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Abstract: Motivated by the critical dissipative quasi-geostrophic equation, we prove
that drift-diffusion equations with L? initial data and minimal assumptions on the drift
are locally Holder continuous. As an application we show that solutions of the quasi-

1/2

geostrophic equation with initial L? data and critical diffusion (=A)"/=, are locally

smooth for any space dimension.

1 Introduction

Non linear evolution equations with fractional diffusion arise in many contexts:
In the quasi-geostrophic flow model (Constantin [4]), in boundary control prob-
lems (Duvaut-Lions [9]), in surface flame propagation and in financial mathe-
matics. In this paper, motivated by the quasi-geostrophic model, we study the
equation:

00 +v-Vl=—A6, r e RY,

(1)

divy = 0,
where A@ = (—A)'/20. The main two theorems are roughly the following a
priori estimates:

Theorem 1 (From L? to L*°). Let 0(t,x) be a function in L>=(0,T; L?(R™))N
L%(0,T; H'/2(RN)). For every A > 0 we define:

0y =(0—\),.

If 0 (and —0) satisfies for every A > 0 the level set energy inequalities:
ta
03 (tg, ) dx + 2/ / |AY20,|2 dx dt
RN t, JRN

< / 9%\(151,1’) dx, 0<t) <to,
RN
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then:

[[60]| 2
0T, z)| < C* .
sup (T, 2)| < C" 575

Remark: That solutions to equation (1) are expected to satisfy the energy
inequality follows from writing A as the normal derivative of the harmonic ex-
tension of € to the upper half space. Existence theory is sketched in appendix C.
In the case of the Quasi-geostrophic equation it can also be seen as a corollary
of Cordoba and Cordoba [7].

Those energy inequalities are reminiscent of the notion of entropic solutions
for scalar conservation laws. Consider a weak solution of (1) lying in L?(H'/?)
and for which we can define the equality (in the sense of distribution for exam-
ple):

¢(0) - V0 = div(ve(9)),

for any Lipschitz function ¢. Then € verifies the level set energy inequalities.
In the case of the Quasi-geostrophic equation, v € L?(H'/?) and we can give a
sense to:

v V(h).

Indeed, using the harmonic extension, it can be shown that if 6 lies in L?(H'/?)
so does ¢(). and so V¢ (6) lies in L?(H~1/?).

For the second theorem, (from L to C%), we need better control of v:

Theorem 2 (From L™ to C%). We define Q, = [-,0] x [-r, 7], for r > 0.
Assume now that 0(t, z) is bounded in [—1,0)xRY andv|g, € L>(~1,0; BMO),
then 6 is C* in Q1.

Remarkl: The global bound of # is not really necessary, only local L*° and
integrability at infinity against the Poisson kernel, as we will see later.

Remark2: Note that both theorems depend only on the resulting energy in-
equality and not on the special form of A.

From these two theorems, the regularity of solutions to the quasi-geostrophic
equation follows.

Theorem 3 Let 6 be a solution to an equation

00 +u- VO =—N\6, z e RN,
(2)

divu = 0,
with o
u; = R;[6], (3)
Rj a singular integral operator. Assume also that 0 verifies the level set energy

inequalities stated in Theorem 1. Then, for every ty > 0 there exists a such that
6 is bounded in C*([tg, co[xRY).



Indeed, Theorem 1 gives that 6 is uniformly bounded on [tg, co[ for every ¢y > 0.
Singular integral operators are bounded from L* to BMO. This gives that
u € L™ (tg,00; BMO(RY)) and, after proper scaling, Theorem 2 gives the result
of Theorem 3.

Remark 1: Higher regularity then follows from standard potential theory, by
noticing that the fundamental solution of the operator:

O+A0=0

is the Poisson kernel and that in the non linear term we can substract a constant
both 0y from 6 and ug from wu, this last one by a change of coordinates:

¥ = x — tug,

doubling its Holder decay (see appendix).

Strictly speaking, the dissipative quasi-geostrophic flow model in the critical
case corresponds to the case N = 2 and

uy = 7R29,
Ug = R10,

where R; is the usual Riesz transform defined from the Fourier transform: EZ\O =

’é‘ 0. This model was introduced by some authors as a toy model to investigate

the global regularity of solutions to 3D fluid mechanics (see for instance [4]).
When replacing the diffusion term —A by —A” 0 < 3 < 2, the situation is
classically decomposed into 3 cases according to the order of diffusion versus
transport: The subcritical case for 5 > 1, the critical case for f = 1 and the
supercritical case for § < 1.

Weak solutions has been constructed by Resnick in [12]. Constantin and
Wu showed in [6] that in the subcritical case any solution with smooth initial
value is smooth for all time. Constantin Cordoba and Wu showed in [5] that the
regularity is conserved for all time in the critical case provided that the initial
value is small in L*°. In both the critical case and supercritical cases, Chae
and Lee considered in [3] the well-posedness of solutions with initial conditions
small in Besov spaces (see also Wu [16]).

Notice that our case corresponds to the critical case and global regularity in
C1B, B3 < 1is showed for any initial value in the energy space without hypothesis
of smallness. This ensures that the solutions are classical.

Let us also cite a result of maximum principle due to Cordoba and Cordoba
[7], results of behavior in large time due to Schonbeck and Schonbeck [14], [13],
and a criteria for blow-up in Chae [2].

Remark 2: In a recently posted preprint in arXiv, Kiselev, Nazarov, and
Volberg present a very elegant proof of the fact that in 2D, solutions with
periodic C*° data for the quasi-geostrophic equation remain C*° for all time

([10]).



