Theory of Probability

Measure theory, classical probability and stochastic analysis

Lecture Notes

by Gordan Zitkovi¢

Department of Mathematics, The University of Texas at Austin



Contents

Contents 1
I Theory of Probability I 4
1 Measurable spaces 5
1.1 Familiesof Sets . . . . .. ... ... .. .. 5
12 Measurablemappings . . . ... ... ... ... ... 8
1.3 Products of measurablespaces . . ... ... ... ... ... .. ... . 10
14 Real-valued measurable functions . . .. ... ... ... ... ... ... ... 13
1.5 Additional Problems . . . . . .. ... 17
2 Measures 19
2.1 Measurespaces . . . . .. ... e 19
2.2 Extensions of measures and the coin-tossspace . . . . .. ... ... ... ... .. .. 24
2.3 ThelLebesguemeasure . . . . ... ... ... ... ... ... ... . ... 28
24 Signedmeasures . . . . .. ... ... 30
2.5 Additional Problems . . . ... ... ... .. L 33
3 Lebesgue Integration 36
3.1 The construction of theintegral . . . . .. ... ... ... ... .. ......... 36
3.2 First properties of theintegral . . . . . ... ... ... .. ... .. . o L. 39
33 Nullsets . . . ... e 44
3.4 Additional Problems . . . . ... ... ... 46
4 Lebesgue Spaces and Inequalities 50
41 Lebesguespaces . . . . . ... . ... 50
42 Inequalities. . . . . . . . .. 53
43 Additional problems . . . ... ... o 58
5 Theorems of Fubini-Tonelli and Radon-Nikodym 60
5.1 Productsof measurespaces . . ... ... ... ... ... 60
52 The Radon-Nikodym Theorem . . . ... ... ... ... ....... ... ...... 66
53 Additional Problems . . . . .. ... ... ... L 70



10

11

Basic Notions of Probability

6.1 Probabilityspaces . . . . . .. ...
6.2 Distributions of random variables, vectors and elements . . . . ... ... ... ...
6.3 Independence . .. .. ... ... ...
6.4 Sums of independent random variables and convolution . . .. ... ... ... ...
6.5 Do independent random variablesexist?. . . . .. ... ... .. o 0000
6.6 Additional Problems . . . . . . . . . .. ... e

Weak Convergence and Characteristic Functions

71 Weakconvergence . .. ... ... .. .. ... ...
7.2 Characteristic functions . . . . . . . . ...
7.3 Tailbehavior . . . . . . . ..
74 The continuity theorem . . . . . .. ... ... ... .. L Lo L
7.5 Additional Problems . . . . . . ...

Classical Limit Theorems

8.1 The weaklaw of largenumbers . . . . . . ... ... ... L 0oL
8.2 An“iid”-central limittheorem . . . . . . . . . . ... ...
8.3 The Lindeberg-Feller Theorem . . ... ... ... ...... .. ............
8.4 Additional Problems . . . . . . . . ...

Conditional Expectation

9.1 The definition and existence of conditional expectation . . . .. ... ... ... ...
9.2 Properties . . . . . ...
9.3 Regular conditional distributions . . . . .. ... .. 000 000000
9.4 Additional Problems . . . . ... ... ...

Discrete Martingales

10.1 Discrete-time filtrations and stochastic processes . . . . . . ... ... ... ... ...
10.2 Martingales . . . . . . ... L
10.3 Predictability and martingale transforms . . . . ... ... ... .. ... .. ...
104 Stoppingtimes. . . . . .. ... ...
10.5 Convergence of martingales . . . . . ... ... ... . ... ... ... ... .. ..
10.6 Additional problems . . . .. ... ... . L

Uniform Integrability

11.1 Uniform integrability . . . . . . ... ... ... ... ... . Lo L
11.2 First properties of uniformly-integrable martingales . . . . .. . ... ... ... ...
11.3 Backward martingales . . . . . .. ... ... ... L L oL
11.4 Applications of backward martingales . . . . . . ... ... ... .. ... .. ...
11.5 Exchangeability and de Finetti’s theorem (*) . . . . . . ... ... ... ... ... ..
11.6 Additional Problems . . . . . ... .. ... ... ... L

Index



Preface

These notes were written (and are still being heavily edited) to help students with the graduate
courses Theory of Probability I and II offered by the Department of Mathematics, University of
Texas at Austin.

