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Introduction

Given f(x) 2 LY(R") we de ne the Fourier transform as:

f(x)= e PXf(x)dx
Rn

In general we cande neitfor 1 p 2 and the main question/motivation is to
understand the behavior of the inverse Fourier transform.

Question : Will g €2PXX f(x)dx in some sense go back to f(X)?

Same questions arise when we are working in the torus T". (i.e if the partial
sums of the Fourier series will converge in some sense to f(X))
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Introduction

First Improvements

Case n= 1:

¥ o
Let f 2 LP([O; + 1]) has Fourier expansion f g &€ % and set
k= ¥

m o
fn(@= & ae® 9 Then fn! finLP( L;+1])forl< p< ¥.

k="m

If p= 2 we have pointwise convergence a.e. (Carleson - 1966)

|
The multiplier problem for the ball and the Bochner-Riesz conjecture — p. 4/36



Introduction

In higher dimensions, let f 2 LP(T") have multiple Fourier expansion:

R A ek ko)

There are two natural ways to truncate the series:
For minteger set:

fm(de; i an) = é Ay ook e2p|(k1Q1+ i+ knGn)

For R positive real number de ne:

fr(O1; 5 0n) = - By oo, €20 (KLALF 7 Knin)

Questions Do fn !‘p f and/or fg f‘p f?

(1)

(2)
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Multiplier operators

Let m(X) be a bounded function in R". For f 2 L?(R") we de ne the operator
T(f) by the following relation:

T(£)(x) = m(x)f(x)

Asking if the operator T : LP! LP is bounded has the meaning:
"For a dense subspace of LP (usually Schwarz, C} ;L%\ LP), do we have:

BTN Cifljp 27
In that way we can extend T to LP(R").

Interesting cases for us (at least now):
Teube Where the multiplier is the characteristic function of the unit cube
Tphanl Where the multiplier is the characteristic function of the unit ball.

|
The multiplier problem for the ball and the Bochner-Riesz conjecture — p. 6/36



Equivalence of the problems

It turns out that the following problems are equivalent:

fn! fasm! ¥ inLP(T")

P f(x)dx ! f(x) asm! ¥ inLP(R")

[ mm]"
Teube: LP(R™) ! LP(RM) is bounded.

Answer: Af rmative for 1< p< ¥. Classical proofs use Calderon-Zygmund
Theory or Littlewood-Paley Theory.
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Equivalence of the problems

Also, the ball versions:

fr! fasR! ¥ inLP(T")

P f(x)dx ! f(x) asR! ¥ in LP(RM)
B(O;R)

Toa : LP(R™) I LP(RM) is bounded.

Answer: Negative, unless p = 2. We shall see the counterproof due to
Fefferman (Ann. of Math, 1971).
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An example

The operator Tpg de ned by ﬁ'(f)(x) = cg(X) f(X) can be viewed as a
convolution operator:

T(f)(x)= K f(x); whereK = cp
cg(X) can be computed explicitely in terms of Bessel functions:

3 (2pix))

n

JX) 2

K(X) = ca(X) =

But the asymptotics for Bessel functions are known:
r
2 3=2
Jk(r) = acos(r+ Cy+ O(r o) as r! ¥
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An example

Ccoq2pjxj+ A)

. .nh+1

X 2
operator with the function f(X) = Cpg(o:1=10) We obtain:

Therefore K(X) is essentialy as |X]! ¥. Testing our

U= WSee ng= O)K(X y)dy

B(0;1=1

which turns out to be for a "signi cant” portion of X.

. .n+1

¥ 2

Conclusion : T(f) can be in LP only if p>

n
1 A simple duality argument

shows then that T cannot be a bounded operator in LP unless:

2N 2N

< p< ——
n+1pn1
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Fefferman's counterproof

Theorem (Fefferman,1971): T is bounded only on L2 (n> 1).
Proof : First some useful reductions.

Lemma 1 (de Leeuw): Let m(X;y) be a Fourier multiplier for LP(R'* ). Then for

almost every X, my(y) = m(X;y) is a Fourier multiplier for LP(R!) and the
multiplier norm of my does not exceed that of m.

From this lemma it suf ces to disprove LP-boundedness of T on R2. Moreover,
by duality we just need to do it for p> 2.

Assume, from now on, that JJ T(f)jjp  CJj f]jp where p> 2. We will reach a
contradiction. We still need two more lemmas.
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Lemmata

Lemma 2 (Y.Meyer) Let V1;Vo; .. be a sequence of unit vectors in R?, and let
Hj be the half plane fx 2 R?; X:vj  0g. De ne a sequence of operators

Ti; To; 22 on LP(R?) by setting '['j(f)(x) = cH;(X) f(x). Then for any sequence
of functions f1; f2;::: the following inequality holds:

! 1=2 ! 1=2

aiT;fij® C aifii® (3)

] ]

Remark: On the operators Tj, the multipliers are characteristic functions of
half-spaces. These type of operators are indeed bounded on LP. (see Stein's
Singular Integrals, Littlewood-Paley Theory). Actually, "intersecting" them we
prove that the multiplier for the cube is bounded in LP. (more generally, any
polyhedron)
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Lemmata

Lemma 3: Fix a small number h > 0. Thereisaset E  R? and a collection
R= f Rjg of pairwise disjoint rectangles, with the properties:

(i) At least one-tenth of the area of each F\3j lies in E.
(i) JE] hajjRjj

Here, Fij Is the shadded region in Figure 1.