We conclude our introduction by pointing out that our techniques also can be
seen as a parabolic De Giorgi Nash Moser method to treat ”boundary parabolic
problems” of the type:

div(aV0) = 0, in Qx[0,T]
[f@)]=6, on 0Qx[0,T],

that arise in boundary control (see Duvaut Lions [9]). Note also that similar
results to Theorem 1 can be obtained even for systems (See Vasseur [15] and
Mellet, Vasseur [11] for applications of the method in fluid mechanics).

2 L°° bounds

This section is devoted to the proof of Theorem 1. The simple proof is based
on a recurrence non linear relation between consecutive truncations of 6 at an
increasing sequence of levels. Following the ideas of De Giorgi, this is attained
thanks to the interplay between the energy inequality that controls |V| by 6,
and the opposite effect of the Sobolev inequality that controls by V#, and the
different homogeneity of these inequalities.

We use the truncation energy inequality for the levels:

A=Cr=M(1-275),

where M will be chosen later. This leads to the following energy inequality for
the truncation function 0 = (6 — C)+

at/ 9k2dx+2/ A2, 2 dz < 0. )
RN RN

Let us fix a tg > 0, we want to show that 6 is bounded for ¢ > tg. We introduce
Ty = to(1 — 27%), and the level set of energy/dissipation of energy:

Uy = sup < 0> daz) +2/ / |AY/20,)? da dt.
t>Ty RN Tk RN

integrating (4) in time between s, Tp—1 < s < Ty, and t > Ty and between s
and +oo we find:

Ui < 2/ 0r2(s) da.
]RN

Taking the mean value in s on [Ty_1,T] we find:

2k+1
/ / 0.2 du di. (5)
Tp_1 JRN

We want to control the right-hand side by Ui_; in a non linear way. Sobolev
and Holder inequalities give:

Up_1>C|0 .
k—1 || k— 1” 2(N+1)(]Tk 1 00[XRN)



Note that if 8 > 0 then 6,1 > 27*M. So

1,501 < (Mek—1> .

Hence:

2k+1 [ee]
Uk‘ S / / 0%_11{0k>0} dx dt
RN

to Tr—1
2%16 o0 HQM
§27/ _Nodxdt
tOMQ/N Tk—l RN k=1
2N]¢2k Nl\fl
S2CWUI€—1 .

For M such that M/ tév /2 i big enough (depending on Up) we have Uy which
converges to 0. This gives 8 < M for ¢t > ty. The same proof on —6 gives the
same bound for|f|. Note that Uy < ||fp||2.. The scaling invariance 6. (s,y) =
O(es,ey) gives the final dependence with respect to ||6g|| 2. ad

This theorem leads to the following corollary.

Corollary 4 There exists a constant C* > 0 such that any solution 0 of (2)
(8) verifies:

60l L2 &)
O(T,z)| < CF—— )
i‘ﬁ&' (T,z)| < N2
||00||L2(]RN)

lu(T )l paro@y) < €175

Proof. First note that the property on u follows directly from the property on
f and the imbedding of the Riesz function from L*° to BMO. We make use of
the following result of Cordoba and Cordoba (see [7]): for any convex function
¢ we have the pointwise inequality:

¢’ (0)A0 < —A(6(0)).
Making use of this inequality with:
o (0) = (0 — C)+ = O

leads to:

8t9k +u- V&k § —A@k.
Multiplying by 6; and integrating in = gives (4), using that u is divergence free.
O

Remark: We point out that the level set energy inequalities we assume in
Theorem 1 is heuristically a general fact (See appendix C).



3 Local energy inequality:

In order to develop the Holder regularity method, it is necessary to localize by
space and time truncation the energy inequality above. Due to the non-locality
of the diffusion operator, this appears complicated. Fortunately, Af can be
thought as the normal derivative of a harmonic extension of 6 (the Dirichlet to
Neuman operateur of ). This allows us to realize the truncation as a standard
local one in one more dimension: We introduce first the harmonic extension L

defined from C§°(RY) to C°(RYN x R*) by:
~AL(®) =0 in RY x (0,00),
L(6)(x,0) = 6(x) for € RY
(This extension consists simply in convolving 6 with the Poisson kernel of the

upper half space in one more variable. See [1] for a general discussion). Then
the following result holds true: consider @ defined on RY. then:

Ab(z) = 9, [LO](x), (6)
where we denote 9, [L0] the normal derivative of Lé on the boundary {(x,0)|z €

RN
In the following, we will denote the harmonic extension of 6 by:

0" (t,2.2) = L(6(t, )z 2). 7)
We denote B, = [—r,7]" a cube in the x variable only, B} = B, x (0,7) €
RY x (0,00) a cube in the x, z variables, sitting on the z = 0 plane, and [y], =

sup(0,y).

The rest of this section is devoted to the proof of the following proposition,
a local energy inequality in the x, z variables. The effect of the nonlocal part of
A becomes encoded locally in the extra variable. At this point, we know already
that for any positive time T > 0:

10122~y + [10]| Loe @y < C

uniformly in ¢ > T', and for the application we have in mind, the quasi geostrophic
equation, this implies that

vl L2y + vl Brro@yy < C,
uniformly in ¢ > T. This is, therefore, the main hypothesis below.

Proposition 5 Let t1,ty be such that t; < ty and let § € L (t1,t2; L2(RY))
with AV/20 € L?((t1,t2) x RY), be solution to (1) with a velocity v satisfying:

/ v(t, z) dz| < C,. (8)
By

[0l Los (¢4,02;BMrO®N)) + SUP
t1<t<ts



Then there exists a constant ® (depending only on C,) such that for every
t1 <t <ty and cut-off function n such that the restriction of n[0*]+ on B3 is
compactly supported in Bs X (—2,2):

/ / |2dxd2dt+/ (n[6)4)? (t2, ) dz
S/ (1lP)+) (0,2 d$+q>/t2/ 2 da dt (9)
+2/ / [Vn][0*]4)? dx dz dt.