Statements, proofs, or entire sections marked by an asterisk (x) are not a part of the syllabus
and can be skipped when preparing for midterm, final and prelim exams. .

GORDAN ZITKOVIC
Austin, TX
December 2010.



Part1

Theory of Probability I



Chapter 1

Measurable spaces

Before we delve into measure theory, let us fix some notation and terminology.
e C denotes a subset (not necessarily proper).

e A set A is said to be countable if there exists an injection (one-to-one mapping) from A
into N. Note that finite sets are also countable. Sets which are not countable are called
uncountable.

e For two functions f : B — C, g : A — B, the composition fog: A — C of f and g is given
by (fog)(z) = f(g9(x)), forall x € A.

e {A,}nen denotes a sequence. More generally, (A, ) er denotes a collection indexed by the
setI'.

1.1 Families of Sets

Definition 1.1 (Order properties) A (countable) family { Ay, } nen of subsets of a non-empty set S is
said to be

1. increasing if A,, C A4 foralln € N,

2. decreasing if A, O A, foralln € N,

3. pairwise disjoint if A, N A,,, = 0 form # n,

4. a partition of S if { Ay, }nen is pairwise disjoint and U, A, = S.

We use the notation A, / A to denote that the sequence { Ay, }nen is increasing and A = UpA,.
Similarly, A, \, A means that { Ay, }nen is decreasing and A = Ny, A,,.




CHAPTER 1. MEASURABLE SPACES

Here is a list of some properties that a family S of subsets of a nonempty set S can have:
(A1) D e S,

(A2) S €S,

(A3) AeS=A°cS,

(A4) A BeS=AUBES,

(A5) A, BeS,ACB=B\A€S,

(A6) A BeS=ANBeS,

(A7) A, e Sforalln e N=U,A, €S,

(A8) A, € S,foralln € Nand 4,,  Aimplies A € S,

(A9) A, € S, foralln € Nand {4, },en is pairwise disjoint implies U, 4,, € S,

Definition 1.2 (Families of sets) A family S of subsets of a non-empty set S is called an
1. algebra if it satisfies (A1),(A3) and (A4),
2. o-algebra if it satisfies (A1), (A3) and (A7)
3. m-system if it satisfies (A6),
4. X-system if it satisfies (A2), (A5) and (A8).

Problem 1.3 Show that:
1. Every o-algebra is an algebra.
. Each algebra is a m-system and each o-algebra is an algebra and a A-system.
. A family S is a o-algebra if and only if it satisfies (A1), (A3), (A6) and (A9).

2
3
4. A A-system which is a m-system is also a o-algebra.
5. There are 7-systems which are not algebras.

6

. There are algebras which are not o-algebras (Hint: Pick all finite subsets of an infinite set.
That is not an algebra yet, but sets can be added to it so as to become an algebra which is not
a o-algebra.)

7. There are A\-systems which are not 7-systems.

Definition 1.4 (Generated o-algebras) For a family A of subsets of a non-empty set S, the inter-
section of all o-algebras on S that contain A is denoted by o(A) and is called the o-algebra generated
by A
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Remark 1.5 Since the family 2° of all subsets of S is a g-algebra, the concept of a generated -
algebra is well defined: there is always at least one c-algebra containing A - namely 2°. o(A)
is itself a o-algebra (why?) and it is the smallest (in the sense of set inclusion) o-algebra that
contains A. In the same vein, one can define the algebra, the m-system and the A-system generated
by A. The only important property is that intersections of o-algebras, m-systems and A-systems
are themselves o-algebras, m-systems and A-systems.

