4} + N^{−k ϵ2} ];

(ii) For each f ∈ C^∞(T) there exist C_{f1} , C_{f2} , C_{f3} such that ∀x_0 ∈ T^2, N, t > 0 | ∫ T^2 dy g^{sc}_{x0,z}(y, t)f(y) − ∫ T^2 dy f(y)| ≤ C_{f1} √ N 2^t

+ C_{f2}

2^t N + C_{f3} e^{−πNβ−(z)/4} .

The second part of this proposition says that the semi-classically evolved Husimi distribution equidistributes provided √ N << 2^t << N. Comparing to Theorem 1.2, we conclude that its behaviour is identical to that of the quantum mechanically evolved distribution on that time scale. We unfortunately have no idea what happens at later times. Analogously, for the position eigenstates we have:

Proposition 4.2 [Position eigenstates] Let N > 0, 0 < ϵ < 1 and 0 < α < ϵ/4 be given. Let f ∈ C^∞(T). Then

(i) There exists M_N ⊂ {1, . . . , N} satisfying

0 ≤ 1 − #M_N N ≤ 1 N^{2α} ; and for all f ∈ C^∞(T), for all k ∈ N, a constant C_{f,k} > 0 such that for all 0 ≤ t < (1 − ϵ) log_2 N and for each j ∈ M_N |⟨e_j, V^{−t}_B Op^W_0 (f)V^t_Be_j⟩ − f( 2^tj N )| ≤ C_{f,k} ( 1 N^{ϵ/4−α} + 1 N^{ϵk/2} ) ; (ii) There exists C > 0 s.t., for 0 ≤ j ≤ N − 1, f ∈ C^∞(T), t, N > 0 we have | ∫ T^2 g^{sc}_j (x, t)f(x) dx − 1 2 [f( 2^tj N ) + f(

2^t(j + 1) N )]| ≤ C ‖f^′‖_∞ √ N . The first part of this result is again readily understood in terms of evolution of the support of the Wigner function of the initial state e_j, which is the vertical strip at j/N, of width 1/N. The dynamics contracts this strip vertically, stretches it horizontally to size 2^t/N, and centers it at 2^tj/N. As a result, one does not expect mixing to set in before times of order log_2 N, i.e. when 2^t/N ∼ 1; this is indeed confirmed by the above result. Comparing furthermore the first part of the proposition to the second, one concludes again that the semi-classical evolution can not be distinguished from the quantum-mechanical one up to times 2^t ≪ N.

4.2 Proof of Propositions 4.1 - 4.2 and of Theorem 1.2

To prove part (i) of Proposition 4.2 as well as of Proposition 4.1, we first of all need the following Egorov theorem, proven in [DBDE]. Let’s define, for each t > 0 (compare this to (3.2)),

E_t(f) = V^{−t}_B Op^W_0 (f)V^t_B − Op^W_0 (f ∘ B^t) ,

and E_t(m) = E_t(χ_m).

Proposition 4.3 [DBDE] Let η_N > 0 and t_N > 0 such that 2^{tN} η_N < N. Then there exists a subspace G_{ηN} (t_N ) ⊂ H_N such that

i) dim G_{ηN} (t_N ) ≥ N − 2^{tN} η_N ;

ii) for each ψ ∈ G_{ηN} (t_N ), |n| < η_N and 0 ≤ t ≤ t_N E_t(n, 0) ψ = 0 .

The Proposition asserts roughly that, provided one looks at times shorter than log_2 N, and provided one restricts one’s attention to a “good” subspace G_{ηN} , there is no error in the Egorov theorem for trigonometric polynomials of degree at most η_N . The good subspace gets smaller as the time gets larger, but is non-trivial on the time-scale considered. Two obvious weaknesses of the above result are that it does not describe the good space explicitly and that it deals only with functions of q. These are at the origin of the limitations of Theorem 1.2 pointed out in the introduction.

The following corollary is an easy consequence of Proposition 4.3. We write P_{BηN} for the projector onto B_{ηN} , the orthogonal complement of G_{ηN} .

