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1 Introduction

Given a polynomial f € C[z,y] we want to determine whether it has a singularity or
not. In order to do this, we first focus on the monomials of the polynomial: let’s call
A the set of those monomials. The A—discriminant A4 is the unique polynomial
satisfying

irreducible over Z
homogeneous in the coef ficients of f

vanishes when f has a singularity

Let’s make clear what the last condition means: A, is a polynomial in as many
variables as monomials A has. A4 will have a root « iff the polynomial f whose
coefficients are given by the coordinates of a has a singularity.

Any integer point in the plane can be regarded as the multidegree of a monomial in
two variables. For instance,the point (3,2) can be thought as the monomial z3y?
the point (0, 3) as y and so on. Furthermore, given a bivariate polynomial we can
disregard the coefficients and look at the monomials, and consider the convex hull
of the points they define in the plane. This convex hull is a polygon, called the
polytope of the polynomial. Given a polygon in the plane, we say that it is reflexive
iff it has exactly one interior integer point.

Poonen and Rodriguez-Villegas classified in [2] the 16 equivalence classes of reflexive
polygons (FIG.1).



Our goal is to find the A—discriminant for the families of bivariate polynomials

defined by each reflexive polygon.
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Figure 1: reflexive polygons
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Let’s name the set of monomials of each polytope:
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{(1,0),(2,0),(0,1),(1,1),(2,1),(0,2),(1,2)}

= {(0,0),(1,0),(2,0),(3,0),(0,1), (1,1),(2,1), (1,2)}

= {(0,0),(1,0),(2,0),(0,1),(1,1),(2,1),(1,2),(2,2)}

- {(07 0)7 (17 0>7 (27 0)7 (37 0)7 (4’ 0)7 (17 1)7 (27 1)’ (37 1)7 (27 2)}

= {(0,0),(1,0),(2,0),(3,0),(0,1),(1,1),(2,1),(0,2), (1,2)}

= {(0,0),(1,0),(2,0),(0,1),(1,1),(2,1),(0,2), (1,2), (2,2)}
{(0,0),(1,0),(2,0),(3,0),(0,1), (1,1),(2,1),(0,2), (1,2), (0,3)}

The correspondant polynomials (whose coefficients are indeterminates) are:

S
f2
fs
Ja
fs
fe
f7
fs
fo
flO
fu
Ji2
fis
f1a
fis
Je

ax®® + agy + anxy + apry’

aopo + aiol -+ G20$2 + anxy + (llgl'yQ

a10 + az0x? + agy + anxy + ary?

a10Z + a1y + anry + anr?y + araxy’

anpo + a10x + CL20$2 + anxry + a21x2y + CL12£L‘Z/2

a10x + Ggoflfz -+ aoply + anry -+ a21x2y + a12$y2

aopo -+ aiol —+ CL205L’2 -+ a30x3 —+ ary -+ a21x2y + algxyz

anpo -+ a0l + CL20$2 + anxry + CL21(L’2y + Cblgflny + GQQI2y2

ago + @102 + agr? + agry + anzy + anr?y + arary?

a10% + a0x* + agy + a11xy + anx’y + agy® + apry®

ago + 10 + as0® + azox® + agy + anxy + anz’y + appry?

ago + @10 + as0x? + agry + anzy + anx?y + arpry® + asr’y?

ago + @10 + aspx? + azox® + asrt + anzy + an 2’y + azn iy + anry?
ago + 10 + az02* + azox® + ag1y + anxy + anz*y + apy® + apxy?
ago + 10 + as02* + agry + a1 Ty + an @y + agey® + arry? + asr’y?
ago + a10T + aser? + azor® + apiy + anzy + anr’y + agey® + anry® + agsy®

Note that between all these 16 polynomials, we have two different categories: cubics

and quartics. The very last one, fi4 is the general cubic. The quartics we have are

f87f127f137f15-
It might therefore be a good idea to try to solve first the general cubic, and then

analyse how that applies to the other cubics just by replacing the correspondent

coefficients with zeroes. Later we’ll take care of the quartics.