Problem 1.6 Show, by means of an example, that the union of a family of algebras (on the same S)
does not need to be an algebra. Repeat for o-algebras, m-systems and A-systems.

Definition 1.7 (Topology) A topology on a set S is a family T of subsets of S which contains
and S and is closed under finite intersections and arbitrary (countable or uncountable!) unions. The
elements of T are often called the open sets. A set S on which a topology is chosen (i.e., a pair (S, T) of
a set and a topology on it) is called a topological space.

Remark 1.8 Almost all topologies in these notes will be generated by a metric, i.e,, aset A C S
will be open if and only if for each z € A there exists ¢ > O such that {y € S : d(z,y) < e} C A.
The prime example is R where a set is declared open if it can be represented as a union of open
intervals.

Definition 1.9 (Borel o-algebras) If (S, ) is a topological space, then the o-algebra o (), generated
by all open sets, is called the Borel o-algebra on (5, 7).

Remark 1.10 We often abuse terminology and call S itself a topological space, if the topology 7
on it is clear from the context. In the same vein, we often speak of the Borel o-algebra on a set S.

Example 1.11 Some important o-algebras. Let S be a non-empty set:
1. The set S = 2° (also denoted by P(S)) consisting of all subsets of S is a o-algebra.

2. At the other extreme, the family & = {(), S} is the smallest o-algebra on S. It is called the
trivial o-algebra on S.

3. The set S of all subsets of S which are either countable or whose complements are countable
is a o-algebra. It is called the countable-cocountable o-algebra and is the smallest o-algebra
on S which contains all singletons, i.e., for which {z} € Sforall z € S.

4. The Borel o-algebra on R (generated by all open sets as defined by the Euclidean metric on
R), is denoted by B(R).

Problem 1.12 Show that the B(R) = o(.A), for any of the following choices of the family .A:
1. A = {all open subsets of R },
2. A = {all closed subsets of R },
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A = {all open intervals in R},

A = {all closed intervals in R},

A = {all left-closed right-open intervals in R},

A = {all left-open right-closed intervals in R}, and

A = {all open intervals in R with rational end-points}

® N S T W

A = {all intervals of the form (—o0, r], where r is rational}.

(Hint: An arbitrary open interval I = (a,b) in R can be written as I = Upen[a +n71, b —n71].)

1.2 Measurable mappings

Definition 1.13 (Measurable spaces) A pair (S,S) consisting of a non-empty set S and a o-algebra
S of its subsets is called a measurable space.

If (S, S) is a measurable space, and A € S, we often say that A is measurable in S.

Definition 1.14 (Pull-backs and push-forwards) For a function f : S — T and subsets A C S,
B C T, we define the

1. push-forward f(A)of A C Sas
f(A) ={f(z) -z A}CT,
2. pull-back f~Y(B)of BC T as

FYB)={zeS: fx) e B} C 8.

It is often the case that the notation is abused and the pull-back of B under f is denoted simply
by {f € B}. This notation presupposes, however, that the domain of f is clear from the context.

Problem 1.15 Show that the pull-back operation preserves the elementary set operations, i.e., for
f:S—T,and B,{Bp}nen €T,

LY (T) =S, 710 =
“HUnBn) = Unf(Bn),
“H(MaBn) = M f~1(Bn), and
(B =B
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Give examples showing that the push-forward analogues of the statements (1), (3) and (4) above
are not true.

(Note: The assumption that the families in (2) and (3) above are countable is not necessary.
Uncountable unions or intersections commute with the pull-back, too.)

Definition 1.16 (Measurability) A mapping f : S — T, where (S,S) and (T, T) are measurable
spaces, is said to be (S, T )-measurable if f~1(B) € S for each B € T.

Remark 1.17 When 7' = R, we tacitly assume that the Borel o-algebra is defined on 7', and we
simply call f measurable. In particular, a function f : R — R, which is measurable with respect to
the pair of the Borel o-algebras is often called a Borel function.

