Apr. 18, Monday (1.5 hr class)
(NoteTgXers: Paul Fili and Zach Miner)

1. THE PICARD GROUP (CONT.)

Recall from last time that if we have line bundles £ and M on a variety
X, we have a natural tensor product £ @ M,

L=A{Ug5)}  M={Ushi)}
L& M ={(Ui,gijhi;)}-
As we noted earlier, we can refine our covers of £ and M until they are
the same, so we can make the assumption that we already have £ and M

defined over the same covering U; of X. Why do we use a tensor product?
Note that £ and M are invertible Ox-modules, so in particular we have

Ly =fOy  fek(X)
My =90y g€ k(X)
L& My = fgOu = fOu ®o, 90U
then £ ® M really is the tensor product as Ox-modules.
1.1. Pullbacks of line bundles. Suppose we have a morphism f: X — Y,

and £ = {(U;, gi;) } is aline bundle on Y. We define f*£ to be the line bundle
on X given by
FL={1U), [ (g}
where
f*: Oy (Usj) — Ox (fH(Uyy))
is the induced map. Note that the cocycle condition is satisfied because f*
is a ring homomorphism.

Remark 1.1. f* pulls back global sections of £ to f*L:
(Y, L) - T(X, f*L)
s f*s
To see this, note that if s = {s; € Oy (U;)}, then f*s = {f*s; € Ox(f~1(U;))}
and again the compatibility conditions are still satisfied.

Remark 1.2. Note that f* is a group homomorphism of the Picard groups,
since

ffFiLoM)=fLe f*M.

Last time on P" we defined Opn (r) line bundles using the standard cover
of P" given by U; = {x; # 0} by

and we noted that

['(P", Opn(r)) = {homogenous polynomials of degree r in zg,...,z,}
1



2

so we have
(1) Pic(P") = Z[Opn(1)].

There is no torsion here.

Let’s do something funny. Let Y be the complement of an irreducible
curve in P2, and i : Y < P? its inclusion. Then we have a pullback
homomorphism

i* : Pic(P?) — Pic(Y).

Suppose Y is the complement of an irreducible conic. Let’s figure out Pic(Y).
So Y = {[z,y,2] : fa(z,y,2) # 0} where fo € k[z,y,z| is a homogenous
polynomial of degree 2. We have the line bundle Oy (2) = i*Op2(2). Note
that the transition functions remain the same. We claim that Oy (2) = Oy
(i.e., Oy(2) is trivial) but Oy (1) # Oy. This implies that Oy (1) is a
torsion element of order 2 in Pic(Y). To see these claims, recall that a
bundle is trivial if we can produce an everywhere nonzero section. Note
that s = fo € T(P? Op2(2)), so sly € T(Y,0y(2)) and s(y) # 0 for all
y €Y, s0 Oy(2) is indeed trivial. To show that Oy (1) # Oy we need to
show that any section must vanish somewhere on Y. First, we show that
i* . T(P?, Op2(1)) > T(Y,0y(1)) is an isomorphism. Then we note that
any s € ['(Op2(1)) vanishes along a line in P? (linear polynomials), but
since Y is nondegenerate, no line in P? is contained in Y¢, so the zero locus
of any section will have to meet Y.

2. MAPS TO PROJECTIVE SPACE

Suppose X is a variety, L — X a line bundle and s°,...,s" € I'(X, L)
are sections which do not vanish simultaneously anywhere. Let

¢o: X —-P"
p=1[s"...,s".

We do we mean by this? Let L = {(U;, gi;)}. Then s* = {s§ € Ox(U;)} for
0 < a <n. Then

(p‘Uz(‘r) = [S?(‘T)v s si(@), st ()]
and s§ = g;;s{". We need to check that ¢|y,; makes sense:
[55(2), -, 57 (2)] = [g3(2)s7(2), ... gij ()7 (2)] = [} (), ..., 7 ()]

since this is just a rescaling, so the definitions agree on the overlap, and
¢ : X — P" is well-defined everywhere, and it is an algebraic map because
¢|u, is given by regular functions, so it is morphism.