FIGURE 1
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Proof of the Theorem

Assuming lemmas 2 and 3 we can establish our Theorem. Set fj = Cr; and let

Vj be parallel to the longer sides of R;. Direct computation shows that
. . log?2 ~
)T i) 092 _ M in R;j. Therefore:
2p
!
aiTifi®i* dx = @ [Tfi(¥j°dx M?QJE\ Rj (4)
J J J
M2 o . M2o . .
1—Oa_JRJ'J = ?aJRjJ
J J

where we used (i) of lemma 3.
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Proof of the Theorem

On the other hand, by lemma 2 and Holder's Inequality (recall p> 2), we have:

! 10 2
o . c g p_2 o . -
aiTifi®i® dx  jEP  aiTifji? (5)
] ] 0
! 1= 2
._.p 2 o .. .
CIEi»  aifi’
J P
|y
._.P2 o . . P2o . .
= CE*» alRj Ch v aRj

)

For small h equation (5) contradicts (4). We have proved Theorem 1.
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Proof of Lemma 2

We shall prove the result for Schwarz functions fj, the general case follows by
a limiting argument. The idea is to approach the half plane H; by big discs. Let
D'Jf denote the disc of radius r centered at rvj and de ne the operator TjIr by:

A f(x) = cor (¥) f(x)

A sequence of discs converging to a half-plane.
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Proof of lemma 2

For f 2 R?) we have lim; v Tjr f(x) = T;f(x). Now Fatou's lemma shows:

! 1=2 ! 1=2

éjTj fij° liminf é T/ f5)°

] ]
P P

So, it is enough to prove (with C independent of r):

! 1=2 I 1=2

a it fii® C aifii® (6)
J |
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Proof of lemma 2

Dilating R? we may assume r = 1. However:
TH(x) = ePViIXT e #Vif (x) where T = Tpa

The left-hand side of (6) is nothing but:

1=2
é._l_ e 2pivj:(:) fJ j2 (7)

J
P

Recall we assumed KT fk, Ckfky forall f 2 LP(R?). This implies we also
have the vector-valued analogue: (bound (8) applied in (7) gives the result)

! 1=2 ' 1=2

aiTfij® C aifii® (8)
J J
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Proof of lemma 3

We use here the Besicovitch set for the Kakeya needle problem. Below is the
construction for the sprouting of a triangle T from height hg to height h;.

A

FIGURE 10.1. The sprouting of the triangle ABC.

Begin with an equilateral triangle T; with side | =[0; 1]. Choose your

f heights hy;ho;::: b
sequeb\%eo EIngé 1; N2 y pg
h]_: 7, h2: 7 1+% , h3: 7 1+%+% ;:::.

Set E equal to the union of the 2 triangles Tq; To; :::; Tk arising at the stage k.
|
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Besicovitch set E

;s)pz_es

° 2.

p_
We can compute the area of E and nd it to be at most Tg’e(z

Construct the rectangle R; as follows:

Condition (i): Clear from the picture (1/10 oijEjj isin E)
Condition (ii): Each rectangle Rj has area  (logk):2 Kand there are 2K R?S.
Therefore:
aiRij (logk):2 *:2“= logk
j |
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Besicovitch Set

It is clear from the geometry of the picture that the rectangles R; are all
disjoint. The proof is now complete.
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Bochner-Riesz conjecture

It is a standard technique in Harmonic Analysis to introduce some kernel of
rapid decrease inside integrals (or sums) to make them integrable (or
summable), like:

Kf(x) = N K (x; R)eP** f (x)dx

The guestion is the same: Do we have some kind of convergence of SgRf(X) as
Rl ¥?
We tried with K(X;R) = Cpg(o:r)(X), but the result was unfortunately bad.

Let's try now something smoother...put the kernel K(X; R) = 2
+

where | 0. We have thus de ned the Bochner-Riesz mean S

-
Sf(X) = 1 B @eixfidx

RN RZ
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Bochner-Riesz conjecture

With some elementary Functional Analysis (Banach-Steinhaus Theorem) and
scaling arguments the following two questions are equivalent:

Kf(xX)! f(X)inLP(R") asR! ¥.
The multiplier transformation B; de ned by:
B f(x)=(1] x*} f(x)
is a bounded operator from LP(R") to LP(R").

Again we can see By as a convolution operator where the convolution kernel
my (X) is given in terms of Bessel functions:

&l + 1) Jn+1 (2pjx)
pl jxjg+l

m (X) =
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An example

By the asymptotics for Bessel functions as before we have:

Ccoq2pjxj+ A .. nt3
m (x) = _S(.ﬂfl L+ o %)

1§ 2

as |Xj! ¥. From this expression we can see that if | > ”Tl the kernel will be
integrable and so B, will be bounded on LP.