Proposition 1.18 (A measurability criterion) Let (S,S) and (T, T') be two measurable spaces, and
let C be a subset of T such that T = o(C). If f : S — T is a mapping with the property that
7HC) €S, forany C € C, then f is (S, T )-measurable.

PROOF Let D be the family of subsets of 7" defined by
D={BcT: f7'(B)ecS}

By the assumptions of the proposition, we have C C D. On the other hand, by Problem 1.15, the
family D has the structure of the o-algebra, i.e., D is a o-algebra that contains C. Remembering
that 7 = o(C) is the smallest o-algebra that contains C, we conclude that 7 C D. Consequently,
fYB)eSforal BET. m

Problem 1.19 Let (S,S) and (T, 7)) be measurable spaces.

1. Suppose that S and 7" are topological spaces, and that S and 7 are the corresponding Borel
o-algebras. Show that each continuous function f : S — T is (S,7)-measurable. (Hint:
Remember that the function f is continuous if the pull-backs of open sets are open.)

2. Let f : S — Rbe a function. Show that f is measurable if and only if

{reS: f(x) <q} eS8, forall rational g.

3. Find an example of (S,S), (T, T) and a measurable function f : S — T such that f(A) =
{f(x) : x € A} ¢ T for all nonempty A € S.

Proposition 1.20 (Compositions of measurable maps) Let (S,S), (T, T) and (U,U) be measur-
able spaces, and let f : S — T and g : T — U be measurable functions. Then the composition
h=gof:S—U,givenby h(x) = g(f(z)) is (S,U)-measurable.
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PROOF It is enough to observe that h~1(B) = f~1(¢71(B)), forany B C U. m

Corollary 1.21 (Compositions with a continuous maps) Let (S,S) be a measurable space, T' be a
topological space and T the Borel o-algebra on T. Let g : T'— R be a continuous function. Then the
map go f : S — R is measurable for each measurable function f : S — T.

Definition 1.22 (Generation by a function) Let f : S — T be a map from the set S into a mea-
surable space (T',T). The o-algebra generated by f, denoted by o(f), is the intersection of all
o-algebras S on S which make f (S, T )-measurable.

The letter I' will typically be used to denote an abstract index set - we only assume that it is
nonempty, but make no other assumptions about its cardinality.

Definition 1.23 (Generation by several functions) Let (f,) er be a family of maps from a set S
into a measurable space (T, T ). The o-algebra generated by ( f)cr, denoted by o (( f7)7€r> , is the
intersection of all o-algebras on S which make each f., v € I', measurable.

Problem 1.24 In the setting of Definitions 1.22 and 1.23, show that

1. for f : S — T, we have

(1.1) o(f)={f*(B): BeT}.
2. forafamilty f, : S = T,~ € I', we have
(1.2) U((fv)vel“> = 0( U f;l(T)),
~yel’

where f71(T) ={f;'(B) : Be T}
(Note: Note how the right-hand sides differ in (1.1) and (1.2).)

1.3 Products of measurable spaces

Definition 1.25 (Products, choice functions) Lef (S, )~cr be a family of sets, parametrized by some
(possibly uncountable) index set I'. The product [ .- S, is the set of all functions s : T' — U,.S,
(called choice functions) with the property that s(v) € S,.

10
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Remark 1.26

1. When T is finite, each function s : I' — U,crS, can be identified with an ordered “tuple”
(s(71),-..,8(m)), where n is the cardinality (number of elements) of I', and 1, ...,7, is
some ordering of its elements. With this identification, it is clear that our definition of a
product coincides with the well-known definition in the finite case.

2. The celebrated Axiom of Choice in set theory postulates that no matter what the family (S, ) er
is, there exists at least one choice function. In other words, axiom of choice simply asserts
that products of sets are non-empty.

Definition 1.27 (Natural projections) For v € I', the function 7, : [, . Sy — Sy, defined by

vyel

o (8) = s(v0), for s € [ S5,

yerl’

is called the (natural) projection onto the coordinate .