2 Methods

So let’s start with the general cubic:

fi6 = aoo + @107 + ar® + azpr® + apy + anwy + an T’y + agy® + apry® + asy’

Ass = {(0,0),(1,0),(2,0),(3,0),(0,1), (1,1),(2,1),(0,2),(1,2), (0,3)}

To compute the A-discriminant, we first homogeneize the original polynomial fig :

3 2 2 3 2 2 2 2 3
apo32” + a10222° + 420172 + a300T" + ao12Y2” + A111TYZ + A2102°Y + Gp21Y~ 2 + a1202Y" + Ao30Y

We will abuse notation and keep calling fig the homogeneized
polynomial. The following program in Maple ia a courtesy of Bernd Sturmfels!:

interface(quiet=true):
Cubic := a300 * x"3 + a210 * x"2*xy + a201 * x"2*xz +
al20 * x*xy~2 + alll * xxy*xz + al02 * x*xz"2 +
a030 * y"3 + a021 *x y~"2*xz + a0l2 * y*xz"2 + a003 *x z"3 ;

f := diff(Cubic,x): g := diff(Cubic,y): h := diff(Cubic,z):
with(linalg): J := det(jacobian([f,g,h], [x,y,2])):

resmat := []:

for £f_{16}q in [f,g,h,diff(J,x),diff(J,y),diff(J,=z)] do

resmat := [resmat[], [coeff(q,x,2), coeff(q,y,2), coeff(q,z,2),

coeff (coeff(q,x,1),y,1),coeff(coeff(q,x,1),z,1),coeff(coeff(q,y,1),z,1)1]:
od:

discriminant := sort(det(array(resmat))/13824,
[a300,a210,a201,a120,a111,a102,a030,a021,a012,a003]) :

lprint(discriminant) ;
degree(discriminant), nops(discriminant);

VVVVVVWVVVVVVVVVYVYVYVYV

Maple gives us the A-discriminant of the general cubic, which is a polynomial of
degree 12 in 10 variables (homogeneous and irreducible) with 2040 monomials:

http://www.ma.utexas.edu/users/sadduci/sturmfels.mw .

!University of California Berkley



3 Cubics

Now let’s use this information to compute the A-discriminants of the reminder cu-
bics.

3.1 fi =awr®+ any + anzy + apy?

Following the same procedure, we first homogeneize it
fi = a2’z 4 aoiy?® + a1 ryz + arp.xy’

Now, we substitute in fi4 all of the variables not in f; by zero, namely:

> f1:=subs(a300=0, a210=0, al02=0, a030=0, a021=0, a003=0, Cubic);

and we do the same thing in the A-discriminant:

d1:=subs(a300=0, a210=0, al102=0, a030=0, a021=0, a003=0, d0);

We obtain:

3 .3 3 3
dl = —alzoag()la()lg(27a201a120a012 + &111)

We know that Ay, | d; and that Ay, is not a monomial, so it has to be 2 Ay, =

3
27&2()&12&01 + aijq-

So let’s check that our conclusion is correct. Let’s call
d2 = 2Taz 01200012 + ai’n

In order to make clear the definition of the discriminant as describing the coefficients
describing hypersurfaces in the family with singular points we choose an arbitrary
substitution

> d3:=subs(a201=1, al20=1, a012=1, d2);
d3 := -27 - al111"3
> roots(d3);
[[-3, 111

2Note that we cannot decide whether Ay, = 27as0a12a01 + ai’l or

— 3
AAl = —27a20a12a01 — aqq-



This means that the point with

We substitute these values in f; and obtain:

> f1
> f1

@201
@120
ap12

a111

:=subs(a201=1, al120=1, a012=1, alll=-3, f1);
£

is a root of the A-discriminant.

1 :=x"2z+yz"2-3xyz+xy2

:=subs(z=1, f1);

fl1 :=x"2 +y

-3xy +xy2

So with our arbitrary substitution we get the polynomial:

Let’s see that fi has a multiple root, ie, 3 a point (z,y)? such that

f1:x2+y—3xy+:cy2

f1<$,y) =0

One way to solve this system of polynomial equations is using resultants.

We first compute the resultants of f; and % and of f; and %—J;l with respect to the

variable y. We obtain two polynomials on the variable x.