Corollary 4.4 Let {ϕ_j}^{MN}_{j=1} be a family of orthonormal vectors in H_N . Let η_N , t_N be as in Proposition 4.3, δ_N > 0 and M_N = {1 ≤ j ≤ M_N | ⟨ϕ_j|P_{BηN} |ϕ_j⟩ < δ^2_N } . Then

i) #M_N ≥ M_N − 2^{tN} η_N /δ^2_N ;

ii) for each f ∈ C^∞(T) and k ∈ N, there exists C_{f,k} > 0 such that, for each 0 ≤ t ≤ t_N and j ∈ M_N , ‖E_t(f)ϕ_j‖ ≤ C_{f,k}(δ_N + η^{−k}_N ) . We will always choose things in such a way that 2^{tN} η_N /δ^2_N /M_N → 0, δ_N → 0, η_N → ∞, so that the Corollary asserts that the error is “small” on “many” ϕ_j. Proof. (i) From Proposition 4.3 we have that dim B_{ηN} ≤ 2^{tN} η_N and dim B_{ηN} = TrP_{BηN} ≥ ∑ j∉M_N ⟨ϕ_j|P_{BηN} |ϕ_j⟩ ≥ (M_N − #M_N )δ^2_N , from which the statement follows.

(ii) Let j ∈ M_N and f = ∑ n c_nχ_{n0} ∈ C^∞(T^2). Then ‖E_t(f)ϕ_j‖ ≤ ∑ |n|<η_N |f_n|‖E_t(n, 0)ϕ_j‖ + ∑ |n|≥η_N |f_n|‖E_t(n, 0)ϕ_j‖.

We then have, using Proposition 4.3, ∑ |n|<η_N |f_n|‖E_t(n, 0)ϕ_j‖ = ∑ |n|<η_N |f_n| ‖ ‖ ‖E_t(n, 0)P_{BηN} ϕ_j ‖ ‖ ‖ ≤ δ_N 2 ∑ |n|<η_N |f_n| , and ∑ |n|≥η_N |f_n|‖E_t(n, 0)ϕ_j‖ ≤ 2 η^k_N ∑ |n|>η_N |f_n||n|^k . The result then follows with C_{f,k} = 2 ∑ n |f_n||n|^k. The idea of the proofs of Propositions 4.1 (i) and 4.2 (i) is to apply the above corollary to the families |x^{(N)}_i , i⟩ and |e_j⟩, respectively. Since the former family is not orthogonal, we will furthermore use the following result from linear algebra, which is proven through an application of the Gram-Schmidt orthogonalization procedure.

Lemma 4.5 Let u_1, u_2, . . . u_M ∈ H_N be such that, for some ϵ satisfying 8ϵM ≤ 1, |⟨u_i, u_j⟩ − δ_{ij}| ≤ ϵ. (4.6) Then the u_i are linearly independent and there exists an orthonormal basis w_1, w_2, . . . w_M of span{u_1, u_2, . . . u_M } so that ||w_i − u_i|| ≤ 7ϵ √ M ≤ 1 √ M . (4.7)

Proof. We will prove both statements at once using the Gram-Schmidt orthogonalization procedure as follows. First, let v_i =^{ui}_{||ui||} , then ||v_i − u_i|| = |1 − ||u_i|| | ≤ ϵ. (4.8) Now define, for all 1 ≤ i ≤ M, v^′_i = v_i − χ_i, where χ_1 = 0 and χ_i is the orthogonal projection of v_i onto the span of v_1, . . . v_{i−1}. It is then clear that, for all 1 ≤ i ≠ j ≤ M, ⟨v^′_i, v^′_j⟩ = 0 and that the span of u_1, . . . u_M equals the span of v^′_1, . . . v^′_M . We now first show that, for all 1 ≤ i ≤ M, v^′_i ≠ 0 by showing that ||χ_i||_{HN} ≤ 3ϵ √ M. (4.9)

For i = 1, (4.9) is trivial. Consider then a fixed value of i between 2 and M and write χ_i = ∑i−1 j=1 λ^j_i v_j, where the λ^j_i are obtained by solving (1 ≤ k < i) ⟨v_k, χ_i⟩ = ⟨v_k, v_i⟩ = i−1∑ j=1 λ^j_i ⟨v_k, v_j⟩. Introducing the matrices [V_i]^{kj} = ⟨v_k, v_j⟩, [τ_i]^k = ⟨v_k, v_i⟩ (1 ≤ k, j < i), this can be rewritten τ_i = V_iλ_i. Consequently, since V^∗_i = V_i, we have