Definition 1.28 (Products of measurable spaces) Let {(Sy,Sy)} er be a family of measurable
spaces. The product ®,er(Sy,Sy) is a measurable space ([ [ e Sy, ®verSy), where @yerS, is the
smallest o-algebra that makes all natural projections (7 ) er measurable.

Example 1.29 When I is finite, the above definition can be made more intuitive. Suppose, just for
simplicity, thatI" = {1, 2}, so that (S, S1) ® (S2, S2) is a measurable space of the form (.S} x Sa, 51 ®
S2), where S§; ® Sy is the smallest o-algebra on S; x S2 which makes both 7; and w2 measurable.
The pull-backs under 7; of sets in S; are given by

7T_1(Bl) = {(x,y) €S xSy :xe€ Bl} = B x SQ, for B; € 8.

Similarly
7T_1(Bz) =51 X By, for B, € Ss.

Therefore, by Problem 1.24,
S1® 8 = (T({Bl X 59,51 X By : By €51,Bs € SQ})

Equivalently (why?)
S1® 8y = O’({Bl X By : By €81,By € 82})

In a completely analogous fashion, we can show that, for finitely many measurable spaces
(51,81), .., (Sn,Sn), we have
R Si=0o({B1x Bax - x By BIeS, By €Sy, Bu € S,})
i=1

The same goes for countable products. Uncountable products, however, behave very differently.

11
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Problem 1.30 We know that the Borel o-algebra (based on the usual Euclidean topology) can be
constructed on each R". A o-algebra on R" (for n > 1), can also be constructed as a product o-
algebra ®]" ; B(R). A third possibility is to consider the mixed case where 1 < m < n is picked
and the o-algebra B(R™) ® B(R"~™) is constructed on R™ (which is now interpreted as a product
of R™ and R"~™). Show that we get the same o-algebra in all three cases.

Problem 1.31 Let (P, P), {(S,,Sy)}yer be measurable spaces and set S = [[ e Sy, S = ®yerS,y.
Prove that amap f : P — S'is (P, S)-measurable if and only if the composition 7, o f : P — S,
is (P, S,) measurable for each v € I'. (Note: Loosely speaking, this result states that a “vector”-
valued mapping is measurable if and only if all of its components are measurable.)

Definition 1.32 (Cylinder sets) Let {(S,,S,)}yer be a family of measurable spaces, and let
(I er Sv: ®qerSy) be its product. A subset C C [ e Sy is called a cylinder set if there exist
a finite subset {y1,...,vn} of I, as well as a measurable set B € Sy, ® Sy, ® - - ® S, such that

C={se]]S : (s(n).....s(wm)) € B}.
yerl

A cylinder set for which the set B can be chosen of the form B = By x --- X By, for some By €
S1, ..., By € S, is called a product cylinder set. In that case

C={se]]S : (s(n)€Bis(12) €Bs,....s(m) € Bu}.
vel

Problem 1.33
1. Show that the family of product cylinder sets generates the product o-algebra.
2. Show that (not-necessarily-product) cylinders are measurable in the product o-algebra.

3. Which of the 4 families of sets from Definition 1.2 does the collection of all product cylinders
belong to in general? How about (not-necessarily-product) cylinders?

Example 1.34 The following example will play a major role in probability theory. Hence the name
coin-toss space. Here I' = N and for i € N, (5;, S;) is the discrete two-element space S; = {—1,1},
S; = 2°1. The product [[,cySi = {—1,1}" can be identified with the set of all sequences s =
(s1,82,...), where s; € {—1,1}, i € N. For each cylinder set C, there exists (why?) n € N and a
subset B of {—1, 1}" such that

C={s=(s1,-,8n,8n41,...) € {=1,1}N : (s1,...,5,) € B}.

