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Sharp Inequalities

@ Hausdorff-Young inequality for the Fourier transform (Beckner '75)
@ Young’s inequality for convolutions (Beckner ’75)
@ Hardy-Littlewood-Sobolev inequality (Lieb '83)

@ Sobolev inequalities (Aubin, Talenti, Beckner and others)

Analysis Seminar University of Texas at Austir
Emanuel Carneiro A Sharp Strichartz Inequality /26



Program - Sharp Strichartz

Let u: R x R” — C be the solution of the Schrédinger equation

iuy+Au = 0
{ 00.x) — f(x). M

Strichartz inequalities:
lu(t, ) @xrry < Clifll 2y,

for (q, r) satisfying 2 + 2 = 2,2 < q,r <ocand (q,r, n) # (2,00,2).

Recall:
q/r
Tut, ) 917 (rxrmy = A(/ﬂ{n!u(t,x)|'dx> dt

[CE -

1/q

Main Goal: Find the constant C(q, r) = supy.o

T e
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History

@ (Kunze '03) A maximizer exists in the case n=1,(q,r) = (6, 6).

@ (Foschi and Hundertmark-Zharnitsky '06) Calculated the
constants in the cases n=1,(q,r) = (6,6) and
n=2,(q,r) = (4,4), showing that the only maximizers are
Gaussians.

Conjecture: Inthe case n > 3, g = r =2+ 4/n, the only
maximizers are Gaussians and the sharp constant is

2n+4
c_(1(_n\" n/(nﬂ.
2\n+2

@ (Shao '08) Maximizers do exist for all non-endpoint Strichartz
estimates (g #2ifn>3andg#4ifn=1).
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Main Result

Theorem

Fork € Z, k > 2 and (n, k) # (1,2) we have

. n(k—1)—2 1/2k
et lrageaser < (Coe [ FOIEKG)™ 2 an) . (@

with i
G = [Zn(k—1)—1 /2 p(n(k=1)-2)/2 [ (@)] : 3)

On the right hand side of (2) we write n € R™8 asn = (11,12, ..., nx) With
eachn; € R"; F(n) = f(n1)f(n2)...f(nk),; and the kernel

1
K= D -l

1<i<j<k

Equality occurs if and only if f is a Gaussian.

v
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Remarks

@ The Fourier transform of the function f : R” — C is given by

f(w) = @ )n/z / e~ Xf(x)dx.

@ The solution of (1) can be given in terms of the Fourier transform

1 iX-w a—it|lw® F
U(tax):W/Rnelx e M f(w) dw

@ Here we shall refer as Gaussians the functions of the form

24 p.
f(X) _ eA|X| +b X+C7

where A, C € C, b € C" and R(A) < 0.
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Applications

Corollary (Sharp Strichartz in low dimensions)
In dimension n = 1 we have

lu(t, X) 518 (rxr) < 127112 f]| o). (4)
and
lut, )l 2 s rxry < 2741 ll2qry- (5)
In dimension n = 2 we have

lu(t, )l s 8 mxrey < 27211l 2(g2). (6)

These inequalities are sharp and equality occurs if and only if f is a
Gaussian.
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Applications

Corollary (Sharp Sobolev-Strichartz in low dimensions)

We have
lut x) | goporxmy < (@VEm) O a1l 5 0ey: (7)
lut X) | gzisny < 6 2IF | Loy 1F1 iy (8)
lut Xl ossrry < (87)" U | 40 17 gy (9)
lu(t, )l sisrxrey < (12m) IV dor 130y, (10)
lut, Xl s s rxrey < (6T IV dir 134y, (A1)
lu(t )l ss@nrsy < (320) A1V o0 Il Saey - (12)
These inequalities are sharp and equality occurs if and only if f is a
Gaussian.

v
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Restriction Estimates

The Schrddinger and wave equations are related to the restriction
problem for the paraboloid and cone, respectively,

Sparab = {(T,w) € R x R? : 7= |W|2}a
and
Scone = {(T,OL)) € R x Rn LT = |Ld|} .
We endow these surfaces S ¢ R™' with canonical measures do given

by
J;

parab

d
/ g(T,w)daz/gw,w)w.
Scone RN |W|

g(r.w)do = / (WP, w) dw,
Rn

and

Analysis Seminar University of Texas at Austir
Emanuel Carneiro A Sharp Strichartz Inequality /26



Restriction estimates (cont.)