Remark: Note that, as a difference with the standard parabolic estimates, this
energy inequality controls |[nf| ree(z2) and [[V(n0*)||p2(z2 ). We are missing,
in some sense, [[70%([r(z2 ) that would provide the link between V(nf*) and
n6. In order to control nf* we will have to make a careful decomposition of
n0* as the part coming from 76 as boundary value, and the rest coming from
"far away” (Step 5: Propagation of the support property (12) and the proof of
Lemma 6).

Proof. We have for every t; < t < to:

0 = /772[9*]+A0*dxdz

2

= —/* |V(77[9*]+)\2dxdz+/3* [Vn*[6%]3 da dz

2

+/ 210]4 A0 da.
B

Using equation (1), we find that:

- / n*[0]4 A0 dx
By

_9 21013 o 101F
_8t</32n Tdm /82V7)o112dx‘

0)3 (t
/ / |2dxdzds+/ n de
to
g/ 772 / / |Vn|?[07]3 dx dz ds
t1 *

nVn - vl dsc ds| .

This leads to:

B>

To dominate the last term, we first use the Trace theorem and Sobolev imbed-



ding to find:

S SCHHmWﬁ%WWMZCA&WHMHmWﬂwf

= c/ / IVL(1{p, n0+)|? dz dz

< C// V[1(s;yn(07)4]? do d=

= V[n(67)+]? dz dz.
B;

In the last inequality, we have used the support property of n(6*);. In the
second last inequality we have used the fact that L(1;g,}764) is harmonic and
have the same trace as 1;p;17(0%)+ at z = 0. Therefore we split:

ta 9 2
/ vn? - v& dx ds‘
t1 RN 2

2 2 1 t2 2
<o [ gy, s+ 2 [ NTEL R gy,

LNFT (RN)

The first term is absorbed by the left. The second can be bounded, using Holder
inequality, by:

1 2 b2 2
S A I O

which gives the desired result. 0

4 From L? to L>:

In these two sections (4 and 5) we follow De Giorgi’s ideas in his classical proof
of the Holder continuity of solutions to elliptic equations (see [8]). The first step
is a local, scalable version of the L>° bound above. It establishes that the space
time localization of a level truncation of @ is bounded by the L? norm. The
second step is the so called ”oscillation lemma”. we give a rough description of
this lemma. Suppose that 8 oscillates in Q1 = [—1,0] x B; between —2 and 2,
but it is negative most of the time. In particular, if |01 |12 is very small, then
the local L? to L° bound mentioned above, will imply that (in a small domain)
6T is very small. In particular, we prove that 9+\Q1/2:[_1/27O]X31/2 < 2=
effectively reducing the oscillations of 8 by A (see Lemma 6). Of course, we do
not know a priori that |6 |12 is very small.

But we only know that in @)1, 6 is at least half of the time positive, or neg-
ative, say negative. We then have to reproduce a version of De Giorgi’s isoperi-
metric inequality that says that to go from zero to one 6 needs ”some room”
(section 5). Therefore the set {6 < 1} is ”strictly larger” than the set {# < 0}



(see Lemma 8). Repeating this argument at truncation levels Cy = 2 —27% we
fall, after a finite number of steps, kg, into the first case, effectively diminishing
the oscillations of @ by A27%o. This implies Holder continuity (section 6 and
section 7).

This section is devoted to the first step of the proof, the L? to L>° lemma.
It says that, under suitable conditions on v, we can control the L°° norm of 6
from the L? norm of both 6 and #* locally.

Lemma 6 We assume, as in section 3, that

/34 v(t, z) dx

Then, there exists eg > 0 (depending only on N and C.,), and A > 0 (depending
only on N) such that for every 0 solution to (1) the following property holds
true.

If we have:

]| oo (—4,0;BMO®N)) +  Sup < Cy.

—4<t<0

0* <2 in [-4,0] x B},

0 0
/‘/(miwww+/t/wﬁmmg%,
-4 JB; —4 J By

@4 <2—X  on [~1,0] x By.

and

then:

Remark: Note that this is not a "pure” L? to L™ estimate, since we assume
that 6* is already bounded by 2. Nevertheless, since our final objective is an
improvement of the oscillation of 8*, the gain from 2 to 2 — A\ will suffice.

Proof. We split the proof of the lemma into several steps. Steps 1 and 2 are
preliminary views. We construct auxiliary barriers and recurrence constants.
Step 3 describes which is the recurrence relation we are aiming for. The actual
proof really starts in step 4. As in the proof of theorem 1 at the beginning
of the paper, we will now consider a sequence of truncations for an increasing
sequence of levels C, converging to 2—\, and will prove that by the time we reach
2— M\, the corresponding truncation has zero energy and is, thus, identically zero.
Before giving into the proof, we give an informal description of the arguments
involved. In principle, we would like to prove that if 67 is less than 2 in the
cylinder B x [—4,0] and both 6% and 6, have very small L? norm, then they
are both less than 2 — X\ in Bf x [—1,0]. Thanks to the barrier b; below, we
notice that it is enough that 6, be below 2 — A, since 0% is bounded by b; plus
the harmonic extension of ;. The second observation we make is that if the
L? norm of 6, is small, 6% dips to very small values for z small, (proportionally
in some way to ||0+]/2). Indeed, the part corresponding to by goes linearly to
zero while the Poison kernel smoothes 6. In other words the influence of the
global part of A, reflected by by, decays linearly as z goes to zero, and we can
almost eliminate as we truncate 6 at increasing levels (Step 5, propagation of



the support property). This eliminates the need of a truncation in z and almost
eliminates the influence of the global part of A. It only remains on the small
"lateral edges”, that is where the space truncation takes place and for very
small z, and that has exponential decay (barrier by). That is what allows us to
obtain the appropriate recurrence relation for Ay, that implies that "0, = 0”
on By x [-1,0],ie. 0 <2—A.