⟨χ_i, χ_i⟩ = λ^∗_i V_iλ_i = τ^∗_i V^{−1}_i V_iV^{−1}_i τ_i = τ^∗_i V^{−1}_i τ_i, and ||χ_i||^2_{HN} ≤ ||V^{−1}_i || (i−1 ∑ k=1 |⟨v_k, v_i⟩|^2 ) . To estimate ||V^{−1}_i ||, note that V_i = I + ϵS_i, where S_i is an off-diagonal self-adjoint matrix with matrix elements (k ≠ j) |S^{kj}_i | = 1 ϵ |⟨v_k, v_j⟩| = |⟨u_k, u_j⟩| ||u_k|| ||u_j|| ϵ ≤ 2ϵ ϵ . Consequently, ||S_i|| = sup ||a||R_{(i−1)} =1 |⟨a, Sa⟩_R(i−1) | ≤ 2 sup_{||a||} R^{(i−1) =1} i−1∑ k,l=1 |a_k| |a_l| ≤ 2M. As a result ||V^{−1}_i || ≤ ∞∑ r=0 ϵ^r||S_i||^r ≤ 1 1 − ϵ||S_i|| ≤ 4 3 and consequently ||χ_i||^2_{HN} ≤ (4/3)4ϵ^2M ≤ 6ϵ^2M, from which (4.9) follows.

Since all v^′_i ≠ 0, we can define w_i = v^′_i/||v^′_i|| with ⟨w_i, w_j⟩ = δ_{ij}. Since furthermore span{u_1, u_2, . . . u_M } = span{v^′_1, v^′_2, . . . v^′_M } = span{w_1, w_2, . . . w_M } it follows that the u_i are linearly independent. It remains to show (4.7). To that end, compute, using (4.8), ||w_i − u_i|| ≤ ||w_i − v^′_i|| + ||v^′_i − v_i|| + ||v_i − u_i|| ≤ |1 − ||v^′_i|| | + ||χ_i|| + ϵ. Since |1 − ||v^′_i|| | = | ||v_i|| − ||v^′_i|| | ≤ ||v^′_i − v_i|| = ||χ_i||, the result follows from (4.9). Proof of Proposition 4.1. (i) We first use Lemma 4.5 and (4.4)-(4.5) to assert the existence of an orthonormal set ϕ_j, 1 ≤ j_1, j_2 ≤ √ M_N such that ||ϕ_j − |x^{(N)}_j , i⟩|| ≤ 7 √ M_N Ce^{− π2 NM}N ≤ 1 √ M_N . We then apply Corollary 4.4 with η_N = N^ϵ2 , δ_N = N^{α− ϵ}4 and t_N = (1 − ϵ) log_2 N, so that ♯M_N M_N ≥ 1 − N^{1−ϵ} M_N N^{ϵ/2}N^{−2α+ ϵ2} and for all j ∈ M_N , 0 ≤ t ≤ t_N ||E_t(f)ϕ_j|| ≤ C_{f,k}(N^{α− ϵ4} + N^{−k ϵ2} ). Consequently, |⟨x^{(N)}_j , i|V^{−t}_B Op^W_0 (f)V^t_B|x^{(N)}_j , i⟩ − ⟨x^{(N)}_j , i|Op^W_0 (f ∘ B^t)|x^{(N)}_j , i⟩|

≤ ‖|x^{(N)}_j , i⟩‖‖E_t(f)|x^{(N)}_j , i⟩‖ ≤ C(‖E_t(f)(ϕ_j − |x^{(N)}_j , i⟩)‖ + ‖E_t(f)ϕ_j‖) ≤ C_{f,k}[ 1 √ M_N + N^{α− ϵ4} + N^{−k ϵ2} ],

which is the desired result.

(ii) Since the Baker map is linear on f ∈ C^∞(T), this is a direct consequence of the proof of Proposition 3.3.

Proof of Theorem 1.2. With the notations of Proposition 4.1, let x_0 ∈ T^2 and consider d_N (x_0) = min{|x^{(N)}_j − x_0| | j ∈ M_N }.

Since M_N − ♯M_N ≤^N_{N 2α} , it is clear that

d_N (x_0) ≤ √ N M_N 1 N^α . Let’s choose α > ϵ/5; then the sequence M_N defined after (4.5) is such that N/M_N < N^{2(α−ϵ/5)}. Consequently ∀N, ∃j_N ∈ M_N such that ||x_0 − x^{(N)}_{jN} || ≤ N^{−ϵ/5}. We write x_N = x^{(N)}_{jN} .

Let t <^{1−ϵ}_2 log_2 N and consider the following inequality: |⟨x_N , i|V^{−t}_B Op^{AW}_{0,z} (f)V^t_B|x_N , i⟩ − f(2^tq_N )| ≤ C||Op^W_0 (f) − Op^{AW}_{0,z} (f)||+ |⟨x_N , i|E_t(f)|x_N , i⟩| + |⟨x_N , i|Op^W_0 (f ∘ B^t)|x_N , i⟩ − f(2^tq_N )| . The result then comes from Proposition 4.1, the general estimate ||Op^W_0 (f) − Op^{AW}_z (f)|| ≤ C_f /N, Proposition 3.1(i) with A = B_o and a straightforward adaptation of Proposition 3.2 to the case A = B_o and f = f(q). In the same way we obtain the result for the mixing regime.