In this setting, the restriction estimates are a priori inequalities of the

form

[hlsllLas;do) < Cp.g.sllhllomny-

Current state of the problem:

Dilation Inv. | Restriction Conj. Best Result
Parab | q= 1% p > 2nt2 p > 218 (Tao '03)
Cone | g= ¢ p > 2 p/ > 208 (Wolff '00)
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Sharp Restriction Estimates
Theorem

For the paraboloid we have
IAlslliz(s:a) < (27) 2127/ 2| | o/5ge),

and R
1Bl 2(s; 40y < (4m) 2|11l a/3(m3)

Theorem
For the cone we have

1Als]l2(s:00) < (27) /2|l 15/5 g3,

and

1Blsll 25,00y < (27)/* (1l /3 ge)-

Maximizers characterized via the dual extension estimates.
Analysis Seminar University of Texas at Austir
o Emanuel Camneio " ASharpStichariz nequaliy i s



Proof of the Main Theorem

Recall what we want prove:

For k € Z, k > 2 and (n, k) # (1,2) we have

n(k—1)—2 1/2k
S (cnk /R EaRKm) 2 dn) ,

with .
Cn,k = [2n(k—1)—1 kn/2 ﬂ_(n(k—1)_2)/2 r <@)]

On the right hand side we write n € R as = (n1,m2, ..., nk) With each
ni € R™; F(n) = f(n1)f(n2)...f(nk); and the kernel
1
K= D -l

1<i<j<k
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Representation Lemma

N n(k—1)-2
@ Define Fi(n) = F(n)K(n)~ 4

@ Let E ¢ L?(R") be the closed subspace consisting of the
functions invariant under any orthonormal transformation R fixing
the vectors o, ap, ..., n € R given by

aj = (eiv €iyoees ei) (k times), (*)

where ¢; = (0,0, ...,1,...,0) is the i-th canonical vector in R" .
Denote by Pg : L?(R™) — L?(R™) the projection operator.

Lemma

L et x) P dxat = G (Pe(Fr). Fo)uzam
X n
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Assuming the Lemma

/R Tt x) P dx dt = Gl Pe(Fr). Fr) iz
X n

< Cn,kHF1Hi2(Rnk) (14)

S, n(k—1)—2
= Cos [ IF)KG)™ 2 dn.

A necessary and sufficient condition for equality in (14) is:

_ n(k—1)—2
FmKm) 4  =FR(X)€E

Note: The kernel K(n) satisfies (x) = lt'(n) must satisfy (x).
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Proof of the Representation Lemma
Start with u(t, x) = (27T @y Jer e e~ F(,) dw. Then

1 (12
u(t, x)[2 = P /R . (S =5 6) gitnP=I¢?) F () E(€)dnde,

Where n= (77177727 "'7nk) and § = (515627 "'76/()! eaCh ni and gi in ]Rn'
Fact: 0,(w) = (27) ™" [, 67X Wdx.
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Proof of the Representation Lemma
Start with u(t, x) = (27T Gy Jin gXw g—itlwl? f( )dw. Then

1 (12
u(t, x)[2 = P /R . (S =5 6) gitnP=I¢?) F () E(€)dnde,

Where n= (77177727 "'777/() and § = (515527 "'7£k)! eaCh ni and gi in ]Rn'
Fact: 6p(w) = (27)~" [, e *"dx. Then

/ u(t, )P dx dt
RxR"

1 K k R
:W/RR (Z”f Z&> (In? — 1€1%) F(n)F (&) dndg

i=1
:(&T)JTH/RR <H5((’7‘f)'0‘f>> 8(nf? — I¢[2) F(n)F(€)dndg

i=1

Analysis Seminar University of Texas at Austir
Emanuel Carneiro A Sharp Strichartz Inequality /26



Proof of the Representation Lemma (cont.)
Rewrite the last expression in the strategic way:

/ u(t, )P dx dt
RxR"?

Y N LR R LS P o
(Rnk)z

- (27 )n(k—1)-1 n(k—1)—2

(K(mK(E) *
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Proof of the Representation Lemma (cont.)
Rewrite the last expression in the strategic way:

/ u(t, )P dx dt
RxR"?

! (T4 9((n =) - )) (Inf? - 1&?)
- (27T)n(k_1)_1 /(]R"k)Z : n ) 2 F1(77)F1()d77d£

(K(mK()) A
Define the (self-adjoint) operator

1 i 5 g 2 52
AG(E) = iy [ RO LB ) ).

(KmK©) *

In this setting we have

/ |U(t, X)‘Zk dxdt = <AF1, F1>L2(Rnk) .
RxR7

Goal: Prove that A= C, PE.
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Proof of the Representation Lemma (cont.)
Write

AG(E) = Ca | Glnme(dn).
with
KT (M50) (T2, 6 =€) - o)) 6 (1nf? — I€P)

me(dn) = ank—1)/2 n(k—1)-2
(K(mk() 4

dn
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Proof of the Representation Lemma (cont.)

Write

AG(E) = Ca | Glnme(dn).

)(H/ 1 ((77—5)'

with
Ko/ ()
me(dn) = ——a= 1)/2
Lemma

a;)) 6(Inl® - [¢[?) a

(K(mK(©))

n(k—1)—2
!

(i) Forall& € R the measure m¢(dn) is a probability measure on

RNk,

(i) For all Borel measurable sets B ¢ R™, we have

[ mByas =18,
Rnk

where |B| denotes the Lebesgue measure of B.

Emanuel Carneiro
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Proof of the Representation Lemma (cont.)