Step 4 is a first ”long jump” to k > 12N, that puts us into the appropriate
configuration described above, to start the inductive process provided 6, is
small enough.

Stepl. Useful barrier functions: The following two barrier functions, b; and
bo, will be used to control how the values of 6* far from the ”disc” D = B; x{0}
influence 0* near D7.

Consider the function by, defined by:

Abl =0 in BZ
by =2 on the sides of the cube B} except for z =0
by =0 for z = 0.
Then there exists A > 0 such that:
bi(z,2) <2—4Xon Bj.

This result follows directly from the maximum principle.
We consider now bs harmonic function defined by:

Aby =0 in [0, 00[x[0,1],

b2(0,2)22 ngélv

ba(z,0) = ba(x,1) =0 0 <z < oo
Then there exists C' > 0 such that:

|ba(z, 2)| < Ce™/2. (10)
Notice that C is universal. Indeed we can see easily that
bo(z,z) < 2v/2cos(z/2)e™ /2,

since this function is harmonic and bigger than by on the boundary.

Step 2. Setting of constants: In this step we fix a set of constants. We
make the choice to set them right away to convince the reader that the proof is
not circular.

Lemma 7 There exist 0 < 6 <1 and M > 1 such that for every k > 0:

—k
INTCe 3% < \27F2,

Mflc/2 L
S 1P < 07+,

M*k > C«éch(lﬁ*l/N)(ka) k > 12N,

10



where C'is defined from step 1, P(1) is the the value at z = 1 of the Poisson
kernel P(z)(x), and Cy is defined by (16).

The proof is easy. We construct first § to verify the first inequality in the
following way. If § < 1/4, the inequality is true for k > ko due to the exponential
decay. If necessary, we then choose § smaller to make the inequality also valid
for k < ko. Now that § has been fixed, we have to choose M large to satisfy the
remaining inequalities. Note that the second inequality is equivalent to:

( 2 >k< A6
VM) ~ 4[PQQ)llg2

It is so sufficient to take:

ZMHMHY.

M = sup (5’ 202

The third inequality is equivalent to:
k/N
M < a3041/N)
cl -
For this case it is sufficient to take M > sup(1,C2V). Indeed, this ensures
M?/C3N > M and so:

k/N
M
MAT S /e 5 g
<CON> - -

for k > 12N. But M6 > M3A+/N) for M > 1 and N > 2.
Therefore we can fix:

2\ /8P 22
M = sup (LCSN, <5> 7( /\(52)||L ) )

The constant A, §, and M are now fixed for the rest of the proof. The
constant £¢ will be constructed from those ones.
Step 3. Induction: We set:
O =(0—Ck)y,  Ok" =(0"—Cy)y,

with Cy, = 2—A(1+27%). Note that 6;,* # (%)*. We consider a cut-off function
in = only such that:

LB, vy S < ip
V| < O2F,

142—k 1}

and we denote:

0 sk
Ak = / / / |V(’l’]k9;;)|2 dx dz dt + sup / (’l’]kgk)Q dx.
—1—2-*%Jo RN te[—1—2-%,0] JRN

11



We want to prove simultaneously that for every k > 0:

A < M~F (11)
0 =0 for 6F <2< 2. (12)

Step 4. Initial step: We prove in this step that if ¢ is small enough, then
(11) is verified for 0 < k < 12N, and that (12) is verified for £k = 0. We use the
energy inequality (9) with cut-off function 7 ()1 (z) where ¢ is a fixed cut-off
function in z only. Taking the mean value of (9) in t; between —4 and —2, we
find that (11) is verified for 0 < k < 12N if ¢ is taken such that:

C2N (1 4+ ®)eg < M2V, (13)

We have used that |V |? < C224N for 0 < k < 12N. Let us consider now the
support property (12). By the maximum principle, we have:

0* < (041p,) * P(z) + b1(z, 2),

in RT x B}, where P(z) is the Poisson kernel. Indeed, the right-hand side
function is harmonic, positive and the trace on the boundary is bigger that the
one of 6*.

From step 1 we have: by (z,z) < 2 — 4\. Moreover:

10415, % P()l| = (o) < CIP()]l12 Vo < C/5o.
Choosing ¢ small enough such that this constant is smaller that 2\ gives:
0* <2 -2\ for 1<z2<2,t>0,x € B,
so:
05 =(0"—(2-2)\)y <0 for 1<2<2,t>0,z€B.
Hence o6} vanishes for 1 = 00 < z<2.

Step 5. Propagation of the support property (12): Assume that (11)
and (12) are verified at k. We want to show that (12) is verified at (k4 1). We
will show also that the following is verified at k:

M0y < [(mbk) * P(2)lnk,  on By, (14)

where EZ = By -+ x [0,6%]. We want to control #; on this set by harmonic
functions taking into account the contributions of the sides one by one. On
z = 0% we have no contribution thanks to the induction property (12) at k (the
trace is equal to 0). The contribution of the side z = 0 can be controlled by:
N0k * P(z) (It has the same trace as 0, on By g-x—1).

