Mar. 4, Friday (1.5 hr class)
(NoteTgXer: Paul Fili)

1. SMOOTH VARIETIES (CONT.)

Recall our setup from last time: let X¢ C A™ be an affine variety with
I(X) = (f1,---, ft). Wesay p € X is a smooth (or nonsingular or regular)

0

point, which we denote p € X,¢g, if rank <ﬁ> =n—d. (We take the

xj ) 1<a<t

1<j<n
opportunity here to note that this is formal differentiation of polynomials.)
Algebraic geometry since Grothendieck has been about developing invariant
concepts that work in a wide variety of cases. We want concepts that work
for general algebraic varieties and also (later) for schemes. When we develop
schemes, we will tackle deformation problems about how varieties vary in

families. So let us make a more general definition:

Definition 1.1. We say a variety X is smooth at a point p € X if Ox,, is
a regular local ring. (Recall Ox, is a regular local ring if dimj m, /mp2 =
dim Ox p, = dim X).

This is a definition that does not depend on the embedding of X or the
choice of generators. We now show that these two definitions are, in fact,
equivalent in the affine case:

0
Proposition 1.2. Let X% C A" as above. Then rank (ﬁ> =n—d
o) g
<j<n

if and only if Ox p, is a regular local Ting.

Proof. Let p = (a1, ...,a,) € X, and denote by a, = (z1—a1,...,x,—ay) C
klz1,...,zy] the maximal ideal corresponding to p in A™. We wish to identify
a,/ ap2 with the vector space of hyperplanes in A™ passing through the origin.
Define the map:

0:ay/a,> k"

) = Gr0) o ).

Again we note that this is formal differentiation of polynomials, and all of
the old rules apply. In particular Leibnitz’s rule tells us that for f,g € a,,
we have 0(fg) = 0. So for each f we have an associated hyperplane though
0 given by > g—a{:(p)xi = 0. Note that the 6(z;) form a basis for k™. So
let I(X) C R = k[z1,...,2,) and I(X) = (f1,..., fr), then we claim that
rank J = dim 0(1(X)) where J = <8fa is the Jacobian. To see this,

aZL'j 1<a<t
1Z5j<n

note that 6(f;) span 0(1(X)), and that dim(I(X)) is indeed the rank of
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the matrix formed by the 0(f;), which is J. Then we have the isomorphism:
O(1(X)) = I(X)/(I(X) Nay’)
o IX) +a)”
o 7% 5
Recall that Ox , = (R/1(X))z, where @, is the maximal ideal in the quotient
corresponding to a,. Now m, C Ox ;. Note that Ry, is of course a local ring

and m = mR C Ry, is its maximal ideal, and we have a natural isomorphism
m/m? = m/m?2. So

since I(X) C a,. Now note that we have
a,? Cap? +I(X) Cay

SO
2
ap . ay” +I(X)
P 4 dim2—_/
o + I(X) + dim P

since we showed that 6 : a,/a,? — k" and dim k" = n. So we have

. EERT 2 _
dim =dima,/a,” =n

dimmp/mp2 +rank(J) =n
and therefore
dimm,/m,? = d <= rank(J) =n—d
so our two definitions are in fact equivalent. O

2. THE ZARISKI TANGENT SPACE

Definition 2.1. Let p € X. Then we define the Zariski tangent space T,(X)
to be

Tp(X) = (mp/mp2)* :
What we proved above was that X is smooth at p iff dim 7},(X) = dim X.

Note that in general dimm,, /mp2 > dim X with equality iff p is a smooth
point of X, so in particular dim 7},(X) > dim(X).

Remark 2.2. The set Xgne = {z € X : X is smooth at z}° (note the
complement) is a proper Zariski closed subset in X, that is, X, = {2 €
X : X is smooth at x} is an open dense subset.

Since the singularity of a point is a local matter, we might as well assume
X is affine. Let 0=pe X C A", I(X) C k[z1,...,2y]. Define

k[:ﬁl,...,xn]l ={a1x1+ -+ anzy : a; € k}.

We can always decompose f = FO 4 O 44 £ where d = deg f and
the f( are homogenous of degree i. Then we define

IX)' = (W fe1(X)}
to the be linear part of the ideal.



Proposition 2.3. There exists an isomorphism
n: mp/mp2 ;) k[xla et :L‘n]l/l(X)l

so Tp(X) 2 Z(I(X)Y) = {z € A" : fl(z) = 0Vf € I(X)}. Since we can
write

)
r=y a_i(p)x“ FFD 4y @

~————
£

we can write the tangent space as
0

Proof. Let ¢ € m;,. Define

W0) =Y 5% i mod I(X).

i=1
Recall that ¢ = M for some f,g € A(X), g(p) # 0. Note that
g(x1,... n
f, g are not uniquely determined as polynomials in k[x1, ..., z,], in fact they

are only defined up to f + I(X). This is why we must mod out by I(X) to
make 1 well-defined. Note that

7771 (Z aia:i> = Z a;x; mod m?)
so 7 is indeed the desired isomorphism, and the result for the tangent space
follows. a

Let’s do some examples.

Example 2.4. Consider the curve X : y = 22 — z in A%, and let p = (0,0).
Then T,(X) = {y +x = 0}, since f(z,y) = y— 22+, we have f1) =y + .
Note in particular that dim7,X =1 so p = (0,0) and p € Xyg.

Example 2.5. Consider the nodal curve X : y? = 22 +23, and let p = (0, 0).

