Algebraic Geometry (Notes taken by John Meth)
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Let X C A” be an irreducible algebraic set and Ox its structure sheaf of regular functions.

Let X C A" Y C A™ be irreducible algebraic sets, f : X — Y any continuous map.
Then for any open set U C Y and for any function ¢ : U — k, we define

(@) :=¢of: [THU) — k.

That is, define f*(¢) so that the following diagram commutes:

U—2—p
fT £ (¢)
fHU)

Theorem 1.1. Let X C A", Y C A™ be irreducible algebraic sets and f : X — Y a
continuous map. Then the following are equivalent:

1 f is a morphism.
2VU CY open,

f70v(U) — Ox(f71(U))
¢ = ¢of

is a Ting homomorphism (that is, f* maps regular functions to regular functions).

f*Oy(Y) — Ox(X)
| I

1S a ring homomorphism.

Proof. 1 = 2: Suppose f: X — Y is a morphism, so f = (f1,..., fm), fi € k[z1,..., x,].
Let ¢ : U — k, ¢ € Oy(U), 50 f*¢p =¢o f: f~HU)— k. Pick w € f~Y(U), then f(x) € U
so3g, h € A(Y), ¢ = g/h, and h(f(x)) # 0. Now [*(¢) = ¢(f1, .., fm) = SH=Ld where

h(fi,..., fm)(x) = h(f(x)) # 0, so H € Ox(f~Y(U)). The fact that it is a ring
homomorphism is immediate.

2 = 3: Obvious if weset U =Y.

3 = 1: Suppose f*: A(Y) — A(X) is a ring homomorphism. We’ve seen that this
uniquely determines f : X — Y as follows: f(z) = (f*y1,..., [*ym)(x), so f is a morphism

from X to Y.
O



Definition 1. An affine variety over k, an algebraically closed field, is a topological space
X together with a sheaf Ox of k-valued functions on X such that (X, Ox) is isomorphic to
an irreducible algebraic set together with its structural sheaf.

Remark 1.2. (X, Ox) is an affine variety < IY C A", an irreducible algebraic set, such
that (X, Ox) = (Y, Oy), i.e. there exists a homeomorphism f : X — Y, such that for all
open sets U C Y, the pullback map f}; : Oy (U) — Ox(f~1(U)) is an isomorphism of rings
and these isomorphisms f; are compatible with restrictions.

Note that if X C A™ is an irreducible algebraic set, then (X, Oy) is an affine variety,
but there are many more examples of affine varieties.

Theorem 1.3. Suppose (X, Ox) is an affine variety and f € A(X) = Ox(X). Then the
distinguished open set (Xy, Ox;) is an affine variety.

Xy is open in X, since X; = X — Z(f), so for U C X; open, U is open in X and
Ox, (U) = Ox(U).

Example 1. Before we start to prove this theorem, we will explain the idea of the proof in
a simple example. We consider the distinguished open set A — {(0,0)} = Al and we realize
this as an affine variety in A®. Let
Z(xy =1) =V C A%, Then projection 7w : V — Al w(z,y) = z, is an isomorphism from V
to AL, thus Al is an affine variety.

Proof. Suppose X C A", and let a = I(X) be the ideal of X. For f € A(X), let fe
klz1,..., z,] be a representative for f, i.e. f+ f mod a. We want to realize X as an affine
variety in A", We define the ideal

J=a+ 1+ f(z1, ..., Tn)Tps1) C k[x1, ..., Topa]-

Claim: J is a prime ideal. Since

klxy, ..., xna1] K[z, 2] [ 1
= —| =AX
7 " 7 (X)s
is a localization of the integral domain A(X), the ring A(X); must also be a domain. Thus
J is prime.
Define
7r
Z(J) — A"
(.]71, cey InJrl) — (Il, cey Z‘n)

Then 7 : Z(J) — X is a homeomorphism. Note that

(1y..y Tpy1) € Z(J) &
(21,..., 1) € Z(a) CA™ and f(z1,..., Tp)Tpey = 1 &
(z1,..., @) € X and f(xy,..., 2,) #0 <
(T1,..., Ty) € Xy
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hence 7 establishes a bijection between Z(.J) and X;. Proving 7 is a homeomorphism is left
to the reader.

Claim: 7 establishes an isomorphism (Z(J), Oz)) = (Xy, Ox,). We need to show that
YU C Xj open, 7 : Ox,(U) = Ogy(n~1(U)) is an isomorphism. It is enough to check this
for the distinguished open subsets of Xy, U = X, N Xy, g € A(X). Fix g € A(X), then
U= Xg ﬂXf = ng, and

Ox,(U) = Ox(Xy)
= A<X)fg

_ k[xl,.o.l.,xn] [%]

Let g be a representative for g, then 7~ 1(U) = 7~ 1(X,) = Z(J)3, and

Ozn(m ' (U)) = Oz(Z(J);)
= OZ(J)(Z(J))§

k?[l‘l, ey l’n+1]

.
- s

_ k:[xl,.c.l.,xn] {ﬂ

Thus 7 : Z(J) — Xy gives isomorphisms 7 : Ox,(U) — Ozy(m~1(U)), so (X, Ox,) =
(Z(J), Oz)) = (Xy, Ox,) is an affine variety.

Il
| — |
Q|

O]

Corollary 1.4. Fvery affine variety X has a basis for the Zariski topology consisting of open
affine subsets, {X¢|f € A(X)}.

Remark 1.5. Although for X affine and f € A(X), the open set X is affine, it is not true
that any open subset of an affine variety is affine.

Example 2. Let X = A?, U = A% — {(0, 0)}. Then we have shown that U is not affine,
although U is the union of the open affine sets A2 := A* — {x = 0} and A2 := A*> — {y = 0}.



