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The Extremal Problem

Given a function f : R — R, we seek an entire function K : C — C of
exponential type 274, (|K(2)| < A.e(379+9)I2ly such that the integral

/_Oo |K(x) — f(x)|dx

is minimal. We may impose the following conditions:
@ Majorizing Problem K(x) > f(x), for all x € R.
@ Minorizing Problem K(x) < f(x), for all x € R.
@ Best Approximation Problem No restrictions.
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Solution of the Extremal Problem

By a solution of this problem we mean:

@ Prove the existence and uniqueness of K(z), and if possible, find
an explicit expression.

@ Find the minimal value of the integral
/ |K(x) — f(x)|dx.

@ Define
d(x) = K(x) — f(x).

Describe the Fourier transform &(t).
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Example | - A. Beurling (1930’s)

nez

is the extremal majorant of exponential type 27 of f(x) = sgn(x),
with [ {B(x) — sgn(x)} dx = 1.
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Example Il - A. Beurling(1930’s)

@ The function

By(z) - <S|n7rz> {Z (sin e }

nez

is the extremal minorant of exponential type 2 of f(x) = sgn(x),
with [ {sgn(x) — By(x)}dx = 1.
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Example Il - A. Beurling (1930’s)

@ The function

By(z) = (sinwz> 3 (=1)"sgn(n)z +log4

T (z—n)n

nez

n#0

is the best approximation of exponential type 7 of f(x) = sgn(x),
with [%_|Bo(x) — sgn(x)[dx = 1.
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Motivation

Why would one study such problem?

@ The majorizing property together with the fact that the Fourier
transform of K(x) is "morally” supported in [—4, 6] (Paley-Wiener

theorem) lead to inequalities in analysis, analytic number theory
and uniform distribution.

@ For example, suppose K(x) > f(x). Define
o(x) = K(x) — f(x).
We should have

o(t) = —1(t), for |t| > 6.

4th Southeastern Analysis Meeting Vanderbi
Carneiro and Vaaler Extremal Functions /24



Hilbert’s Inequality |

@ Let {\,}_, be well-spaced real numbers, |\, — Am| > 0.
@ Let {a,}N_, be complex numbers. Then (here e(x) = e2™)

0 < / d(x) Z ane(AnX)
-0 n=1
- T 000 S an@me((An — Am)x)
= Yanan [ o060~ An)¥)
= ) an@n®(Am— An)
= ©(0)D |anl® =D an@mf(Am— An)
n=1 m#n

. 4th Southeastern Analysis Meeting. Vanderbi
Carneiro and Vaaler Extremal Functions /24



Hilbert’s Inequality Il

@ We therefore obtain (recall ®(x) = K(x) — f(x) > 0)
N
<

®(0) ) |anl.

—1

N —~
> an@mf(Am — An)

m#n

@ In the case f(x) = sgn(x) we have ?(t) = # (Hilbert transform
sense) and we obtain, for example,

N N
SRR St

This is known as Hilbert’s inequality (Hilbert 1900’s, Schur 1906,
Montgomery and Vaughan 1974).
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Example IV - A. Selberg
@ Later, A. Selberg recognized that Beurling’s functions could be
used to majorize the characteristic function of an interval:
Xlap(X) = 2{sgn(x — a)+sgn(b - x)}
C(x) = {B(x—a)+B(b-x)}.

2
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Large Sieve Inequality - A. Selberg

@ Selberg used this fact to give a simple proof of the Large Sieve
inequality in analytic number theory. Let

M+N

S(x) = Z ane(nx)

n=M-+1

be a trigonometric polynomial with period 1, and let &1, &5, ..., &R be real
numbers well-spaced modulo 1, i.e., ||{, — &s|| > 6 > 0 for r # s. Then

2

R M+N
Z S(&) <(N—1+671) Z |an|®
r=1 n=M+1
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The function e *

In 1981, S. Graham and J.D. Vaaler solved the majorizing and
minorizing problem for the even function f(x) = e **l where A > 0is a
positive parameter.