The product cylinders are even simpler - they are always of the form C = {-1,1} or C =
Cn1,...,nk;b1,...,bk/ where

(1.3) Crn,oompibroibe = {s = (s1,82,...) € {—1, 1}N D Spy =b1,..., 8, = bk},
forsomek € N,1<n; <ny <---<ng €Nand by, by,...,b, € {—1,1}.

12
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We know that the o-algebra S = ®;enS; is generated by all projections ; : {—1, 1} — {—1,1},
i € N, where m;(s) = s;. Equivalently, by Problem 1.33, S is generated by the collection of all
cylinder sets.

Problem 1.35 One can obtain the product o-algebra S on {—1,1} as the Borel o-algebra corre-
sponding to a particular topology which makes {—1, 1} compact. Here is how. Start by defining
amapping d : {—1,1}N x {-1,1} — [0, 00) by

(1.4) d(s',s?) =2715"5") wherei(s',s?) = inf{i € N : s} # 52},
forsi = (s],s},...), j=1,2.

1. Show that d is a metric on {—1, 1}
Show that {—1, 1} is compact under d. (Hint: Use the diagonal argument.)
Show that each cylinder of {—1, 1}" is both open and closed under d.
Show that each open ball is a cylinder.

Show that {—1, 1} is separable, i.e., it admits a countable dense subset.

AN L

Conclude that S coincides with the Borel o-algebra on {—1, 1} under the metric d.
1.4 Real-valued measurable functions
Let £°(S, S; R) (or, simply, £°(S; R) or LY(R) or LY when the domain (S, S) or the co-domain R are

clear from the context) be the set of all S-measurable functions f : S — R. The set of non-negative
measurable functions is denoted by £ or £°([0, x)).

Proposition 1.36 (Measurable functions form a vector space) £ is a vector space, i.e.

af + Bg € £°, whenever o, € R, f,g € L°.

PROOF Let us define a mapping F : S — R? by F(z) = (f(z),g(z)). By Problem 1.30, the Borel
o-algebra on R? is the same as the product o-algebra when we interpret R? as a product of two
copies of R. Therefore, since its compositions with the coordinate projections are precisely the
functions f and g, Problem 1.31 implies that F is (S, B(R?))-measurable.

Consider the function ¢ : R? — R given by ¢(z,y) = ax + By. It is linear, and, therefore,
continuous. By Corollary 1.21, the composition ¢po F' : S — Riis (S, B(R))-measurable, and it only
remains to note that

(@0 F)(x) = ¢(F(x)) = af(z) + By(x), ie, o F = af + fg. n

In a similar manner (the functions (z,y) + max(z,y) and (z,y) — zy are continuous from R?
to R - why?) one can prove the following proposition.

13
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Proposition 1.37 (Products and maxima preserve measurability) Let f, g be in £°. Then
1. fge O,

2. max(f, g) and min(f, g) € L°,

Even though the map x — 1/ is not defined on the whole R, the following problem is not too
hard:

Problem 1.38 Suppose that f € £° has the property that f(z) # 0 for all # € S. Then the function
1/f is also in £°.

For A C S, the indicator function 14 is defined by

1, z€A
1A(x>:{o v d A

Despite their simplicity, indicators will be extremely useful throughout these notes.
Problem 1.39 Show that for A C S, we have A € S if and only if 14 € £°.

Remark 1.40 Since it contains the products of pairs of its elements, the set £ has the structure
of an algebra (not to be confused with the algebra of sets defined above). It is true, however, that
any algebra A of subsets of a non-empty set S, together with the operations of union, intersection
and complement forms a Boolean algebra. Alternatively, it can be given the (algebraic) structure
of a commutative ring with a unit. Indeed, under the operation A of symmetric difference, A is an
Abelian group (prove that!). If, in addition, the operation of intersection is introduced in lieu of
multiplication, the resulting structure is, indeed, the one of a commutative ring.

