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1. INTRODUCTION

Prym varieties arise in the context of double covers of curves. If 7 : C - C
is a double cover, the Prym variety of the covering is a (principally polarized)
subvariety of Pic®(C') = J. The problem of characterizing Prym varicties among
all principally polarized abelian varieties is a classical one, originating from the
Riemann-Schottky problem. More recently, Prym varieties have been studied in
the context of mathematical physics, for example, in relation to Calabi-Yau three-
folds and string theory ([GHL]) as well as to dynamical systems ([Mc]).

Prym varieties belong to a larger class known as Prym-Tyurin varieties. A Prym-
Tyurin variety for a curve C' is principally polarized abelian subvariety (Z,Z) of
(J,©), such that the restriction of © to Z is a multiple of Z. For a finite morphism
of curves, 7 : C' — C, if the complementary subvariety to I'mz* is a Prym-Tyurin
variety, it is called a Prym variety. A theorem of Mumford says that there are
exactly three morphisms that lead to Prym varieties: étale double coverings, double
coverings with two branch points and genus 2 coverings of an elliptic curve. We
will mainly consider the first case of étale coverings. We also provide an explicit
topological construction of a Prym-Tyurin associated to an étale double cover,
which gives a geomtrical intuition.

Throughout we assume that the basefield is C, though most of the results hold for
any field of characteristic other than 2. We also assume that the genus of the base
curve C'is at least one to avoid trivialities. One final comment on notation: objects
defined on the covering curve C will be denoted with a tilde, so J := Pic®(C) =

Jac(C), g := genus(C), etc..

2. COMPLEMENTARY ABELIAN SUBVARIETIES

Let (X, L) be a polarized abelian variety X (we will be dealing with Jacobians,
so the polarization will be principal). Let ¢ : Y — X be an abelian subvariety.
Recall that there is an isogeny ¢y, : X — X and that the exponent of X, e(X), is
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the exponent of ker ¢r,. Define e(Y) := e(i*L). Recall that the inverse isogeny is
-1

given by Y1, = e(Y)d;. ).
Definition 2.1. Define the norm-endomorphism of X associated to'Y (with respect
to L) as the map Ny € End(X) defined by

oL . i NP2 i

(2.1) Ny : X X Y Y X,

i.e., Ny :iogbi*Lo%od)L.

Lemma 2.2. N{, = Ny and N2 = e(Y )Ny, where’ denotes the Rosati involution
with respect to L.

Proof. By definition Ny, = ¢Zl o Ny o ¢r. Since is a contravariant functor, Ny =
qASL ofo 1[)1ij 04. We know that gZ)L = ¢r und§r the canonical identification ):( =X
and also ¥+, = ¢;«r. Thus Ny, = 1o 010 ¢ = Ny.

For the second equality, since i o ¢ri = ¢;+p,

Ny =iothppoiodLoioturoiody

e(Y)iopnh opir 0i-riodr
e(Y)iotr oio¢r
(2.2) e(Y)Ny,
as desired. d

Thus Ny is symmetric (with respect to Rosati involution) and almost idempo-
tent. Extending to the rationals we can define true symmetric idempotent with
respect to Y, ey € Endg(X), by

1

(23) Ey = mNY :ZOQS’L:lL O%O ¢L.

Conversely, if ¢ is any symmetric idempotent in Endg(X), then there exists
n > 0, such that ne € End(X). Then define the subvariety of X: X¢ := I'm(ne).

Lemma 2.3. X¢ does not depend on the choice of n, and the maps Y — ey and
€ — X° are inverse to each other.

Definition 2.4. The complementary abelian variety Z to Y in X is defined as
Z = X1"ev,

Because of Lemma 2.3, ez = ex1-¢y =1 —¢y. Thus X1=¢z2 = XY =Y, s0Y
is also complementary to Z.

Using the definitions and the lemma, we can easily verify the following properties
of the norm-endomorphisms:

Lemma 2.5. (1) Ny|y = e(Y)idy,
(2) Ny|z =0,
(3) NyNZ = O, and
(4) e(Y)Nz +e(Z)Ny =e(Y)e(Z)idx.