Next, we compute the roots of these two polynomials, and substitute the common

roots (other that zero) in f;. Then we compute the roots (in the variable y) of the

new f1 and check if the final roots (z,y) (for y # 0) are also roots of

This

> fx:

> rx:

> ry

rx
:=resultant(f1, fy, y);

is the Maple file:

=diff (f1,x); fy:=diff(f1,y);

fx ' =2x -3y +y
fy =1 -3x+2xy
=resultant (f1, fx, y);

2
=2x-3x +X

ry :=4x -x+6x

- 9x

3

of1 ofr
3 and By

3Note that since we are working with the homogeneized polynomial, we are only interested in

solutions in the torus C*2.



> roots(rx);
to, 11, [1, 21, [-2, 1]]
> roots(ry);

[ [r 11
(o, 11, 1, 21, [-, 1]]
(4 11
> f2:=subs(x=1, f1); 5
f2 ;=1 -2y +y
> roots(f2);
[[1, 211
> subs(x=1, y=1, fx);
0
> subs(x=1, y=1, fy);
0

Hence (1,1) is a multiple root of f; and the A—discriminant of f; is

3
AAl = 27a20a12a01+a11.

3.2 fo =ag + apr + agr® + anry + apry?

Homogeneization:
— 3 2 2 2
Ja = ap03z” + a10222” + ap017°2 + a1117Y2 + a120TY”.

We obtain that with the substitution
>f2 := subs(al20=1, a003=1, a201=1, al02=2, allil=4, f2);

the polynomial fo = 1+ 2z + 2% + 4zy + xy? has a multiple root at (1, —2).

Hence, the A-discriminant given by Maple by the same procedure as before is the
following degree 4 homogeneous polynomial:

2 2 2 2 4
Ay, = —64aj,a00a9 + 16a7,a7s — 8ajpai;aiz + ay;.

3.3 f3 = ar + axnr’ + any + anry + apry?

Homogeneization:
_ 2 2 2 2
f3 = a10222” + a2012°2 + ag12yz” + a1117Y2 + a120TY”.

This time, with the substitution

>f3 := subs(al20=a201, a201=alll, alll=16, al02=a012, a012=-1, £3);



the polynomial f3 = —x+162%—y+16xy+16zy* has a multiple root at (1/8, —1/4).
Hence the A-discriminant given by Maple by the same procedure as before is the

following degree 5 homogeneous polynomial:

_ 2 3 4 2 2 3 2 2
AA3 = 16a12a10 + ;1410 — 8a12a11a10 + 36@12@01@20@11@10 — Qp1Q200711 — 27&12@01CL20.

3.4 f1 = aipr® + apyz® + ainizyz + anory + arory’.
Substitution:
>f4 := subs(alll=al02, al02=a120, al20=a210, a210=4, a012=1, f4);

fi = 4x+y+4zy+4r?y+4xy® has a mutliple root at (1/2, —1). The A-discriminant
of f; is has degree 4:

2 4 2 2 2 2 2
AA4 = —8(1216L116L01 + a1 + 160,120,10 — 8&126L106L11 — 32agla12a10a01 + 16a21a01.

3 2 2 2 2
3.5 f5 = Qpp32” + A102T2° + 20172 + A111XYZ + A210X7YZ + A120sTY" .
Substitution:
>f5 := subs(a210=1, a201=-1, al02=1, al20=2, alll=1, a003=-4/27, £f5);

fs = =gz +r—a?+xy+ay+2xy® has a mutliple root at (5, —3). The A-discriminant
of f5 is the following homogeneus polynomial of degree 7 with 16 monomials:

— 3 2 2 3 2 2 2 4 2 2 3

2 2 2 4 2 .2 2 2 2 2 4
16@12a21a20a11a10 — 27@00a12a21 — 8a12a21a11a10 — 30&00&12&21a20a11 + a31a11a10 —

3 3 3 5 2 2 2 3 .3 2 2
64aooa12a20+36a00a12a21a11a10—aglagoan—8a12a20a11a10—a00a21a11—72a00a12a21a20a10

_ 2 2 2 2 2
3.6 f6 = a10272° + a201T°2 + ap12yz” + a111TY2 + a210L°Y + a120TY

Substitution:

