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(Notes taken by Bill Kalahurka)

Theorem 1.1. (k = k) There is an equivalence of categories:

(1) {finitely generated fields K/k of transcendence degree 1}
(2) {smooth projective curves (i.e. 1-dimensional separated varieties)

C/k}

Given by:
(2) ⇒ (1) C/k ⇒ K = k(C)
(1) ⇒ (2) K Ã Ck: abstract curve with points corresponding to valuations
of K/k

N.B. Curve = abstract one dimensional variety (separated).

Theorem 1.2. Every smooth curve is quasi-projective.

Proof: Write
C =

⋃

i

Ci where Ci ⊆ A
ni ⊆ P

ni

For each inclusion map ji : Ci ↪→ Pni there exists an extension fi : C ↪→ Pni

Examine the diagonal map

f = (fi) : C −→
∏

i

Pn

View Pn embedded in PN for some N , via the Segre embedding, and define
Y ≡ f(C) ⊆ PN . Then f : C −→ Y is a local isomorphism. Now suppose
there exist x, y ∈ C s.t. f(x) = f(y) = z where x ∈ Ci, y ∈ Cj with i 6= j.
Then there are isomorphisms of local rings

OY,z
f
#
x

−−−−→ OC,x ⊆ k(C) = K

OY,z

f
#
y

−−−−→ OC,y ⊆ k(C) = K

This implies OC,x = OC,y (as subrings of K). This is not possible.

Theorem 1.3. Let X be a prevariety and let x, y ∈ X be contained in the
same open affine. If OX,x ⊆ OX,y (as subrings of k(X)) then x = y.

Proof: Let x, y ∈ U ⊆ X, U -affine, R = OX(U). x Ã m, x Ã n,
where m, n are maximal ideals of R. So, OX,r ' Rm and OY,r ' Rn. And,
Rm ⊆ Rn ⇐⇒ m ⊆ n =⇒ m = n.

Remark 1.4. This theorem is ture for arbitrary x, y ∈ X if X is a variety.

Lemma 1.5. Let C1,C2 be smooth curves, and α : C1 −→ C2 a birational
map. Then one can ”glue” C1 and C2, i.e. there exists a smooth curve C,
such that C is the union of two sets U1 and U2 which are both open subsets
of C and U1 ' C1, U2 ' C2.
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Proof of lemma: Let C1 ⊆ Pn1 , C2 ⊆ Pn2 . Let α be an isomorphism
between V1 and V2 which are open subsets of C1 and C2, respectively. The
map from V1 into Pn1 × Pn2 defined by ν 7→ (ν, α(ν)) yields a unique ex-
tention ϕ : C1 −→ Pn1 × Pn2 . Similarly, the map from V2 into Pn1 × Pn2

defined by µ 7→ (α−1(µ), µ) yields a unique extension ψ : C2 −→ Pn1 × Pn2 .
By letting C = ϕ(C1) ∪ ψ(C2), the lemma is proven.

Proof of Main Theorem: We work with the cofinite topology of valuations
ν on K/k. We have that

OCK
(U) =

⋃

ν

Rν ⊆ K

K/k Ã CK. We want that CK is a projective curve. For ν in CK, there
exists a smooth affine curve C1, with k(C1) = K, such that ν = ordp1

, where
p1 ∈ C1. Moreover, all but finitely many valuations of K/k are of type ordq,
where q ∈ C1. There exist smooth affine curves C1, ..., Cn with k(Ci) = K

such that for all ν ∈ CK, ν is accounted for by some point p ∈ Ci. So, apply
the lemma and glue C1, ..., Cn to get a smooth curve C such that for all
ν ∈ CK, there exists a unique p ∈ C such that ν = ordp.

Claim: C is projective
Proof: Suppose C is not projective, so C is quasi-projective, C ⊆ Pm. Take
C ∈ Pm, p ∈ C − C. Suppose p ∈ Creg. Then OC,p is a DVR. This implies

that we get a new valuation of K = k(C) which does not correspond to
any point of C, contradiction. So let p ∈ Csing. Suppose I can construct a

surjective birational map ∂ : C̃ −→ C, where C̃ is smooth. Thus, for any

p ∈ C, there exists p̃ with ∂(p̃) = p. So, we get O eC,ep
⊆ k(C̃) = k(C) = K,

where O eC,ep
is a DVR. Thus, we get a new valuation that is not of type OC,p

for some p ∈ C, contradiction. This completes the proof of the claim.

Normalization of curves:
Let C be a curve, p ∈ C, with p ∈ U ⊆ C, where U is affine, A(U) ⊆ K =

k(C). Let ∂ : C̃ −→ C be an isomorphism of f = {f ∈ k s.t. f satisfies a

monic polynomial relation with coefficients in A(U)}, (C̃ - smooth). Define

Ã(U) ≡ the integral closure of A(U) inside K.

A(U)
⊆

−−−−→ Ã(U)
y

y

U
∂

←−−−− Ũ

Ã(U) −→ finitely generated k-algebra, Dedekind domain. Thus, Ũ is a
smooth curve.
Claim ∂ : Ũ −→ U is surjective
Proof: p ∈ U ⇔ there exists p̃ such that ∂(p̃) = p ⇔ for all maximal
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ideals m of A(U), there exists a maximal ideal m̃ of Ã(U) such that m̃ ∩

A(U) = m ⇔ mÃ(U) 6= Ã(U) ⇔ by Nakayama’s lemma (see below), for all

λ ∈ 1 + m, λÃ(U) 6= 0 ⇔ 1 /∈ m ⇔ m is proper. This completes the proof of
the claim.

Lemma 1.6 (Nakayama’s lemma). Let A be a ring, M a finitely generated
A-module, and a ⊆ A an ideal. If for all λ ∈ 1+ a, λM 6= 0, then aM 6= M .

Proof: Let M = 〈m1, ..., mn〉. Assume to the contrary aM = M , then
there exist aij ∈ a, 1 ≤ i, j ≤ n, so that

mi = ai1m1 + ... + ainmn

Thus,

(a11 − 1)m1 + a12m2 + ... + a1nmn = 0

a21m1 + (a22 − 1)m2 + ... + a2nmn = 0

...

an1m1 + an2m2 + ... + (ann − 1)mn = 0

So, notice that d = det(aij − δij) ∈ 1 + a. Thus, by Cramer’s Rule dmi = 0
for all 1 ≤ i ≤ n. Therefore dM = 0, contradiction