@ Majorant interpolates at the integers:

_ sinmzy2 ekl B sgn(/)e_>‘|l|
M()\,z)—( P ) {Z(z—k)z )‘Z (z—1) :
kezZ 1€Z
@ Minorant interpolates at the integers plus a half:

A+ sen(/+ 3)e~ 2!
L(\z) = (W)Z{ZM—AZ : ((z_zl)f N }

kez T2 ez
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Majorant of e |
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Minorant of e X!
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Integrating on the parameter \
@ We have L(\, x) < e Xl < M(), x) with
/oo {e‘MX' - L()\,X)} dx = 2 —csch(3),

/OO {MOx) e ax = cotn(3) - £

—0o0
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Integrating on the parameter A
@ We have L(\, x) < e "X < M(), x) with
/OO {e_>‘|x| - L()\,X)} dx = 2 —csch(3),

| {mo0 - e} ax = cotn(3)- %

—0o0

@ Let i be a measure defined on the Borel subsets of (0, o). One
might expect to show that

L(2) = /O T L 2)du(y) and My / M(X, z) du(N)

solve the extremal problem for f,(x) = [;~ e~ *¥ldu(\)
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Integrating on the parameter A

Theorem (Graham-Vaaler,1981)
Let i be a finite measure such that

/ A Tdu(N) < oo
0

Then M,,(z) and L,,(z) are the unique extremals of exp. type 2 of
f.(x). Moreover

/ (f.00) - L(x)} dx = /Ooo{§—csch(%)}du()\)
/_ {M,.(x) — f,(x)} dx /Ooo{coth(’g\)—§}du(>\)
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New ldea

@ We can "subtract a constant from both sides" to consider a wider
class of measures. For this define f, : R — R U {oo}, by

700 = [ e = e aul)
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New ldea

@ We can "subtract a constant from both sides" to consider a wider
class of measures. For this define f, : R — R U {oo}, by

X) = / (e — M dpu(N).
0
@ The extremal candidates are now defined in terms of 7#:

— . coswz\2 [ S f(n—1) > fiin-13)
Lte) = () {Z (z—n+3p 2 (z“—n+%)}’

n=—oo n=—oo

W) - (smz) {Z f(n Z(g(nz)}.

neZ n#0
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Main Result

Theorem
o Ifthe measure . satisfies [,* )\2 “7du(A) < oo then Zu(z) is the
unique extremal minorant of exp. type 27 for?#(x), and satisfies

/ {700 - L)} ax = /0 T2 —esen (3)} du(V)

—00

o Ifthe measure . satisfies [,° 2+ +1 du(N) < oo then I\Nﬂu(z) is the
unique extremal majorant of exp. type 2 for f,(x), and satisfies

/OO {MN(X) _?u(x)} dx = /OOO {coth (3) — 2} du(N).

—00
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Special Cases

We highlight here two interesting applications of this result:
e If we consider du(\) = A~'d\ we obtain:

f.(x) = —log ||

@ If we consider du(A\) = A7%d\, withO <o <2and o # 1 we
obtain: N
() =T(1 = o) {Ix|”" =1}
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Majorant of logarithm
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Hilbert-type Inequalities

Corollary

Let&q,&o, ..., &N be real numbers such that0 < 6 < |{m

— &n| whenever
m=#n. Letay, a, ...

, an be complex numbers. If0 < o < 1 then

2 — 22 7) m@n
- Z'a"'2 > TTep s O

n;ém
ifo =1 then

'°94Z| anf? < Z |£a"’a” @)

m,n=1
n;ém
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Corollary (cont.)
If1 <o <2then

2_p20 N 3
— %Z|an|2 Z a a£ ’O— < Z| n|2 (3)
n=1 m,n= 1 n
n;ém

where ¢ denotes the Riemann zeta-function. All the constants
appearing are sharp.
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Erdds-Turan Inequality

Corollary
Let Fpy(2) be the monic polynomial defined by

and assume that |am| <1 foreachm=1,2,..., M. Then for each
nonnegative integer N we have

N M
sup log|Fu(2)| < M(N +1)"log2 + 3 " n~" ‘ S (am)”
n=1 m=

|z]<1 1
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papers available at www.math.utexas.edu/users/ecarneiro

Thank you!
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