>f6 := subs(al20=1, a210=-1, al02=-1, a201=-2, all11=2,
a003=-1, a012=1, f6);



¢ = r—22%+y+2zy—2’y+ry? has a mutliple root at (—1, —1). The A-discriminant
of fs is the following homogeneus polynomial of degree 8 with 25 monomials:
Agy = 16%al120% % a210% % 102" + 16 * a120® x a2012 x a1023 — 27 * a120% * a012? *
a201* —24xa120%a201%2%a210% *a0122xa102 —a210%a201 *a111°*xa102 — 16 xa120? *
a210 % a201 * @111 * a1023 + 36 * a120? * 012 * a2013 x @111 * a102 — 8 * a012 x a210? *
alll?xal02? —24%al120? *a012*a210 *a201% x 21022 + 8 x 2120 * a210* a201 x a1113 *
a102? 436 *a120xa0122 % a210 % a201® @111 — 8 x a120? * a201? x 1112 % 1022 + 16 *
a0122%a210*%a102% —8xa0122%a210%%a201%xal1112 +a012%a210%a201?*al11* —8x
al20%a210%%a111%2%a102% 4+ a2102xal11* % a102? — a120 % a012 * a2013 xa1113 — 32 %
al20 % a012 % a210° * 21022 4+ 16 * 2012 % 02103 % 0123 + a120 % 2012 x a111* x 102 +
64 % 120 % a012 % a210% * 201 * a111 * 1022 — 46 * 120 * a012 * 210 * 2012 x a1112 *
al02 4 8 x a012 * a210% x a201 * 1113 x @102 — 16 ¥ a210% * a111 % a201 * a012? * 0102

3.7 fr = a3z’ + ar002% + ago1x?z + azpx® + airyz + asory +

2
a120TY

Substitution:

>f7:=subs(al11=3, a210=-1, a003=-1, al02=-1, a300=-1,
al20=-1, a201=2, £7);

fr = —1—x+22* — 2% + 3wy — 2%y — xy* has a mutliple root at (1,1). The A-
discriminant of f; is the following homogeneus polynomial of degree 7 in 26 mono-

mials:

Ax, = a300%alll® —a003 x a210 x a111% — 27 % a003? x a120 * a210* — 64 * a003 x
al120% * a2013 — 432 x a0032 * a120® * 3002 4 16 * a120% * a210? * 1023 — 64 * a120® *
a300 %1023 + @120 % a201% % a111* + 216 % 0032 * a120% % @300 % a210% — a210 * a201 *
alll® 4+ a210? * a111* x @102 + 16 * a120® * 2012 * a1022 — 16 * a120? * a210 * a201 *
alll xa102% 448 ¥ a120% * @300 ¥ a111? x 1022 — 12 % a120 * 300 * a111* x a102 4 36 *
a003 * @120 * a210% x 111 * a102 — 72 * a003 * a120? * a210% * 201 * a102 — 72 * 003 *
a120? ¥ a300 * 201 * a111% — 144 % a003 * a120? * a300 * a210 * a111 * a102 — 8 * a120% *
a201? * a111% % a102 + 288 * a003 * a120? * a300 * a201 * a102 + 36 * a003 * a120 *
a300*a210*al111® — 30 % @003 * 120 * a210% * a201 * 1112 + 96 * 2003 * 1202 x 210 *
a201? % al1l — 8 xa120 * a210? x a111% ¥ a102? + 8 x @120 * a210 * a201 * a1113 * 102



3.8 fo = apn3z® + aipewz? + asnix?z + agroyz? + ajryz + agr’y +

2
a120rY

Substitution:

>f9:=subs(al11=a210, a210=a003, al02=1, a003=a300,
a300=a120, al120=a201, a201=a012, a012=4, f9);

fo = 4+ 1+ 42 + 4y + 4wy + 42y + 4oy? has a mutliple root at (1,—3/2).
The A-discriminant of fy is the following homogeneus polynomial of degree 10 in 80

monomials:

A,, = http://www.ma.utexas.edu/users/sadduci/f9sturmfels.mw

3.9 fio = a10202° 4 ag017°2 + ag12y2* + ar1112Y 2 + a07’y + aga1y’z +
2
a120TY
In this case, the discriminant of the polynomial is already irreducible, hence it has

to be the A-discriminant (since the A-discriminant is a factor of the discriminant).