Then f(z,y) = y> — 22—z, and we have f(!) = 0, so T,,(X) = A2. Therefore
X is singular at p, but X is smooth everywhere else.

Example 2.6. Consider the cuspidal curve X : y? = 23, and let p = (0,0).
Then f(z,y) = y*> — 2°, and we have f(1) =0, so again T),(X) = A%, and X
is singular at p.

There is a whole branch of algebraic geometry devoted to singularity
theory. The simplest possible singularity is a node.

Example 2.7. A marginally worse singularity is given in the tacnode curve
X 22 = 2%+ y* Let p= (0,0), and note once again that T,(X) = A%, and
X is singular at p.
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Example 2.8. Consider now the Fermat hypersurface, X = {[xq,...,z,] €
of
al‘i
characteristic of our underlying field char k = d (is a prime). Then all of the
partials vanish and the Fermat hypersurface is singular. Caution: Keep
this in mind, and remember that %xp = 0 in characteristic p.

P : oz 4+ - 4 xp? =}. Then = dmid_l. Suppose now that the

Remark 2.9. There is yet another description of the Zariski tangent space.
We can define T),(X) to be the vector space of derivations D : Ox, — k,
that is, the space of k-linear functions that satisfy the Leibnitz rule, D(fg) =
f(p)D(g) + g(p)D(f). To see this, note that 7,,(X) = Homy(m,/m,% k). So
consider the map (£ : m,/m,? — k) ~» Dy(f) where Dy(f) = £(f — f(p)). We
must check that the Leibnitz rule is satisfied by Dy, but that easily follows
since ¢ annihilates the square, mp2, as we remarked above.

2.1. Smooth Projective Varieties. It is useful to have a projective Ja-
cobian criterion. Suppose X C P" is a projective variety, and p € X. Let
I(X) = (f1,--., ft) be the homogenous ideal in n + 1 variables. Then X is
smooth at p if and only if

rank(J) = rank <g£(j

<p)>q1,.-.,t =n —dim X.

1=0,...,n

This is just an application of the Euler rule for homogenous polynomials,

F
Z ng— = d- F where d = deg F', which implies that if F'(p) = 0 for some
T
oF
p € X then sza—xz =0 as well at p.

Example 2.10. We will show that the twisted cubic X C P3, which we
recall is given by the vanishing of the 2 x 2 minors of the following matrix:

X : dety (xo 1 x2> =0,
r1 T2 I3

which is the vanishing of the quadratics

Q1 = zory — 11°

Q2 = Tor3 — T1T2

Q3 = 2123 — 22°
Then we have

To —2T1 X 0

J=1x3 —x2 —x1 x9

0 3 222 m
We claim that rank(J) = 2. If J had rank 1 then we could check the 2 x 2
minors of J, for example

r3 —x2

0 =0 = 23=0
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and similarly we conclude that 1 = 0, and then we must have g = z9 = 0,
but this is impossible. Therefore the twisted cubic is indeed smooth.

2.2. Differentials of Morphisms. Suppose f : X — Y is a morphism.
Then there is a k-linear map:

dfy =Tp(f) : Tp(X) = Ty Y

where we recall that T,(X) = (m,/m,?)* and Ty, = (mpq)/mppn?)*. To
see this, recall that we have an induced map of the local rings

I Oy = Oxy
given by the pullback of functions, and therefore
[Fmpp) Cmy and  fF(mpg)?) € my?
so we have an induced map:
£ sy /mpg)” — my/my?

and then the dual of this map gives us df, = T,(f) = ( f# )*, the desired
map.

How do we describe the tangent map locally? Suppose we have a map
f:X — Y where X C A" Y C A" and f = (f1,..., fm). Assume for
simplicity that p = 0 is the origin. Then we showed that the z1, ...z, span
our space of hyperplanes through the origin in A", so we write this as vector
space as k(x1,...,xy), and T,(X) C T,(A") and we write

) = (o)) =k )

where

is the dual to x;. Then

Ty(X) = { =Yg € 100, Y ) - 0}

and we have the map

Tp(f)l
0 0
T,(Y)Ck{(—,...,—
W) C k(G o)
T,(f) is the linear map with matrix
Ofa

<8x' (p)) i=1,..,n

! a:lZI:::m
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This is how we obtain the tangent map, just as we did in differential geom-
etry.

In calculus, we had an inverse function theorem when the differential was
an isomorphism. The inverse function theorem fails in an algebraic setting,
which isn’t really a surprise. Even if we had a morphism f : X — Y
and p € X such that T,(f) : Tp(X) —T,(Y), to require that an open
neighborhood be isomorphic would be a wvery strong condition, in fact it
would make X and Y birationally isomorphic. This is much different than
the situation in analysis.

Example 2.11. Let X : y = 22 C A% Let 7: X — A! be the projection of
the y coordinate. Then we have the map
T(:v,acQ)(ﬂ-) : T(ac,;t2)(X) — T2 (Al)

o 0 0
_ _ H —_
Ox’ Oy oy

which is an isomorphism for all = # 0. Take for example p = (1,1). Then
Tp(m) is an ismorphism. In analysis this tells us that = = /y, (z,y) — v
is an isomorphism. We claim that 3@ # U C X open such that 7|y is an
isomorphism. Clearly, in the Zariski topology any such U will contain lots
of pairs (z,7?) and (—z,2?), and therefore the map is not one-to-one.

But it’s a still a special condition for T),(f) to be an isomorphism, and we
therefore make the following definition:

Definition 2.12. f: X — Y is étale at p if T),(f) is an isomorphism.

There is a way to say when the map is étale using local rings.