@ Previous Lemma + Jensen’s Inequality:
|AG]| 2rrny < Cn k| Gll 2 (k)

@ The fact that

1
K(n) = 4 > ni—nl?

1<i<j<k

— ‘77|2 _ |771 + 2+ . +77k|2 — |77|2 _ 27:1 (77 'ai)z
k k '

implies that
AG(R¢) = AG(¢),

so A maps L?(R™) onto E.
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Proof of the Representation Lemma (cont.)

e Ais self-adjoint = A(E+) = 0.
@ Finally A= C,«/on E. To see this just test A on the dense subset
of functions

G(Tl) = H("7 cQ, 1), .., 7] Qi ’77‘2) )

where H e C°(R x R x ... x R x R™).

Conclusion: A= Cp, «xPE.
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Gaussian Maximizers

A necessary and sufficient condition for equality is:
. n(k—1)—2
FimKm) 4  =FR(x)eE
The kernel K(n) satisfies (x) = F (1) = f(11)...f(1c) must satisfy (x).
Step 1. Let g : R" — C be a measurable function such that
G(n) = g(n1)g(n2)--g(nk) satisties

) n(k—1)—2
| 1emE ke 2 an < .

Then g € LP(R") for p = 527 .

This is a consequence of reversed HLS inequality (Beckner) and
interpolation.
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Gaussian Maximizers (cont.)

Step 2. Let g € LP(R") be such that G(n) = g(n1)g(n2)...g(nk) satisfies
the property (x). Then g is a product of one-dimensional functions.

Proof. Write n; = (ni1, ni2, ..., min), for i = 1,2, ..., k. If g # 0, there exists
a cube J = [, [ai, bi] € R" such that

/Jg(y)dyzA#O.

Consider the orthonormal transformation R in R that switches the
coordinates 711 and 721 onn = (1, ...,mk). Then

911,25 -, 1) (1215 M2 -, 12n)G(13)---9(1k)
= g(m21, M2+ -, M) G(1M11, M2, -, 12n)G(13)---9 (1K)

Integrate the last expression with respect to drn.dns...dnk on
J x J x ... x Jtofind:
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Gaussian Maximizers (cont.)

Ak_1g(7711 y T2y -+es 771n)

k—2 o / (15)
=A / 9(772177712a---»771n)d7721 /J 9(7711a7722:---7772n)d7727
ai ’

where J' = ]7,[a;, bi] and dnj, = dnoodps...dno,. Expression (15)
plainly says that

g1, m2, -, mn) = Wi(n11) b1 (12, ... M1p).

By repeating this argument we arrive at

91, m2, - mn) = 91(111)92(1m12)---9n(11n)-
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Gaussian Maximizers (cont.)

Step 3. Suppose that all g;’s are smooth and non-vanishing. Then all
gi’s are Gaussians with the same covariance. Therefore g is itself a
Gaussian.

Proof. Consider the orthonormal basis of R?" formed by the vectors
Bi= %(ei, ej) and v; = %(ei, —e;) and let Ry2(0) be

n n
Ri2(0) = Bi®Bi+Y 7@
i= i=3

+ c0s(6)v1 ® v1 — sin(0)y1 ® 2 + sin(0)v2 ® 1 + cos(0)y2 @ .
Consider the rotation R(#) on R given by
" Ris(0) -
/ 0
R(0) = / (16)
0 "

- ~ A nal;sis Seminar University of Texas at Austir
Emanuel Carneiro A Sharp Strichartz Inequality /26



Gaussian Maximizers (cont.)

From the fact that G(R(0)n) = G(n) and R(0) = / we obtain

IG(RON),

[(m12 = 122)0y — (M1 — 121)0ns, — (12 — 1122) Oy + (11 — 021) O] G().

0=-2

By introducing the logarithmic derivatives h; = g;/g; we obtain
(m2 — n22) My (m11) — (m11 — n21) Ma(n12)
— (m12 — m22) My (n21) + (11 — m21) Mo (n22) = 0.

Differentiating on 714, and then on 7.,, we obtain

H{ (m11) = h5(n22) ,

Repeat the argument for 1 and ~; yielding hy = hj’.’ = C for all
j=1,2,...,n. This proves that all g;'s are Gaussians with the same
covariance, and thus g will itself be a Gaussian.
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Gaussian Maximizers (cont.)

To reduce matters to the smooth non-vanishing case we use a
classical argument due to Carlen. Let Q. the convolution with the
Gaussian kernel on R"

1
(27e)n/2 ©

€

ly2
2 .

¢>5(}/) =
Step 4. Let g € LP(R") be such that G(n) satisfies the property (x).
Assume Q.(g) never vanishes as ¢ — 0. Then g is a Gaussian.

Step 5. Let g € LP(R") be such that G(n) satisfies the property ().
Then Qc(g) never vanishes as € — 0.

Conclusion: Steps 1- 5 with g = f
= fis a Gaussian
= f is a Gaussian.
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Thank you!
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