It has degree 12 and 127 monomials.

Ay,, = http://www.ma.utexas.edu/users/sadduci/f10sturmfels.mw.

3.10  fi1 = ag32® + a102w2® + ago17%2 + azpor? + agroyz® + ariryz +

2 2
a210T°Y + @120y

Ay, is a polynomial of degree 10 in 154 monomials:

http://www.ma.utexas.edu/users/sadduci/flisturmfels.mw.

3.11  fiy = ane32® + a102202” + ago122 + azgor® + agrayz? + ajryz +

2 2 2
a210T°Y + p21Y° 2 + a1207Y

Ay, is a polynomial of degree 12 in 774 monomials:

http://www.ma.utexas.edu/users/sadduci/fllsturmfels.mw.
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4 Quartics

We will use the following program in Singular (courtesy of Alicia Dickenstein?).

We then declare a ring with variables x1, ..., xn for the coefficients, the 2 variables
t1,t2, (t1 will play the role of our variable z, and ¢2 of y); and an auxiliary variable
u. We call this ring . The "dp” at the end of the first instruction stands for a term
order that Singular requires.

Then we define our ideal, called 7, generated by f, its partials with respect to t1
and t2, and the auxiliary polynomial g = t1¢2u — 1, whose vanishing ensures that
(t1,t2) lies in the torus (i.e. t1,t2, are both non-zero).

Then, the A—discriminant that we look for is the equation of the closure of the
projection onto the x variables of those tuples (x1,...,zn,t1,t2) such that f = 0,
with (¢1,¢2) in the torus. This is computed by computing the generator of the
intersection of the ideal i with the subring of the variables x (so we need to eliminate
the variables ¢1,¢2, u).

Let’s see, as an example, how would this work for the general quartic.

fi= ap + apr + axr®? 4+ ager® + agprt +
any + anry + anr’y + anddy +
ay® + apry® + anriy* +
apsy® + azy® +
a04y4

Here we have 15 coefficients, so n = 15.

> ring r = 0, (x1,x2,x3,x4,x5,x6,x7,x8,x9,x10,x11,x12,x13,x14,x15,
t1,t2,u), dp;

x1+x2%t1+x3%t 17 2+x4*t1"3+xb*xt174+

X6*L2+XTHEL 1kt 2+x8*t 17 2%t 2+x9*%t 17 3%t 2+
X10%t272+x11*xt 1%t 272+x12%t 17 2%t 272+
x13%t273+x14*xt1*xt2" 3+
x15*%t274;

> poly f1 = diff(f,t1);

> poly f2 = diff(f,t2);

> poly g = tlxt2*u-1;

> poly f

4University of Buenos Aires, Argentina.
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> ideal i = £,f1,f2,g;
> ideal k = eliminate(i, ti1xt2*u);
> k;

The computer got stuck and couldn’t compute this. So let’s keep trying for the
polynomials we actually need.

4.1  fs = ag + a1or + apr® + aywy + anr?y + apry® + anr’y?

> ring r = 0,(x1,x2,x3,x4,x5,x6,x7,t1,t2,u), dp;

> poly £ = x1+ x2%tl + x3*%t172+ x4*xtl*xt2+x5*%t172%t2
+X6*L1*t272+x7*t1"2%t272;

> poly f1 = diff(f,t1);

> poly f2 = diff(f, t2);

> poly g =til*t2*u-1;

> ideal i = £,f1,f2,g;

> ﬁdeal k = eliminate(i, tlxt2*u);

>

k[l] =x3%x4 " 5*xb*x6-x2%x4 "~ 4*x5" 2*x6+x1*x4 "~ 3*%x5"3*x6
—X372%x4"4%x6"2-8*x2*xx3*x4 " 3*%x5%x6" 2