The last relation is the most important. In the case when X is principally
polarized, one can prove that e(Y) = e(Z) =: e. Then Nz + Ny = e idx. In
addition, the Poincaré reducibility theorem (stating that (Ny,Nz): X — Y x Z is
an isogeny) is a consequence of it. In particular dim X = dimY + dim Z.
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The constructions from this section now will be applied in the special case of
(X,L) =(J,0).

3. DEFINITION OF THE PRYM VARIETY

Let 7 : C — C be a double covering of curves, which is étale or ramified in two
points, and 7* : J = Pic’(C) — J = Pic’(C) the pullback map on their Jacobians.
On the level of divisors, 7* acts as 7! : np — np + np’ if p and §’ are the two
distinct points that lie above p and np — 2np if p is a ramification point of degree
2 above p. Let the image be Y := 7*J and Z be the complementary subvariety to
Y in J. The exponents of Y and Z are both equal to 2. Thus by the note made at
the end of the last section, Ny + Nz = 2id 5.

The norm map Nm : J — J associated to the covering is defined as follows:
Nm([np]) = [nm(p)] = [np]. One can easily check that

(3.1) Nmor* =[2];.
We now consider the kernel of 7*. It is easy to see that ker 7* C Jy = {points of order 2 in J}.
Indeed, 7*([D]) = 0 implies 2[D] = Nm(x*([D])) = 0. It turns out that if 7 is not
étale ker 7* = 0 and if 7 is étale there is only one nontrivial element in that kernel,
which means that given the covering m, there is uniquely defined element n € Js.

In particular, 7* is an isogeny form J to its image Y in J. Conversely, any n € Jo
defines an étale double covering m, : C,, — C. ( [Hart], IV, Ex. 2.7).

Lemma 3.1. The norm map. and the norm-endomorphism Ny (with respect to the
principal polarization O on J) are related as follows: Ny = m* o Nm.

Proof. Let j be the isogeny and i : Y — J the inclusion, such that 7* =dio0j. If
now we apply the functor " we get the following commutative diagram.

-

Note that the right vertical arrow is isomorphism, because O is principal polariza-
tion and the left vertical arrow is multiplication by 2, because the pullback of ©
through 7* is twice the principal polarization on J, i.e. gb(ﬂ*)*é = (20 = 2¢¢ and

(2],

Kc<7k4

<>%<

j‘ %

we identify J and J through ¢g. Moreover, if we follow the arrows from Jto J
in the diagram above we get the norm map Nm. If j71, 3_1 denote the inverses
of j, j in Homg(Y,J), Homg(J,Y), then from the left square in the diagram we
get ¢,.5 = 27710 j~1. Now Vg = 2(;5;1@, S0 V.5 =] o j. Finally, following the

diagramwegetw*Nm:iojojo%ozj)é:iowi*éoiogbé:]\[y, O

Consider the involution ¢ : C' — C that interchanges the preimages of any point
p € C (it doesn’t move the 2-ramification points on C') This map extends by
linearity to divisors on C, and hence to an involution ¢ : J—J.

In terms of divisor classes on C (i.e., in terms of points in J ), the involution can
be written
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(3-2) (D)) = =*(Nm([D]) - [D],
where [D] = {D+ (f)|f € M(C)} denote the divisor class of D. Indeed, if D = np,

where § is unramified point on C,then 7*(Nm(D)) — D = 7* (np) — np = np+np’ —
np = np’, and if D= np, where p is ramification point, then 7* (Nm(f))) - D=
7*(np) — np = 2np — np = np.

In particular, by Lemma 3.1, Ny = 1+ ¢ and hence Ny =2 — Ny =1 —¢. Thus
Y =ImNy =Im(l+:) and Z =ImNz = Im(1 — ).

Note that if Dy = S n;(p; + tp;) € Div(C), then 1D, = Dy, in other words
[D,] is in J, - the (41)-eigenspace of v. For D_ = S n;(p; — up;) € Div(C),
however, tD_ = —D_, so [D_] is in J_ - the (—1)-eigenspace of ¢.

Proposition 3.2. (([D]) = [D] for [D] € 7*J =Y and «([D]) = —[D] if [D] €
ker Nm, in other words Y C J4 and ker Nm C J_.