Additionally, a natural partial order given by f < g if f(z) < g(z), for all z € S, can be
introduced on £°. This order is compatible with the operations of addition and multiplication
and has the additional property that each pair {f,g} C £° admits a least upper bound, i.e., the
element h € £% such that f < h, g < hand h < k, for any other k with the property that f,g < k.
Indeed, we simply take h(z) = max(f(x),g(x)). A similar statement can be made for a greatest
lower bound. A vector space with a partial order which satisfies the above properties is called a
vector lattice.

Since a limit of a sequence of real numbers does not necessarily belong to R, it is often nec-
essary to consider functions which are allowed to take the values co and —oco. The set R =
R U {00, —o0} is called the extended set of real numbers. Most (but not all) of the algebraic and
topological structure from R can be lifted to R. In some cases there is no unique way to do that, so
we choose one of them as a matter of convention.

1. Arithmetic operations. For z,y € R, all the arithmetic operations are defined in the usual
way when z,y € R. When one or both are in {oco, —occ}, we use the following convention,
where ® € {+, —,*, /}:

We define x & y = =z if all pairs of sequences {xy }neN, {Un}tnen in R such that x = lim, x,,
y = limy, yy, and x,, ® yy, is well-defined for all n € N, we have

z= liylgn(a:n D Yn)-

14
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Otherwise, x @ y is not defined. This basically means that all intuitively obvious conventions
(such as co + 0o = oo and % = oo for a > 0 hold). In measure theory, however, we do make
one important exception to the above rule. We set

O0xoo=00x0=0x(—00)=(—00)x0=0.

2. Order. —o0 < z < oo, for all z € R. Also, each non-empty subset of R admits a supremum
and an infimum in R in an obvious way.

3. Convergence. It is impossible to extend the usual (Euclidean) metric from R to R, but a
metricd : R x R — [0, 1) given by

d'(x,y) = |arctan(y) — arctan(x)|,

extends readily to a metric on R if we set arctan(oco) = 7/2 and arctan(—o0) = —7/2. We
define convergence (and topology) on R using d’. For example, a sequence {z,}nen in R
converges to +oo if

a) It contains only a finite number of terms equal to —oo,
b) Every subsequence of {x, },ecny Whose elements are in R converges to +oo (in the usual

sense).

We define the notions of limit superior and limit inferior on R for a sequence {z,}ey in the
following manner:
limsup z,, = inf S,,, where S, = sup xx,
n

n k>n
and
liminf z,, = sup I,,, where I,, = inf zy.
n n k>n

If you have forgotten how to manipulate limits inferior and superior, here is an exercise to remind
you:

Problem 1.41 Let {z),},cn be a sequence in R. Prove the following statements:

1. a € R satisfies a > lim sup,, z,, if and only if for any ¢ € (0, 00) there exists n. € N such that
Ty, < a+eforn>n..

2. liminf, z,, <limsup,, z,.
3. Define

A= {lilgn Tp, T, is a convergent (in R) subsequence of {z,, }nen}-

Show that
{liminf z,,, limsupx,} € A C [lim inf z,, lim sup z,,].

Having introduced a topology on R we immediately have the c-algebra B(R) of Borel sets there
and the notion of measurability for functions mapping a measurable space (S, S) into R.

Problem 1.42 Show that a subset A C R is in B(R) if and only if A \ {co0, —o0o} is Borel in R. Show
that a function f : S — R is measurable in the pair (S, B(R)) if and only if the sets f~!({oc}),
fH({—oc}) and f~1(A) arein S for all A € B(R) (equivalently and more succinctly, f € LO(R) iff
{f = OO}, {f = —OO} € S and fl{fGR} S ,CO)

15



CHAPTER 1. MEASURABLE SPACES

The set of all measurable functions f : S — R is denoted by £°(S, S;R), and, as always we leave
out S and & when no confusion can arise. The set of extended non-negative measurable functions
often plays a role, so we denote it by £°([0, o0]) or £ (R). Unlike £°(R), £L9(R) is not a vector
space, but it retains all the order structure. Moreover, it is particularly useful because, unlike
LO(R), it is closed with respect to the limiting operations. More precisely, for a sequence { f, }nen
in £L°(R), we define the functions lim sup,, f,, : S — [~00, 00] and liminf,, f,, : S — [—o0, 00] by

(lim sup fo)(2) = limsup () = inf <sup mx)) ,
n n n k>n
and
(lin#nf fu)(z) = liH}linf fn(x) =sup <ér>1f fk(zv)) .

