Morphisms (Notes taken by Zachary Miner)
Let X C A" and Y C A" be irreducible algebraic sets. A morphism
a: X — Y is defined as

oz, ... xn) = (i@, o 2n)y e ooy (@1, .oy 20))

where f; € k[z1,...,z,], induces a morphism o* : A(Y) — A(X) between
the affine coordinate rings of Y and X defined by

Oﬁ(é(@/lv <o ,yn)) = (b(fl?' : afm)

where ¢(f1,..., fm) is seen to be a polynomial in x1,...,z,.

So «* is a morphism of k-algebras, and we will soon prove that o* deter-
mines «, which says that thinking about a or about o in the end amounts
to the same thing. This shows that the affine coordinate ring of an affine
variety (which is an algebraic object), completely determines the geometry
of the variety. To show this, we look at how a* acts on each y;:

a*(yi) = fi mod I(X)
(determined up to the ideal I(X)) gives
()Y —
and f; : X — k is well-defined, so that we recover a:

a(r) = (@ (y1), .-, (ym))(2) €A™
Claim: a(X) CY.
We need to show that a(X) is annihilated by every element of I(Y"). Pick

g € 1(Y) We need to show that g(a(x)) = 0. This is equivalent with showing
that

(Y1y-+-3Ym)) =0

g(@* (1), ..., a*(ym))(x) =0 & a*(g
*(I(Y)) C I(X), which means

)
(%1

(a* is a ring homomorphism). But «

a(g(yr;-- - um)) € I(X) & a’(g

Thus a : X — Y is determined by a*.
We have proved:

yee s Ym))|lx =0.

Theorem 0.1. There is a 1-1 correspondence between homomorphisms of
algebraic sets and homomorphisms of k-algebras:

Hom,jg. sets(X,Y) «— Homy_415(A(Y), A(X))
where
(a: X = ¥) s (0" A(Y) = A(X))

So, we have a way to tell when two algebraic sets are isomorphic: check
if their corresponding affine coordinate rings are isomorphic.
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Example 0.2. Let Y = A! so that A(Y) = k[t]. What is Hom(X, A)?

{f: X — k} = Hom(X, A") = Homy,_ e (k[t], A(X)) = A(X)
Homy, 15 (k[t], A(X)) is determined uniquely by where ¢ goes:
t ~»u € A(X). (Affine coordinate ring of X) «— ( morphisms from X to A').

Now recall that we have defined morphisms between two algebraic sets
and we prove that they are continuous in the Zariski topology:

Proposition 0.3. Let X C A", Y CA™ andleta: X — Y be a morphism.
Then a is continuous in the Zariski topology.

Proof. First, a = (f1,..., fm). We need to show that if Z C Y is closed,
then a~1(2) is also closed. Now, I(Z) =< hi,...,hs >, where h; € A(Y).
So,
a Y(2) ={ze X :ha(z))=...=hs(a(z)) =0}
={re X (@), fm(2)) =0,..., hs(f1(2),. .., fm(x)) = O}
And a~1(Z) is thus seen to be Zariski closed in X. Therefore, « is con-
tinuous. 0

Example 0.4. Let L be the line 52+3y = 2 C A2. It should be that L = Al
To prove this, we will show their affine coordinate rings are isomorphic: Now,

A(L) = A(AY,
is true since K.y
x,y
X u— T
(5 + 3y — 2) 14
so it follows that L = Al

Example 0.5. X : (y?> = 23) C A2, In you draw this curve over R, you see
that it has two branches meeting at the point (0,0) which is a cusp. We
define the morphism f : A — X, by f(t) = (¢2,t3). f is seen to be bijective,
hence a homeomorphism in the Zariski topology. Now, we claim that f is
not an isomorphism:

) = klz, y]
(% = y?)
and since f*(¢(z,y)) = ¢(t?,t3) it is clear that f* cannot be surjective, as

t ¢Im(f*). So, X 2 Al, and f is an example of a homeomorphism which i s
not an isomorphism.

Example 0.6. (Frobenius) Let ¥ = k and char(k) = p > 0. Consider
F : A' — A! defined by F(t) = tP. Then F* : k[t] — k[t] is the induced
morphism that sends

(ap + art + ...+ ast®) ~ (ag + a1t? + ... + ast?®).

F is another example of a homeomorphism that is not an isomorphism (the
fixed points of F' are the points in [F)).

[frAX) — kft] with A(X
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Moral: Morphisms of algebraic sets are more than just continuous func-
tions. (This info will be contained in sheafs.) So, we will need more than
the Zariski topology to describe morphisms.

Definition 0.7. (Localization) Let R be a ring, and let S C R be a
multiplicative set, (0 ¢ 5).

ST'R:={7:acR beS)
Define an equivalence relation ~ on this set by:
(a,b) ~ (¢,d) < 3s € S such that s(ad — bc) = 0.
Remark 0.8. If R is a domain, and p is a prime ideal, let S = R —p. Then
SR :{gzxeli yépt
= localization of R at p.
In particular, R(g) = Q(R) = the fraction field of R

(Sheaves are very widespread in math. Their definition makes sense in
any topological space.)

Definition 0.9. Let X be a topological space. A presheaf F on X consists
of the following data:

i. V(open)U C X we associate a set F(U) = T'(U, F) (called sections of F over U)

ii. For open sets U C V' C X(we associate restriction maps) resy,;; : (V) — F(U)

satisfying the following axioms:
L resyy : F(U) — F(U) is the identity map 17
2. Compatibility: If U C V C W, then the following diagram commutes:

F—2 F(V)

where ¢ = reswyy, ¥ = reswy, 0 = resyy. In other words, resyy =

TEeSy,y O reswy

Example 0.10. Let X = R" with the Euclidean topology, F be a presheaf

of continuous functions. So for each open set U C R", we have that
F(U)=C(U,R)={f:U — R, such that f is continuous}.

IfU CV CR"then F(V) — F(U) (that is, (f: V = R) — (fly : U — R))
is defined to be the ordinary restriction map. It is left as an exercise to
check that the axioms are satisfied.

Example 0.11. Let X = R"”, and let G be the pre-sheaf of C*°-differentiable
function. Then G(U) ={f: U - R: fis C*}
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Example 0.12. Let X = C. Then
U~ Thol(U)={f:U — C: f is holomorphic}.