Proof. The first statement has already been proved once we note that line bundles
associated to divisors of the form D, are precisely the elements of 7*J. Also,
shortly, to (1 +4¢) = ¢+ +:2 = ¢+ 1, so ¢ fixes the points in Im(l +¢) = Y.
The second follows directly from equation (3.2), because if D € ker Nm, then
([D]) = [-D] = —[D]. O

Definition 3.3. The Prym variety ofé over C' is defined

(3.3) P = (ker Nm)°.
Lemma 3.4. Im(1 —1) = Z = ker(1 +1)° = (J_)° = (ker Nm)® = P.

Proof. Recall that Ny = 14+ ¢ and Nz = 1 — . The first, the third and the
fifth equalities are definitions. Also dimker Ny = dim J — dim ImNy = dim J —
dimY = dimZ = dimJ — dimJ, because dimJ = dimY since 7* is isogeny.
Now the second equation follows from Lemma 2.5: Ny Nz = 0 and hence Z =
ImNy C (ker Ny)o, because ImNy is connected and contain 0. But the inclusion
is actually equality, because the dimensions are the same. From Lemma 3.1 follows
that ker Nm C ker Ny and hence (ker Nm)? C (ker Ny )° = Z. Nm is onto J, so
dimker Nm = dim J —dim J = dim Z and again the fourth equality is true because
of the equal dimensions. O

Proposition 3.5. dim P = g +n — 1, where g is the genus of C and n' = 2n is
the number of branch points.

Proof. Each branch point has multiplicity 2, so by Hurwitz’s formula

2—-25= X(é’) = 2x(C) — # branch points = 4 — 4g — 2n.
Hence the genus of C is d = 2g +n — 1 (This argument also shows that the
number of branch points must be even). Thus dimJ = g and dimJ = 2g +n — 1.
Now dim P = dimker Nm = dimJ — dimJ = g +n — 1, since Nm is obviously
surjective. (I
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4. THE TOPOLOGICAL CONSTRUCTION FOR ETALE COVERINGS

Now let 7 be an étale covering. Let C' be a curve of genus g+1, g > 0; the covering
is determined by a nonzero element py € Hy(C,Zs). In other words C, is cut along
1o and then two copies are glued together with upper and lower boundary reversed,
such that the orientations fit. The resulting curve C has genus 2g+1. We can choose
a symplectic basis Ao, ..., Ag, to, . - -, fg for H1(C,Z) (the image of py in H1(C, Zs)
is the cycle that we cut along), i.e. such that I'(\;, u;) = —I(pj, \i) = 6;5. Recall
that the Jacobian is given by J = H°(C, Qé)v/Hl(é,Z), where the embedding
of the lattice Hy(C,Z) is induced from the map v — (w — fw w). Then the
Prym variety is given by P = HO(CN', Qé)!/Hl (C~',Z)_, where by lower index —
we denote the (—1)-eigenspaces of the corresponding involutions. In this context
the involution ¢ is the map interchanging the two copies, so for 1 < 1 < g we
have the cycles A7, A7 = (AF and pf, u7 = wu in Hy(C,Z), which together with
Xo = tho and fig = 1o form a symplectic basis for Hy(C,Z). We have (M) =\,
(i) = i, while 7, (Xo) = 2Xo, ™ (4i0) = pio-

Now it is clear that o; := A — \;, Bi:=pul —p;, i=1,...,g is a basis for
H,y (CN', Z)-. Indeed, these vectors together with the (+1)-eigenvectors A\ + A\,
Wi+, Mo and fig are 4g+2 linearly independent vectors, i.e., a basis for Hl(é, 7).
Thus, in particular, the dimension of P is g = g(C') — 1. Now, having the basis ex-
plicitly we can calculate £ in this basis, where I is the alternating 2-form associated
to J:

E(ay, B5) = 265, E(ay, o5) = E(Bs, ;) = 0.

Thus the induced polarization is two times a principal polarization, hence P is
Prym-Tyurin variety.

Note that this is consistent with the formula that we derived in the previous
section, because here the genus of C'is g+ 1 and n = 0.

5. SINGULARITIES OF THE THETA DIVISOR OF P

Let J,, = Pic®(C) and J,, = Pic®(C) be the degree n line bundles on €' and C.
After picking a divisor class (which we identify with the corresponding line bundle)
L, € J, of degree n, we have an isomorphism between J and J,, given by the
translation in Pic(C): L — L® L, (and similarly for J and J,,). In particular, J,,
and jn are principal homogeneous spaces for J and J, , respectively.

