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Proposition. Let X and Y be prevarieties with :f X — Y any map. 13 {V;} a
finite gfine covering of Y an¢{lU;} an gfine open covering of X such thaflf;)
Vi and f* : Oy(V,) — Ox(U;) for all i, then f is a morphism.

Proof: Given last time.

Thus, given two prevarietieX, Y, and a continuous map : X — Y with
(X,0x), to chech thatf is an algebraic morphism it fiices to find openféine
coverings{U;} ¢ X and{V;} C Y, with f(U;) € V; and such thaft* : Oy(V,) —
Ox(U;) for all i, that is, f pulls back regular functions o to regular functions
onU;.

Example: Taker : P2 —{[0,0, 1]} — P*. Then

n[xy,2 = [xY]

and sinceP? = A2 U (PY)., thenA2 — P2 with (x,y) & [X,V, 1]. SinceP! — P2
and we definé®l = {[x,y,0] : [x,y] € P!}, then we are mapping from the origin
to the line at infinity.
To check thatr is a morphism, find anfane covering of?! = Vy U V; with
coordinateg[u, v]} and
Vo={u#0}cP!

Vi = {v# 0} cP.
AsVy ~ Alimplies [Lt] = tandV; ~ Al impliest — [t, 1], we take

1Y Vo) = Uy = {[X,Y,Z] : x# 0} ~ A®

and
7t (Ve) = Uy = {[xy,7 : y # 0} ~ A%,

so forUy ~ A2 andV, ~ A? the map in charts implies that? —» A andU, -
Vp. This leads to an algebraic morphism dfiae varieties as [}, b] NN [1,4],
[1,a] — [a], [a,b] — [a] and @, b) — [a].

Now you can check it for the isomorphisdy — V; by again gettingd, b) —
aand recalling thatl, U U, = P - {[0, 0, 1]}.

Example: Recall as motivation that complex projective varieties anapgact
in the Euclidean topology. Consider the projective closuréhe dfine curve
Xo : {y = X%} € A? again withA%2U(P?),, € P? and an inclusiomn : A? «— P? so that



i(x,y) =[xy, 1]. Take the projective closure of the parab¥gin P2 asi(Xo) = X.
We have thak — [x, X2, 1] and for the change of coordinatesV, w] this implies
thatu? = vwand soX = {[u,v,w] € P? : u?> = vw}. The parabola intersects the
line at infinity in a point with multiplicity two. Generallydr S = K[X; . . . X,] with
Sq = {f the set of homogeneous polynomials of dege haveS = @dzo Sq.

We would like to extend the correspondence betwdineaalgebraic sets and
ideals in polynomial rings to the case of projective space:

Definition: A homogeneous ideal i = K[Xo, .. ., X,] is an ideala generated by
homogeneous polynomials.

Remark: a € S homogeneous> a = @dzo(a N Sq). We associate to any
homogeneous idealC S, the seZ(a) = {peP": f(p)=0 V f
homogeneous in} C P".

Theorem. The Zariski closed sets iA" (defined a prevariety by the gluing of
n+ 1 open gfine pieces) are precisely the sets of the for(x) #ith « ¢ S being a
homogeneous ideal.

Proof: RecallP" = Uy U ... U Uy, for open dfine U; ~ A™ whereU; =
{p=1[%..-%] : X # 0. X = Z(a) closed anch € S homogeneous. Then
X =Z(a) closede Vi X N Ujis closed inJ;. Check fori = 0, ga homogeneous
polynomial. XNUg = {p = [1,X... %] : YO € a,0(1, X1...%,) = O}. Let
0={g@LX...X, = 0)} with § € K[y,...,¥n. ThenX U Uy = Z((§ : g € a)) iS
closed inUy. Conversely, saX C P"is closed, and assume théts irreducible by
the Noetherian condition. Lef # 0 andXNUg # 0. SinceUgN X is closed inUg
we have thatyy N X = Z(a) wherea is an ideal ink[y; .. .Yy,]. Now, homogenize
every polynomial ind so thatg(y:...yn) — G(Xo--- %) = xgg(%%) For
example, with the given polynomial
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Y3+ 2y — {(%) + %lxg = X5 + 2XpXo.

Claim: Z(a) = X with a the ideal ink[X, - - - X,] generated by alG’s.
It is clear thatX NV, € Z(a) by all theG’s, so we must have that C Z(a). To
prove the reverse také = | JiLo(X N U;) which implies thatX = Z(a).

Projective Nullstellensatz. We have associated to each homogeneous ideal
a C K[Xo, ..., Xy the algebraic seZ(a) C P". Conversely, to each s&tc P", we
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associate the ide&(X) the ideal generated by all homogeneous polynomials
f € k[Xo- - - X,] such thatfx = 0. Then thereis a 1 : 1 correspondence giver by

z
closed algebraic sets #'} < {a radical homogeneous idealskxg - - - Xp]
which are diferent from &g - - - %)}

Note: I(0) = S. Note also thatX. .. x,) is not the ideal of any algebraic set
X P

Homogeneous Coordinate Ring: For an algebraic set C P", if 1(X) is the
corresponding homogeneous ideal, then the homogeneordirtate ring is
defined byS(X) := S/T(X).

Remark: S(X) unlike the d@fine coordinate ring of anfldne variety, does not
determine the variety. For instance takidg P" andY < P™, an isomorphism
between betweeK andY does not imply tha8(X) andS(Y) are isomorphic.

Example: Take X = P! and the conicY = {x* + y* = 72} C P2 For some
point p € Y consider the projection, : Y — X as an isomorphism. We have that
S(X) = K[u,v] andS(Y) = K[x, Y, Z]/(x* + y? — Z%). If we look at thek-vector space
given byS(X); = kua kvandS(Y); = kx® ky® kzwe notice the dimensions are
different, sd5(X) is not isomoprphis t&(Y) althoughX is isomorphic toy.