On each of the other side we control the contribution by the function of
x=(x1,,TN):

bo((wi — 2) /6%, 2/6%) + by((—wi + 27) /6%, 2/8"),

12



where 27 = (1 +27%) and 2~ = —z%. Indeed, by is harmonic, and on the side
3:;" and z; it is bigger than 2. Finally, by the maximum principle:

Hk < Z b2 /6’“ Z/ék) + bg((ffﬂi + IEi)/(gk,Z/(Sk)} + (nkﬁk) * P(Z)

From Step 1, for z € By o-»:

N
Z i — ) /6%, 2 /%) + bo((—as +27) /6%, 2/5%)]

< 2NCe~ 2ék
<27k

(thanks to Step 2). This gives (14) since:
Or1 < (05 =227 1)y
More precisely, this gives:
O < ((mebi) * P(2) = A2752)...

So:
Met105 11 < (ki) % P(2) — A2757%) .

From the second property of Step 2, we find for §*+! < z < §*:

[(kbk) x P(2)] < Ag[[P(2)]|2
M-~ k/2 L
S §k+1 ||P( )HL2 S )‘2 k 2'

The last inequality makes use of Step 2. Therefore:
Met10511 <0 for 6Ft1 < 2 < §*.

Note, in particular, that with step 4 this gives that (12) is verified up to k =
12N +1 and (14) up to k = 12N.

Step 6. Propagation of Property (11). We show in this step that if (12) is
true for £ — 3 and (11) is true for £ — 3, k — 2 and k — 1 then (11) is true for k.

First notice that from Step 5, (12) is true at k — 2, k — 1, and k. We just
need to show that:

Ap < CE(A_s)"TYN for k> 12N +1, (15)
with:
21+2/N

Indeed, if we do the third inequality of Step 2, this will give us the result.

13



Step 7. Proof of (15): Since nf% has the same trace at z = 0 that (nf)*
and the latter is harmonic we have:

[IvaeE = [19mo.F = [ 1812002,

Sobolev and Holder inequalities give:

Ar o> Ol frall2 .
k=3 > Cl|nk—30k 3||Lw([7172,k73’0]xm)

From (14):
k3052 lI” s sy < NPT 106-30k—3]1% 20w 1) -
LN L~ N
So:
Ap—s = COlmi—30i_ol” 2vsny + Clink—30k—31 s
LN L~ N
>

c (llﬁk2921|2 wovsny + 281 e ) |
L N L N

Since 7y, is a cut-off function in z, and using (14), we have that the restriction
to B} of ni0; is compactly supported in By x [—0%,6"%] in x, 2. We can then
use Proposition 5. Taking the mean value of (9) in ¢; between —1 —27%~1 and
—1—27%, we find:

Ay <02%(9 +2) (/ M0k + /771%1922) ‘

If 0, > 0 then 65_1 > 2% ). So:

k
19,50y < T9k71,

and )
1o >0 l{e>0) < Tnk,ﬁk,l.
Therefore: bz
Ae S — 5 N

This gives (15). ad
5 The second technical lemma.

At this moment we have proven that if §, 8* are less than 2, and their L? norm
is very small in By X [—4,0] then both 6, 8* are less than 2 — A\ B; x [—1,0].

14



That is, their oscillation decreased. We need to prove now that it is enough
that
|Qul

< > —
o <opl =

to imply that 6, 0* are less than 2 — X in By x [—1, 0], since this is our induction
hypothesis. This is based on the fact that, due to the energy inequality, there
must be a quantitative decay in measure between the consecutive level sets
{6 >0},{6>1},{6 >2—-1/2}, {0 > 2—1/4}, etc... Lemma 8 below measures
this quantitative separation between {6 > 0} and {6 > 1}, ie. if {# > 0} is
small then 6 is very small.

We set Q, = By x [-r,0] and QF = B} x [-r,0].

Lemma 8 For every €1 > 0, there exists a constant 61 > 0 with the following
property:
For every solution 0 to (1) with v verifying (8) and:

9* <2 in Q

H(z,2,t) € Q}; 0"(z,2,t) <0} > |Q24|,
we have the following implication:
If
(@, 20) € Qs 0< {0 (2, 2,8) < 1} <&
then:

/(9—1)3dxdt+/ (0" — 1) dedzdt < Cy/eL.
1 Q1

Note that 61 depends only on N and C,, in (8).

Proof. Take €1 < 1. From the energy inequality (9), we get:

0
/ / VO |* dx dzdt < C.
—4 ;‘

A [|VOL P dedzdt
€1 '

Let:
K

Then:

{t|/ VO (t)dvdz > K}
Bj

€1
< —.
<3 (17)

For all t € {t| [;.
gives that:

Vo |2(t) dzdz < K}, the De Giorgi lemma (see appendix)

A®)B()] < le(@)|V2 K2,
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where:

™
—~
~
N
Il
—

(x,z) € By | 6%(t,x,z) <0}
{(z,2) € B{ | 6"(t, 2, 2) > 1}
Ct)={(z,2) € By |0< 0" (t,z,2z) < 1}.

Let us set
(51 = 551;,

[={te[-40) COIM2 < and / V0" P(t) de d= < K.
By
First we have, using Tchebichev inequality:

{te [-4,05 [c)[/ = 1}
< H(t,z,2) | 0 < 6* <1}

ey

01
<%
1

™

< sf <er /4.
Hence |[—4, 0]\ I| < €1/2. Secondly we get for every ¢ € I such that [A(¢)] > 1/4:

B0y < COLZKE ore

STOAD V<€l (18)

In particular:

[oiwasa: < agso]+icw)

2
8eT.

IN

And so:
/ei(t) dr < VK /912(15) drdz < C\/e].

We want to show that |A(t)] > 1/4 for every t € I N [—1,0]. First, since
{(t,z,2) | 6* <0} > |Q4]/2, there exists tg < —1 such that |A(to)| > 1/4. So
for this to, [6%(to)dz < C\/z1. Using the energy inequality (9), we have for
every t > to:

/ei(t)dx < /ei(to)dx+0(t—to).