It turns out that it is convenient to take n = 2g — 2, the chosen elements to be
the canonical divisors on J and j, namely K¢ and Kz, and the norm map to be

seen as Nm : jgg,g — Jag—2. In other words, if L € jgg,g, then
Nm(L) = Nm(L ® Ké) ® Kc.
Proposition 5.1. L € ker Nm if and only if L® Kz € Nm™(K¢).
Proof. Let L € J and suppose Nm(L) = O¢. Then Nm(L®Kgz) = Nm(L) @Ko =

Kc. For the other direction, if L' = L ® K5 and Nm(L') = K¢, then Nm(L) =
Nm(L'@K¥) = Nm(L'@ KL @ Kc® Kl = Nm(L')® K¢ = Ke®Kg = Oc. O
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Thus ker Nm corresponds to Nm~*(K¢) via a translation in Pic(C). In partic-
ular, by abusing the notation we can write P C Nm~!(K¢). The following result
([M1]) explains why we consider the principal homogeneous spaces.

Theorem 5.2. Nm~*(K¢) C J breaks into two components Pt and P~, such
that for L, € Nm~Y(K¢), h°(C,L,) is even/odd if and only if L, € PT/P~.
Moreover, Pt C Jog—o corresponds to P C J.

On the other hand, by Riemann’s theorems, the theta divisor on J is a translation
by some theta characteristic k € Jg 1 of the image of Cg 1 under the Abel-Jacobi
map, i.e., © = W1 — . Then multy, (Wi-1) = h(C, L,) and any point L €. J,
which is in P has even multiplicity in 0= W5_1 — £ (multiplicity 0 means L ¢ )

The goal of the remainder of this paper is to characterize the singularities of the
theta divisor of the Prym variety P in terms of the theta divisor of the Jacobian
containing P. The main tool will be Theorem 5.2, or rather a slight reformulation
of it, Theorem 5.5, below. Let ip : P — J be the inclusion map. The precise
statement of the desired result is as follows:

Proposition 5.3. If = is a theta divisor defining the principal polarization of a
Prym variety P such that 22 = i},0, then

(5.1) sing £ = {z € P|lmult,® > 4} U {z € P|mult,© = 2,T,P C TC, 0},
where TC,O is the tangent cone at x.

ker Nm consists of two components, one of which is the Prym variety P. Denote
the other by P;. In the sense of Theorem 5.2, these are~P+ and P~ up to translation.

Recall that a theta characteristic is a line bundle L € Pic(C) such that L ® L =
K. In particular, deg(L) = §—1, where § is the genus of C, since deg(K5)~=~2§—2.
We say that a theta characteristic L is even if its space of sections H°(C, L) has
even dimension. If h9(C, L) = dim H%(C, L) is odd, then we say that L is odd.

We merely state the first lemma that builds toward a proof of Proposition 5.3,
since it requires results about symmetric divisors and theta characteristics that take
us too far afield. See [BL], sections 4.7, 11.2.1 and 12.6 for background and proofs.

Lemma 5.4. There exists an even theta characteristic & on C that is the pull-back
of a theta characteristic k on C.

The following theorem—which characterizes the Prym variety and its non-trivial
coset in terms of even and odd theta characteristics—will be the main step toward
proving the desired characterization of =. Using the lemma, fix &, an even theta
characteristic on C that is the pull-back of theta characteristic on C.

Theorem 5.5. P = {E € ker Nm|h®(L @ &) = 0(2)} , and
Py ={L e ker Nm|h°(L ® k) = 1(2)}.
Proof. We will prove the theorem in four stages.

Step 1. h9(L @ &) is constant mod (2) on P and P.

Proof. We do not offer a self-contained proof here, but rather appeal to a theorem
of Mumford regarding quadratic forms on vector bundles over curves (see [M1],
[Har] and [ACGH] for a discussion). This theorem will enable us to construct a
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quadratic form on the vector bundle 7. L over C, where the quadratic form takes
values i n the canonical bundle K. This quadratic form will be constant on P and
Py, which will give the desired result.

Since L € ker Nm, Og = w*Nm(z) = L ®*L. Hence if U C C' is an open set,
and 0,0’ € H(U,7,L) = H(x=Y(U), L), it follows that

(5.2) o0’ € HO(’lT_l(U),Oa).