Theorem 2.1. ¢*(Opn(1)) ~ L.

Recall that ¢* : I'(P",Opn(1)) — I'(X, L), where I'(P", Opn (1)) is the
set of linear functions in 2°,...,2". We claiming that ¢*(z®) = s®. So
given any morphism, pulling back to X on Opn(1) gives us the sections
which “define” the map.
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Proof. Let V¢ = {z® # 0} be our standard cover of P" with open affines,
and write Opn (1) = {(VY, gog = 2%/2”)}. Then
¢*Opr (1) = {U* = ¢~ (V) = {s* # 0}, ¢"(a*/2")}.

We claim that this is isomorphic to our initial bundle. Note that ¢*(2*/2%) =
s¥/sP € Ox(U*NUP). For x € U; NU*NUP,

and this is consistent on overlaps U;; N U* N U B

55(@) _ gij(@)sf(x) _ sf (@)
sHw)  gy)si@)  s)(x)

so it is well-defined.
‘We now want to construct new trivializations:

@ UY x Al

such that the transition functions

1% ya
UaB x Al v T HUF)

w\ nﬁ‘Uaﬁ

Uaeb x Al

commute. Let n%(z, A) = X s*(z) and it is a point in the fiber. So if x € Uj,
~——
£0
then n®(z, \) = ¢i(z, As§(x)), where ¢; is our original trivialization of L.

We still need to check that 7* is well-defined on Uj;, but this is immediate:

(z, T i, A 52 (x)) = o(x, 5 (2))

e

uzAi?—EiizA(i—;)(x)

so s%/s” really works (and we can remove the “?”). We claim victory:

¢*Opn(l) ~ L.

Then
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Proposition 2.2. Given any map ¢ : X — P", we can create a line bundle

L — X by L = ¢*Opr(1) with sections s* = ¢*(x), 0 < a < n, these do

not vanish simultaneously anywhere on X, and such that ¢ = [s°,...,s"].

So we have an equivalence:

{¢ S X Pn} (i Line bundles L — ;X',' SeCt?OnS S0y .-+ Sn c F(X7 L)
not vanishing simultaneously

Our varieties are abstract, but it’s good to embed them in P" every now
and then (basically all the time).

3. THE PICARD GROUP OF A CURVE

Let C be a smooth curve. Define Div(C') to equal the free abelian group
generated by the points of C:

Div(C) = {np - p | np € Z},
so we're only looking at finite sums.

Terminology /Notation 3.1. D = n, p; + -+ + n,, ps is called a divisor
of C. If n, > 0Vp e C, then D is an effective divisor. If f € k(C)* Vpe C
then Oc,, is a DVR with valuation ord,: k(C)* — Z. Then we associate to

f
fe div(f) = (f) =) ordy(f) - p.

peC
Here, (f) is called the principal divisor.

How do we know that this is a finite sum?

Remark 3.2. Vf # 0 there are only finitely many valuations on k(C)/k
such that v(y) # 0. Then

Div’(C) = {div(f) | f € k*(0)}
is a subgroup of Div(C). It follow from div(f)+div(g) =div(f - g) that

Div(C
cie) = D
Div®(C)
where C1(C) denotes the class group of C. Thus, this turns out to be a
covering isomorphism to Pic(C).

1
Example 3.3. Consider C = P! and let f(t) = 7 € kE(C). Then div(f) =

oo — 0. Also, div(t) = 0 — oco. These oco’s and 0’s are all coming from the
formula { number of poles} — {number of zeros}. Thus,

2 _
div <t : 2t> — (2) + (0) — (3) — (c0).
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We then see that Div?(P') = {3>n,-p | S n, = 0}.



(t—ay)---(t—am)

(t—br) - (t—by)
div(f)=a1+--+am—(b1+---+b,) + (n—m)oo.

Example 3.5. f D=2-(1)+3-(2) —4-(7) —-(9), then

(t— 12t - 2)°

then

Example 3.4. If f =

= € k(P).
T T
Div(P!
We also have CI(P!) = %(Pl)) & 7 by the degree map:

deg : Div(P!) — Z
where deg(D) = > ny.