So for t — tg < §* = 1/(64C) we have:



(Note that 6* do not depend on £;1. Hence we can suppose £; < §*.) We have:

0 (2)

IN

0, + | 0.0 dz
0

1/2
< 9++VG(/189|%k> .

So, for t —tg < 6%, t € I and z < €7 we have:

A

/2
0% (t,x,2) <OL(t,x) + (61/|89 |2dz> .

The integral in x of the right hand side term is less than 1/8 + /67 < 1/4. So

by Tchebichev:
2

(<&t aeBy, o) 21} <
First we work in By x [0,£2]. Since |C(t)| < €9, this gives
JA®) = |Bilet — [{z < e, = € By, 07(t) > 1}| - [C(1)]
> ef(1-1/4) — €] 2 €}/2.

In the same way as (18) we find:

1/2 71/2
o)) < SO <o

and:

AWM > 1 - 25 — 5 > 1/4.

Hence, for every t € [tg,to + 0*] NI we have: [A(t)| > 1/4. On [to + 6*/2,t00%]
there exists t; € I (§* > €1/4). And so, we can construct an increasing sequence
tn, 0 > t, > to+nd*/2 such that |A(t)| > 1/4 on [tn, tn+0*]NI D [tn, tny1] N 1.
Finally on I N[—1,0] we have |A(¢)| > 1/4. This gives from (18) that for every
teIN[—1,0]: |B(t)] < e1/16. Hence:

HO* > 1} <e1/16 4+ e1/2 < &1.
Since (6* — 1)4+ < 1, this gives that:
/ (0" — 1)2+ drdzdt < eq.

We have for every t, x fixed:

0—0"(z /89*6[2

17



So:

z 2
(0-12 < 2<<a*<z>—1>i+(/0 |ve*|dz)>
< 2 /ﬁ(a* 1)2 d +2\E/\/H|V0*|2d
p— — z Z.
T VerJo * Yo
Therefore:

/ (0 —1)% drds < C\/e1.

1

O

6 Oscillation lemma

In the first technical lemma, we have established that if 0 < 6* < 2 and its
energy or norm is very small, in B}, then, * <2 — X in By, i.e., the oscillation
of 6 actually decays. We want now to get rid of the ”very small” hypothesis.
This second lemma proves that if % < 0 ”half of the time” and it needs very
little room, ¢, to go from {#* < 0} to {# > 1}, it is because (f — 1)1 has
very small norm to start with. This produces a dichotomy: or the support of
decreases substantially, of 6 becomes small anyway.

Proposition 9 There exits \* > 0 such that for every solution 6 of (1) with v
verifying (8), if:

0*<2 in Q

{(t, 2z, 2) € Q; 07 <0} =

9

N | =

then:
0* <2 —\* in Qi/lﬁ.

Note that \* depends only on N and C,, in (8).

Proof. For every k € N, k < K = F(1/61 + 1) (where 01 is defined in Lemma
8 for £1 such that 4C\/e1 < €9, €¢ defined in Lemma 6), we define:

gk = 2(§k_1 — 1) with 50 =40.

So we have: 0, = 2¥(6—2)+2. Note that for every k, 0} verifies (1), 0 < 2 and
[{(t,x,2) € Qf | 6 < 0} > %. Assume that for all those k, [{0 < 0, <1} > 6.
Then, for every k:

{01, < 0} = [{—y < 1} = [{f_y < O}/ + 1.

Hence: .
{0k, <0} >1,

18



and 9*K+ < 0 almost everywhere, which means: 25+ (0* —2) +2 < 0 or
0 <2 —27 %+,

And in this case we are done. B
Else, there exists 0 < ko < K, such that: [{0 < 0, < 1}| < 6;. From

Lemma 8 and Lemma 6 (applied on 0x,11) we get (Ox,+1)+ < 2 — X which

means:
9 <2—2 oty <o 9Ky

in Q1/8‘
Consider the function bs defined by:

Ab3 =0 in BT/87
by =2 on the sides of the cube except for z =0
by =2 —2"%+inf(\;1)  onz=0.

We have bg < 2—A* in B;‘/lﬁ. And from the maximum principle we get 0* < b3.
O

7 Proof of Theorem 2.

We fix tp > 0 and consider ¢ € [tg, co[xRY. We define:
Fo(s,y) = 0t + sto/4,x + to/4(y — 2o(s))),

where z((s) is solution to:

1

B ‘B4| zo(s)+Ba
.’Eo(O) =0.

Zo(s) v(t + sto/4,x + yto/4) dy

Note that z((s) is uniquely defined from Cauchy Lipschitz theorem. We set:

0 (5.9) 4 . Supg; Fy +infg; Fy
$,Y) = - )
O Supg, Fy — infg; By

0 2
vo(s,y) = v(t + sto/4,x +to/4(y — 20(s))) — Zo(s),
and then for every k > 0:

Fi(s,y) = F—1(fs, i(y — xx(s))),

itos) = — 2 o S0gy T inlgs B
A supq: Iy — infoy Fy; k 2 ’
. 1 I

Tr(s) = vg—1(fis, fiy) dy

1Bl Ja(s)+B4

vk(s,y) = vi—1(jis, i(y — 7k (s))) — Tk (s),
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where i will be chosen later. We divide the proof in several steps.

Step 1. For k=0, 6, is solution to (2) in [—4,0] x RN, [jvo||sBaro = IJv|lBumo,
Jvo(s)dy = 0 for every s and || < 2. Assume that it is true at k¥ — 1. Then:

OuFy = 001 () — fiin(s) - V1.