Abusing notation, we denote the usual norm map on extensions of function fields
also by N'm, that is, for f in the function field of C, (Nm f)(z) = Hier102)f(2).
We define B(o,0’') = Nm(o ® t*o’): this is a section of O¢ over U, and defines a
non-degenerate bilinear form on 7. L with values in O.. Pre-composing with the
diagonal map, we get a non-degenerate quadratic form on m.L. If we tensor m,L
with x, then B defines a quadratic form on m.L taking values in K¢, since k is a
theta characteristic.

We can generalize the above construction to families of line bundles on C parametrized
by the Prym variety P and its coset P; via the Poincaré bundle, as discussed in
lecture. In particular, consider the Poincaré bundle on C x J restricted to C' x P
and C x Py. The result of Mumford gives that the map L — h(m,L ® k) mod 2 is
constant on P and P;. The lemma is established, since (by the push-pull formula)

(5.3) RO(m L ® k) = hO(mo (L @ 7°k)) = hO (o (L ® &) = hO(L ® )

Step 2. There exists L € ker Nm such that h°(C, L) # 0.

Proof. Let Y p; be a divisor in the complete linear series |K¢|. We know that |K¢|
is non-empty since, by Riemann-Roch, dim |K¢| = h%(C, K¢) — 1 = (h°(C, O¢) +
(29 —2)—g+1)—1=g—1, and we are assuming g > 1.

For each 4, choose p; € 7~ %(p;). Then

Nm(Op(F )& 1) = Ke o N
=Ke® (52)71
(5.4) =Oc.
Therefore L = Os(>pi) @ i~! € ker Nm, and in particular, |L ® | is non-

empty, and so L ® k has a non-trivial section, since the dimension of the space of
sections of L ® & is one greater than dim |L ® &| > 0. O

Step 3. If L € ker Nm such that h%(L @ &) # 0, then for a generic p € C,

(5.5) RO(L(p—u(p)) @ &) = KO (L @ &) — 1.

Proof. The proof of Step 3. requires the following result about base-points of
complete linear systems.

Proposition 5.6. If D is a divisor on a compact Riemann surface X (i.e., an
algebraic curve), then the complete linear system |D| has p € X as a base-point if
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and only if h°(D) = h%(D — p). Moreover |D| is base-point free if and only if for
allpe X, hO(D - p) = (D) — 1.

Proof. Since |D| = P(H°(D)),

p is a basepoint for |D| < VE € |D|, peF
S Ve M(X),if (f)+ D >0, then ord,(F)+ D, > 1
< HY(D) C H(D — p).

Since H°(D — p) C HY(D), this proves the first half.
For the second claim, note that H°(Kx — D) C h°(Kx — D + p), so we have the
corresponding inequality for their respective dimensions. Then by Riemann-Roch,

(D) -~ h°(D —p) =1+ h°(Kx — D) - h°(Kx —D+p) <1

By the first claim, | D] is base-point free if and only if for all p € X, h°(D —p) <
h°(D), but the above calculation implies that the inequality can be no greater than
1, proving the second claim. ([l

To prove Equation 5.5, let r = h9(L ® &). Choose a p € C such that +(f) is not
a basepoint for the complete linear system. Then by Proposition 5.6,

(5.6) WO(L(—u(p) ® &) = r — 1,

For notational convenience, pick a divisor D such that [D] = L(—.(p)) ® &.
Proposition 5.6 implies that either h°(Kz—D)—h?(Kg5—D—p) = 0 or 1, depending
on whether or not p is a base-point of [K5 — D|, so by Riemann-Roch, either
h%(D + p) — h%(D) = 0 or 1, according to whether p is, or is not, a base-point of
|K5 — D|. In the original notation, h®(L(p — «(p)) ® &) = r or r + 1.

If it equals 7, Riemann-Roch implies that h' (L(p—t(p)) ® &) = hL (L(—u(p)) @ F),
so by Serre duality, h%(L~1(u(p) — (§)) ® &) = hO(L~(u(p)) ® &), since & ® & =
K. Appealing once more to Proposition 5.6, it follows that p is a base-point of
|L1(u(p)) ® &|. But since HO(L™! @ &) C HO(L™1(u(p)) ® &), P is also a basepoint
of L7 @ &|.