Proof of Proposition 4.2. (i) With respect to Corollary 4.4 let M_N = N, ϕ_j = e_j, η_N = N^{ϵ/2}, δ_N = N^{α−ϵ/4} and t_N ≤ (1 − ϵ) log_2 N. Then, we have that #M_N /N ≥ 1 − 1/N^{2α} and |⟨e_j|E_t(f)|e_j⟩| ≤ C_{f,k} ( N^{α−ϵ/4} + N^{−kϵ/2} ) . Finally, by a simple computation we find that, if ∂_pf = 0, ⟨e_j|Op^W_0 (f ∘ B^t)|e_j⟩ = f( 2^tj N ) .

(ii) Following the method of Proposition 2.4, we write the Fourier series in κ and obtain for κ = 0 ∫ T^2 g^{sc}_j (x, 0)f(x)dx = ∑ ℓ∈Z^2 ⟨ϵ_j|Op^{AW}_z (f)|U(ℓ)ϵ_j⟩

= N^2 ∑ ℓ∈Z^2 ∫ R^2 dxf(x) ∫ j+1_N j N ds η_{x,z}(s) ∫ j+1_N −ℓ_1 j N −ℓ_1 dw η^∗_{x,z}(w)e^{i2πNℓ2w} , where we used the definition of ϵ_j (Lemma 2.1) and the explicit action of U(ℓ). Here η_{x,z} are the coherent states defined in (2.11). Introducing furthermore ϕ_{q,z}(s) = exp(iπNpq) exp(2iπNps)η_{x,z}(s) and recalling that f depends only on q one obtains, as result of the integration in p, δ(s − w); after integrating over w this yields ∫ T^2 g^{sc}_j (x, 0)f(x)dx = N ∑ ℓ_2 ∫ dqf(q) ∫ j+1_N j N ds|ϕ_{q,z}(s)|^2e^{i2πNℓ2s} . If we introduce the characteristic function χ_j of the interval [j, j + 1] we see that ∫ T^2 g^{sc}_j (x, 0)f(x)dx = ∫ dq f(q) ∑ ℓ∈Z ∫ R |ϕ_{q,z}( s N )|^2χ_j(s)e^{i2πℓs} ds = 1 2 ∫ dq f(q)( lim_{ϵ→0+} + lim_{ϵ→0−}) ∑ ℓ |ϕ_{q,z}( ℓ + ϵ N )|^2χ_j(ℓ + ϵ) = 1 2 ∫ dq f(q) [ |ϕ_{q,z}( j N )|^2 + |ϕ_{q,z}( j + 1 N )|^2 ] , where we used in the second line the convergence properties of the Fourier series of |ϕ_{q,z}(s/N)|^2χ_j(s). If z = iω, using the explicit form of ϕ_{q,z} we easily obtain the following estimate with C > 0 an universal constant | ∫ dxg^{sc}_j (x, 0)f(x) − 1 2 (f( j N ) + f( j + 1 N ))| ≤ C 1 √ ωN ‖∂_qf‖_∞ . To obtain the final result concerning the t-dependence, observe that it is enough to change f → f ∘ B^t and ω → 4^tω.

References

[B] Berry, M., Semiclassical mechanics of regular and irregular motion, in “Chaotic behaviour of deterministic systems”, Les Houches Lectures vol XXXVI, ed. G. Iooss, R.H.G. Helleman and R. Stora, pp. 171-271, Amsterdam North-Holland (1983).

[BB] Berry, M. V., Balasz N.L., Evolution of semi-classical quantum states in phase space, J. Phys. A 12, 625-642 (1979)

[BBTV] Berry, M. V., Balasz N.L., Tabor, M., Voros, A., Quantum maps, Ann.

Phys. 122, 26-63 (1979).

[BDB1] Bouzouina A., De Bièvre S., Ergodicité et limite classique sur le tore, C.R.

Acad. Sci. Paris Série I, t. 321, 1085-1087 (1995).

[BDB2] Bouzouina A., De Bièvre S., Equipartition of the eigenfunctions of quantized ergodic maps on the torus, Commun.Math.Phys. 178, 83-105 (1996).