+8xx272%x4 " 2%xx572*%x6 7 2+30*x1*x3*x4" 2*x5 2%x672
—36%x1*x2%x4*x5"3*x6"2+27*x1 " 2*%x5"4*x672
+8*x2%x3"2%x4"2%x673+16*xx2 " 2*xx3*x4*xx5%x673

—96*x1*x3" 2xx4*x5*x6"3-16*x273*x5”2*x6" 3
+T2xx1*x2¥x3%x5"2%x673-16*%x272*x372*%x6"4
+64*x1*x3"3*%X6"4-x3*X4"6*X7+X2*X4 " 5*X5*XT R
—x14x4"4xx5"2xX7+10%x2*x3*X4 "4 * X6+ X[ ~8*x 2" 2%xx4" 3k x5*X6*XT7
—44%xx1%x3%x4" 3k x5*x6%XT+46%x 1 ¥x2%*x4 ™~ 2%x5” 2%xX6*x7

—36%x1 " 2%x4*x573*xx6%x7-32%x272%x3*x4 " 2%x6 " 2%xX7
+80*x1*x3"2%x4"2%xX6 " 2%x7+16%x2" 3*kx4*xx5%x6 " 2*x7
—16%x1*x2*kx3*x4*x5*X6 " 2*xXT7T+24*xx1*xX2™2%x5"2%x6 " 2*X7
—144%x1"2*%x3*x572*X6" 2*%x7T+32%x2 " 3%x3%Xx6 " 3*xX7
—128*x1*x2*%x3"2*%xX6"3*xX7-x272%x4 " 4*xX7"2

+12%x1*x3*%xX4"4%x7 " 2-8*%x1*xX2*xX4 ™ 3*xx5%xX7 " 2+8*x1 " 2*%x4 " 2%x5"2%Xx7 "2
+8*x273*%x4"2*xxX6*X7 " 2-8*x1*x2*x3*Xx4 " 2*X6*X7 "2
—64*x1*x2"2*xx4*x5*xX6%X7 " 2+160*x1 " 2*x3*x4*X5*%x6*X7 "2

+24%x1 2% 24X 5" 2xx6*X7 " 2-16*x274*xX6”2%x7 "2 R

+32xx1*x27 2k 3*¥X6”2xxX 7 " 2+128%*x1 " 2kx3"2*kx6"2*x7 "2 R
+8xx1*x2"2*x4 " 2xx7 " 3-48*x1 " 2*x3*x4 " 2*xT " 3+16%x1 " 2*xx2*x4*x5*X7" 3
—16*x1 7 3%x572*x7 " 3+32*x1*x2" 3*x6*x7 3-128*%x1"2%x2%x3*x6%x7 "3
-16*x1 2%x272*%X7"4+64*xx1 " 3%x3%x7"4

4.2 fi ::GMMZ44-GHB$234-amm$222+%Mn3y234-GU2$y224-am1$292*‘

2 2.9
A121TY°Z + A220T”Y

> ring r = 0,(x1,x2,x3,x4,x5,x6,x7,x8,t1,t2,u), dp;
> poly £ = x1 + x2*xt1+x3*t172+x4*t2+x5xt1xt2+
XB6*t 17 2%t 2+xX7T*t1*xt272+x8*t172*%t272;
> poly f1 = diff(f,t1);
> poly £2 = diff(f,t2);
> poly g = tlxt2*xu-1;
> ideal i = £,£f1,f2,g;
> ideal k = eliminate(i, ti1*t2*u);
> k;

12



The output is a huge polynomial that you can find in
http://www.ma.utexas.edu/users/sadduci/f12jacob.pdf.
4.3 Two questions
For the two last quartics,
f13 = Qoo + a0 + CLQ()Iz + CL30$3 + (1401'4 + anxry + a21x2y + CL31[L’3y + a22x2y2

and

fi5 = oo + 107 + a207” + agry + an1zy + an @y + agey’ + a1y’ + sy’

we could theoretically use the previous general procedure. In practice, this doesn’t
work neither (the computers get stucked). Since the software we have so far doesn’t
seem to be enough to solve this problem, we need to develop some new techniques.
This was the goal of Bernd Sturmfel’s team in the Arizona Winter School 2006 5.
The group reached a conjecture on the degree of the A—discriminant. The work is
still in process.
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