So 6y, is solution of (2) and |f;| < 2. By construction, for every s we have
fB4 vi(s,y) dy = 0 and ||vk||Bmo = ||vk—1]|Bmo = ||v||Bmo. Moreover we have:

lin(s)| < / v (y — z1(s))) dy
By
< Cllvg—1(fy)l e
< O NP|og_1| Lo
< Cpi NP |vg1 | Buo-

SO,fOTOSSSl’y€B4 andp>N;
li(y — zx(s))| < 4a(l + Cpﬂ—N/p) < Cpi~N/p,

For fi small enough this is smaller than 1.

Step 2. For every k we can use the oscillation lemma. If [{f; < 0}| > 21Q;]
then we have 6f < 2 — \*. Else we have |{—0; < 0}| > 1]Q;| and applying the
oscillation lemma on —0~,’: gives é,’; > —2 4 A*. In both cases this gives:

|sup 0F —inf 07| < 2 — A*.
and so:

|sup Fy —inf F{¥| < (1 — \*/2)*|sup F — inf F7|.
Q: QF Q1 QF

Step 3. For s < %™

n ~n—k ~n
~n—k ~2n K /”Li
Z,u xp(s) < fi i=Np <50
k=0 k=0
for i small enough. So
sup 0 — inf 0" < (1—=A1"/2)".
(A0 Binjy RO Bn

This gives that 6* is C* at (¢,2,0), and so 0 is C* at (¢, z). O
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A Proof of the De Giorgi isoperimetric lemma.
Let w € HY([-1,1]¥*1). We denote:
A= {z; w(x)
B ={z; w(x)

and
X = Ly s(u—v2)/lva—vzlecy-
We have:

A|IB| < /A /B (@) — w(yn)) dya dys

ly1—y2| _
:/ // Va(ys + s 22y Y2 oy, dy,
AJsJo ly1 — ya| |y1—y2|
ly1—y2| —
:/ // xVw(ys + s Y1~ %2 ) - 91— ds dyy dys
|y1 - yz\ |y1 - y2|
/ // ’Vw y1+37|y ) )‘ ds dyy dys
/ / / ‘Vw y1+s )‘ ds dyy dyo
B1 J B |y1 |

= Vw(yy + sv -
/ / / | Jé 1 )|1{(y1+su)eC}8N Ldv ds dy,
Sn_1 Y B1 S

|VW y1 + y2)|
= C/B /B |y2|N T Liyi+yzec) dyo dy
1 1

< Ol Velzalc)'2.

O

B Higher regularity

We give the proof of the following theorem.

Theorem 10 Let 0 be a solution of the quasi-geostrophic equation (2), (3) sat-
isfying the regularity properties of Theorem 3:

0 e L(0,00; L) NL*0,00; H'/?)
NL> ([to, oo[ xRN ) N C%([to, co[xRY),

for every to > 0. Then 6 belongs to CYP([ty,c00[xRN) for every B < 1 and
to > 0 and is therefore a classical solution.
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Proof: We want to show the regularity at a fixed point yo = (to,z0) €
]0,00[xRY € R™ where m = N 4+ 1. Note that Changing 0(t,z) by 0(t,z —
u(to, zo)t) — 0(to, xo) if necessary, we can assume without loss of generality that
0(yo) = 0 and u(yo) = 0. The fundamental solution of:

00+ A0 =0
is the Poisson kernel: ot
P(t,z)= ————F,
(|22 +12)7=

a homogeneous function of order —N if extended for ¢ negative. the solution 6
of (2) can be represented as the sum of two terms.

0(t,z) = P(t,-) x 0y — g(t, ), (19)

where:

t
o(tx) = // Plt— t1,2 — 21)div(u(ty, 21)0(tr, 21)) dtr das
0 RN

/OO VaP(y = 1) - u(y:)0(y:) dys-
0o Jrw

In the last inequality, we denoted y = (¢, ), P the extension of P for negative
t with value 0, and we passed the divergence on P, which becomes a singular
integral. The first term in (19) is smooth for ¢ > 0 and depends only on the
initial data. We focus on the second one g(y). We fix e € S,,, and estimate
9(yo + he) — g(yo) for h > 0 in the standard way. We split the integral:

9(vo) — g(yo + he) = /000 - Qo(Yo — y1, he)u(y1)0(y1) dya (20)

where:

Qo(y, he) = V. P(y) — Vo P(y + he),

into two parts, one on the ball By, centered to yo and radius 10A, and the
second on the complement. The first part has no cancelation so we separate the
integrals:

/ 1,503 [VaP(yo — y1) — Vo P(yo + he — y1)]u(y1)0(y1) dy
Bion
= / Lt 501 VaP (Yo — y1)u(y1)0(y1) dys
Bion
[ Ty VP + he = n)ul)00n) .
Bion

If 0 is C% « > 0, from the Riesz transform u is also C', and since 0(yg) =
u(yo) = 0, we have:

u(y1)0(y1)| < inf(ly1 — ol **, C). (21)
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So the first integral is convergent and bounded by Ch?®. To deal with the
second one, notice that V, P have mean value zero on any slice t = C' of Bigp,
so we can add and substract 0(yo + he)u(yo + he). We have:

10(y1)u(yr) — 0(yo + he)u(yo + he)| < Ch®|yo + he — y1|%,

where we have used again that u(yo) = 6(yo) = 0. Hence the integral is also
convergent and bounded by Ch2®. This gives that the contribution of Bjg;, on
(20) is smaller that Ch2?.

Outside of a neighborhood of size 10h we use the cancelation of V,P. Up
to Lipschitz regularity we just do:

IV [P(y1 — yo) — P(y1 + he — yo)]|
h

= |y — yo

and integrate against |uf| which verifies (21). This gives the bound:

h
My < o2
/ylyo>10h ly1 — o H1 2

provided that 2o < 1. Altogether, this gives that if § € C* with 2o < 1, then
l9(y0) — g(yo + he)| < Ch?.