[BDB3] Bouzouina A., De Bièvre S., Equidistribution des valeurs propres et ergodicité semi-classique de symplectomorphismes du tore quantifiés, C. R. Acad. Sci. Paris, Série I t.326, 1021-1024 (1998).

[BGP] Bambusi D., Graffi S., Paul, T., Long time semi-classical approximation of quantum flows, preprint 1998.

[Bo] Bouzouina K., Comportement semi-classique de symplectomorphismes du tore quantifiés, doctoral dissertation, Université Paris 9 (1997).

[BR] Bouzouina K., Robert D., Uniform semi-classical estimates for the propagation of Heisenberg observables, in preparation.

[BV] Balazs N.L., Voros A., The quantized Baker’s transformation, Annals of Physics 190, 1-31 (1989).

[CC] Casati, G., Chirikov, B., The legacy of chaos in quantum mechanics, in “Quantum Chaos”, Ed. G. Casati and B. Chirikov, Cambridge University Press (1995).

[CdV] Y. Colin de Verdière, Ergodicité et fonctions propres du Laplacien, Commun. Math. Phys. 102 (1985), 497-502.

[CR1] M. Combescure, D. Robert, Distribution of matrix elements and level spacings for classically chaotic systems, Ann. Inst. H. Poincaré 61,4 (1994), 443-483.

[CR2] M. Combescure, D. Robert, Semiclassical spreading of quantum wave packets and applications near unstable fixed points of the classical flow, Asymptotic Analysis, 14, 4 (1997), 377-404.

[DB] De Bièvre S., Chaos, quantization and the classical limit on the torus, Proceedings of the XIVth Workshop on Geometrical Method in Physics – Bialowieza (1995), mp_−arc 96-191, Polish Scientific Publishers PWN (1998).

[DBDE] De Bièvre S., Degli Esposti M., Egorov Theorem and equidistribution of eigenfunctions for the quantized sawtooth and Baker maps, Ann. Inst. Henri Poincaré, 69, 1, 1-30 (1998).

[DEGI] Degli Esposti, M., Graffi, S., Isola, S., Stochastic properties of the quantum Arnold cat in the classical limit, Comm. Math. Phys 167 , 471-509 (1995).

[F] Folland G., Harmonic analysis in phase space, Princeton University Press, Princeton (1988).

[GL] P. Gérard, E. Leichtnam, Ergodic properties of the eigenfunctions for the Dirichlet problem, Duke. Math. J. 71 (1993), 559-607.

[HB] Hannay J.H., Berry M.V., Quantization of linear maps-Fresnel diffraction by a periodic grating, Physica D 1, 267 (1980).

[HJ] Hagedorn G., Joye A., Semiclassical dynamics with exponentially small error estimates, preprint 1998.

[HMR] B. Helffer, A. Martinez, D. Robert, Ergodicité et limite semi-classique, Comm. Math. Phys 109 (1987), 313-326.

[Ke] Keating, J., Asymptotic properties of the periodic orbits of the cat maps, Nonlinearity 4, 277-307 (1990).

[Kh] Khinchin, A., Continued Fractions, The University of Chicago Press, Chicago and London (1964).

[KR] Kurlberg, P., Rudnick, Z. Eigenfunctions of the Quantized Cat Map, preprint 1999, mp_−arc 99-35.

[OT] O’Connor, P.W., Tomsovic, S., The unusual nature of the quantum Baker Transformation, Ann. Phys. 207, 218-264 (1991).

[OTH] O’Connor, P.W. , Tomsovic, S., Heller, E.J., Semi-classical dynamics in the strongly chaotic regime: breaking the log time barrier, Physica 55 D, 340-357 (1992).

[Sc] A. Schnirelman, Ergodic properties of eigenfunctions, Usp. Math. Nauk 29 (1974), 181-182.

[TH] Tomsovic, S. , Heller, E.J., Semi-classical dynamics of chaotic motion:

unexpected long-time accuracy, Phys. Rev. Lett. 67 6, 664 (1991).

[TI] Toda, M., Ikeda, K., Quantal Lyapounov exponents, Phys. Lett. A 124, 3, 165-169 (1987).

[Z1] S. Zelditch, Uniform distribution of the eigenfunctions on compact hyperbolic surfaces, Duke Math. J 55 (1987), 919-941.

[Z2] S. Zelditch, Quantum transition amplitudes for ergodic and for completely integrable systems, J. Funct. Anal 94 (1990), 415-436.

[Z3] S. Zelditch, Quantum mixing, J. Funct . Anal 140 (1996), 68-86.