On the other hand,

(5.7) WL 'or)=h(L ' okr) =k (LR >0,

where the first equality follows from Riemann-Roch, noting that deg(k) = 2g — 2
and deg(z) = 0, and the second equality follows from Serre duality, since kK is a
theta characteristic. The final inequality follows from the choice of L provided by
Step 2.

Therefore h°(L(p — (5)) ® &) = r cannot hold for a generic , and so for almost
all p e C, ho(z(ﬁ —(p)) ® k) = r — 1. Consequently, a generic p satisfies Equation
(5.5). O

Step 4. To finish the proof of Theorem 5.5, we temporarily relabel P as Py, and
claim that if L € P;, then L(p — ¢(p)) € P1_;.

Proof. Note that the kernel of Nm can be written as PjU Py, where
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2N
Py={LeJlL=Y 0sp:—up:): N >0,p; € C}, and
i=1
_ __ 2Nf1 N
Pl={LeJL= Y Ogpi—up): N>0p; €C}
i=1
We claim that Pj = Py and P = P;.
P/ is a subgroup of ker Nm and is clearly closed. If p € C is an arbitrary point,
then P = Py + Oa(p — 1p). The leftward inclusion is obvious. For the other

direction, let L = ZQNH Og&(pi — tp;) € Py be arbitrary. Then

2N+1
Z Oa(pi — 1) + O (sh — 1(1h))) + O (p — 17),

soLePy+ Og(p — 1p), as desired. O

Hence Pj = P, since addition is a diffeomorphism of J; in particular, Pj is also
closed. Therefore P and P; are the connected components of ker Nm, and noting
that the identity is contained in P} proves that Pj = Py and P| = P;.

The claim of Step 4 is obvious for P and P;. O

As before, we think of W_; C Jg 1 as the canonical theta divisor. Translatlng
with the fixed (even) theta characteristic, &, we define a theta divisor O of J=
Pic®(C) by
(5.8) 0=wi"'_%

Proposition 5.7. (1) P, CO;
(2) There exists a theta divisor 2 defining the principal polarization of P such
that %0 = 2.

Proof. First note that there is equality in the second claim, not just equivalence.
Statement (1) follows from Riemann’s theorem, since if L € Pi, h%(C,L) =
mult;,(©) >1,s0 L € O.
For (2), if L € © N P, then Theorem 5.5 implies that h°(C,L) > 2, so L is a
singular point of @ and 1 P@ consists entirely of points with multiplicity > 2.
Since P is Prym-Tyurin, for any theta divisor =’ defining the principal polariza-
tion of P, zPG = 22'. Since ¢o= : P — P is surjective (¢o=s is an isogeny), there
exists z € P such that

hoz(2) = ipO — 22/

(5.9) =otr= — &,
so setting = = t*2(Z’) gives the desired theta divisor. O
Claim (2) provides the link between the theta divisor O on J and the singularity
locus of E. By (2), every point of = is of even multiplicity when considered as a

point of @ so all singular points of = are also singular points of o. We see in
particular that all points z € P such that mult, (@) > 4 are singular in =.
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To understand the singular points z of = such that mult,(©) = 2, we first
recall the definition of the the tangent cone to an effective divisor D C M, where
M is a complex manifold. For p € M, select holomorphic coordinates z1,..., 2,
centered at p. If f is the defining equation for D, we can expand f(z) as a series
of homogeneous forms,

(5.10) f)=>_.
k=0

In terms of the basis {a%i} for T, M, we define the tangent cone, TCp,D as the
algebraic subvariety of T, M defined by fr(2) = 0, where h is the minimum integer
such that f;, is not identically zero.

Turning again to Equation (5.3), let ¥ be a Taylor expansion for the theta func-
tion of © about the point # € J. Then 9 restricts on T, P to €2, where € is the
Taylor expansion at  of a theta function for Z. Hence the lowest order term of
not vanishing identically equals the square of the lowest non-vanishing term of &,
i.e., equals the square of the defining function for T'C,E.

Let U5, be the lowest non-vanishing term of ¥. Then

(5.11) Dlryp =Op + ... == (Euyp+...)%
and so
T,P C TC,(O) & V|, p = (€ns2)*=0
< &2 is not the first non-vanishing term of §
< multy(E) # h/2.

Therefore if T, P C TC,(0) and mult,(0) = 2, mult,(Z) > 2, and in particular,
x € sing =, as desired.
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