Bootstrapping the argument gives that 6 is C* for any o < 1.
To go beyond Lipschitz we consider a second order increment quotient:

Q1(y, he) = |V[P(y + he) + P(y — he) — 2P(y)]].
We have:

9o + he) + glyo — he) — 2g(yo) = /R Lies203Q1 (90 — 1. he)u(ys () dy.

Note that Q1(y, he) = Qo(y, he) — Qo(y — he, he), so for |y| < 20h, the local
estimate of the previous argument together with the C* property of 8 and u
gives:

/B 1Q1(yo — y1)u(y1)0(y1)| dyr < Ch>“.

For |y| > 20h and y not in the strip 7;, = [t — h, to + k] x RY, we have:
h2

Qi(yo —y1,he)| <O
| 1(0 Y1 )| |y0_y1‘m+2

and the corresponding integral:

/ 10y, 3101 (o — v )y )(n) | dys
|lyo—y1|>20h

<C

|y|>20h
< Ch*,
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whenever 2a < 2. Tt remains to control the contribution of the strip 7 \ Baon.
The estimate on Qg gives that on this strip:

h h
lyr — yo|NH2 = 7 oy — x| VT2

|Q1(y1 — yo, he)| < C

Not that on 7 \ Bagp, we have |x; — x9| > h. So the contribution of this strip
is bounded by:

to+h h
—————dx dt;
to—h |$1—I0|2h |l‘1 - x0|N+2_2a
h2o toth
<C—- dty
h to—h
< Ch*,

whenever 2a < 2. That goes all the way to C? for every § < 1. O

C existence of solutions to (1)

In this appendix we sketch the existence theory of approximate solution of the
equation (1) satisfying the truncated energy inequalities in the hypothesis of
Theorem 1. We start by restricting the problem to By x [0, 00] and adding an
artificial diffusion term eA. We will use the eigenfunctions o and eigenvalues
A7 of the Laplacian in By, that is:

Aoy, +)\z0k = 0.

Note that of(z,2) = op(z)e”*** is the harmonic extension of oy, for the semi-
infinite cylinder @1 = B; X [0, oo] with data 0 in the lateral boundary, and:

Aok (x) = Oyoy(2,0),

where 0, is the normal derivative. Also:

/ Akazdxdz:/ 010,07 d:r:/ |Voi|?dx dz,
0Q1 Q1

1

and thus formula is also correct for any series

9(x) =Y fron(x),

provided that Y fZ\, converges, i.e., g € HY?(By).
We want to solve then in [0, co[x B; the equation:

010 + div(v) = eAO — (—=AY/?)0, (22)

where —A'/20 is understood as the operator that maps oy, to Aoy = 0,0%.
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For, say, v bounded and divergence free, this is straightforward using Galerkin
method: Let us restrict (22) to o, with 1 < k < ko, i.e. we seek a function:

ko
0=0-k,= > fu(t)or(z)
1

that is a solution of the equation when tested against or, 1 < k < kg. The
functions f; are solutions to the following system of ODEs:

Fe(t) = —[eXi + Nl fu(t +Zaklfl 1 <k < ko,

with initial value:

f1(0) = Oo(x)ok(x) dz,

B

where:

ap = /B v(t,x) - Vog(z)o(z) dx.

Note that, since v is divergence free, the matrix ag; is antisymmetric. This leads
to the estimate:

ko to ko
> f(t2) / D (X + M) fE(s) ds
k=1 th p=1

:Zfl?(tl)'
k=1

In particular 0 i, satisfies the energy inequality:

ta
10kt sy + [ (15 ooy + €10k () B )
1
< 6 ()22,

Notice also that what we call H'/2(B;) corresponds to the extension of 6 to the
half cylinder, and such:

100l 7172,y 2 101 g2y

We now pass to the limit in &y and denote . the limit. If we test 6. j, with
a function v € L>®(0,T;L*(By)) N L*(0,T; H'(By)), there is no problem in
passing to the limit in the term:

ta
/ / (V)b i, dz ds,
t1 Bq
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since 0.k, converges strongly in L*([0,7] x By). In particular, for v = (0. —
A)+ = 6. » the term converges to:

ta
/ V[0:]?vdrds =0,
t /B

provided that v is divergence free. This leads to the following corollaries:

Corollary 11 The function 6. satisfies the hypothesis of Lemma 6 indepen-
dently of €, and therefore:

C
HQ‘S(T)”LOC(Bl) < WHG‘S(O)HLQ(BI)-

Corollary 12 The same theorem is true for v € L*([0,T] x By) independently
of the L? norm of v.

Proof. We approximate v by a mollification vs. O

Corollary 13 For 6y prescribed in L*>(RY), the same result is true in [0,T] x
RNV,

Proof. We may rescale the previous theorems to the ball of radius M by
applying them to 6(t,z) = MN/20(Mt, Mx). This change preserves the L2
norm, and so we get:

C
N/2
SB}?;M 9(S,y)§ (S/M)N/Q’
or C
B < Gy

provided that v € L?(Bjy) is divergence free. Then letting M go to infinity
gives the result. O

Final remark: Since all the estimates are independent of ¢ we may let € go
to zero for the limit to be weak solution of the limiting equation, and satisfying
the truncated energy inequalities.

Note also that the same approach can be taken for higher regularity. Indeed,
the proof of higher regularity depends only on the truncated and localized energy
inequality that is also satisfied by the e-problem. We may then pass to the limit
in € and find a classical solution of the limiting problem.
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