Just as we did with the ball problem, testing with a function like
f(X) = Cp(0:1=100 (X) we will have:

Bi(x)=_ m(x y)f(y)dy= m (x y)dy
RN B(0;1=100
_ C .
whichis ——5— for a signi cant part of x2 R".
Xz "
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The Bochner-Riesz conjecture

Therefore B, is not bounded in LP(R") if p mf—i‘z By duality, it is not
2Nn

bounded alsoif p  —F—r.

: . 2 2 -
Conjecture : For —15- < p< -5 the operator B; is bounded on LP(R").
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Restriction Problems

Started in the 70's, by E. Stein this type of problems has connections with
Important open problems in harmonic analysis and PDE.

Problem : Given a hypersurface Sin R" and a compact subset K S we want

to be able to restrict the Fourier Transform f to S, by having an a priori
inequality of type:

KfKiakds) CrgrKTKLprn)
where f is in the Schwarz class.

Interesting cases:
S = unit sphere " 1
S = parabola=fx2 R"; x, = %jszg
S =cone =fx 2 R"; xn = jXjg -
above X = (X;xn) 2R" 1 R.
They have connections with Helmholtz equation(Du+ u = 0), Schrodinger

equation (iIftu+ Du= 0) and wave equation ((xt Du= 0), respectively.
|
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Restriction to the sphere

We are interested in nding all the pairs (p;g) (1 p 2) such that the
restriction property Ry (S 1 holds:

Kfkiaen 1  CkfKLprn)

where the measure on the sphere is the canonical surface measure.

Observe that for a functionj de ned on S L we have:

fids=  f(jdds)dx=  f(j%s)dx
g1 RN RN

De ning the transpose operator by R(j ) = jdds, we see by duality that
Ry (S 1) holds if and only if:

R: LN Y1 LPR
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Necessary conditions

Example 1 Let's take | 1. Using Bessel functions again:

8s(x) = —

WX n_22(2PX)

and the asymptotics we already know:

C cog2px+ A+ O(ix ")
JX| 2

This belongs to LP’ (RM only if "= p >n) p> 2” and then we have the

n
necessary condition:
2N

1 <
P n+ 1
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Necessary conditions- Knapp's example

Example 2 (Knapp) We may think the sphere now centered at (0,0,...,1). Let Xg
be the origin (which now is the south pole) and K be a "cap" of diameter

pula

centered at Xg. This cap has surface measure R (" 1) and is contained
Inside a disk of radius % and thickness % oriented perpendicular to the
unit normal vector of Sat Xp.

Let | be the characteristic function of this cap and let T be the dual tube to the

disk D (i.e a tube centered at the origin with radius  Rand length  R?) |
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Necessary conditions - Knapp's example

Observe that:
lj ds)x= e 2X¥j (x)ds(x)

is of magnitude s(K) R (" D on T (this happens because the phase
function e 2PXX js essentially constant on K). In particular:

- e =0 _ 0
kéj dS)kLpo(Rn) & JTJl R (n 1) R(n+ 1)=p R (n 1)

while we have:
kj quo(S;dS) . JKJl:CIO R (n 1):(3]0
Comparing these two expressions letting R! ¥ :; we nd another necessary

condition:
n+1 n 1

pO q
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The Restriction conjecture

Conjecture : Property Ry (S 1) holds whenever:

2N
n+ 1

1 n+ 1
q n 1

1 p<

ol

Observe that that if Ry ¢(S" 1) holds, then so does Ry (S! 1) foranyr g,

by Holder's inequality (since S’ Lis compact). So, the problem is to establish
the resctriction on the line BC below.

|
The multiplier problem for the ball and the Bochner-Riesz conjecture — p. 31/36



Positive results and connections with B-R

2(n+ 1)

then:
n+ 3

Theorem (Tomas-Stein-1975): If f isin LP(RM) forl p

if(x)j*ds(x) Ckfk3
Q1

Theorem (Fefferman-Stein 1970, Zygmund 1974) The full restriction conjecture
is true ifn= 2.

Theorem (Carleson-Sjolin,1972) Bochner-Riesz is true for n = 2.

Theorem (implicit in Fefferman's 1970) Restriction property Ry 2(S h
implies that the Bochner-Riesz operator B, is bounded.

Thus by Tomas-Stein above we can conclude that the Bochner-Riesz
n 1

conjecture is true in its full range when| > ———
J 2 2(n+ 1)

Theorem (Tao,1999) Bochner-Riesz implies the Restriction Conjecture.

The reverse implication is believed to be true also.
|
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Recent Progress

The table below shows a comparative on the progress of the Bochner-Riesz
and Restriction conjectures for n= 3.
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Recent Progress
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|deas for future research

During the next years | will be interested in:

Understanding more about the type of problems discussed here and how
harmonic analysis affects related areas (PDE, Number Theory, Probability and
Geometry)

Extremal problems and inequalities in analysis and number theory.

Techniques to understand the extremal functions, sharp constants and
asymptotics, and how they encode information.
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