Then, we have the following result, where the supremum and infimum of a sequence of functions
are defined pointwise (just like the limits superior and inferior).

Proposition 1.43 (Limiting operations preserve measurability) Let {f,}nen be a sequence in
LO(R). Then

1. sup,, fn,inf, fr € ‘CO(R)/
2. limsup,, fn,liminf, f, € L°(R),
3. if f(z) = limy, f, () exists in R for each x € S, then f € L°(R), and

4. the set A = {lim,, f, existsin R } is in S.

PROOF

1. We show only the statement for the supremum. It is clear that it is enough to show that the
set {sup,, fr, < a}isin S for all a € (—o0, 0] (Why?). This follows, however, directly from
the simple identity

{Supfn < a} = mn{fn < a},

and the fact that o-algebras are closed with respect to countable intersections.

2. Define g, = supys,, fx and use part 1. above to conclude that g, € L°(R) for each n € N.
Another appeal to part 1. yields that limsup,, f,, = inf,, g, is in L°(R). The statement about
the limit inferior follows in the same manner.

3. If the limit f(z) = lim,, f,,(z) exists for all z € S, then f = liminf,, f, which is measurable
by part 2. above.

4. The statement follows from the fact that A = f~1({0}), where
f(z) = arctan <lim sup fn(s)> — arctan (lim inf fn(x)>

(Note: The unexpected use of the function arctan is really noting to be puzzled by. The only
property needed is its measurability (it is continuous) and monotonicity+bijectivity from

16



CHAPTER 1. MEASURABLE SPACES

[—00, 00] to [—7/2, /2]. We compose the limits superior and inferior with it so that we don’t
run into problems while trying to subtract 4-oco from itself.) [

1.5 Additional Problems

Problem 1.44 Which of the following are o-algebras on R?

1.

SANNER LR

S={ACR:0€ A}.

S ={ACR: Ais finite}.

S ={A CR: Aisfinite, or A°is finite}.

S ={A CR: Aiscountable or A¢is countable}.
S={ACR: Aisopen}.

S={ACR: Aisopenor Ais closed}.

Problem 1.45 A partition S is a family P of non-empty subsets of S with the property that each
w € S belongs to exactly one A € P.

1.

Show that the number of different algebras on a finite set S is equal to the number of different
partitions of S. (Note: This number for S, = {1,2,...,n} is called the n'" Bell number B,
and no nice closed-form expression for it is known. See below, though.)

How many algebras are there on the set S = {1,2,3}?
Does there exist an algebra with 754 elements?

For N € N, let a,, be the number of different algebras on the set {1,2,...,n}. Show that
a1 =1, ag = 2, a3 = 5, and that the following recursion holds (where a¢ = 1 by definition),

ap4+1 = Z (Z) a.

k=0

Show that the exponential generating function for the sequence {a, }nen is f(z) = e 71, ie,

that

0 n
T z . n T __
E an" = e ! or, equivalently, a, = (e 1)

-0
n=0 *

Problem 1.46 Let (S, S) be a measurable space. For f, g € £° show that the sets {f = g} = {x €
S:flx)=9g@)} {f<gt={xeS: f(zx) <g(x)}arein S.

Problem 1.47 Show that all

1.

monotone,

2. convex

functions f : R — R are measurable.

17
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Problem 1.48 Let (S, S) be a measurable space and let f : S — R be a Borel-measurable function.
Show that the graph

Gr={(z,y) e SxR : f(z) =y},
of f is a measurable subset in the product space (S x R,S ® B(R)).

18



Chapter 2

Measures

2.1 Measure spaces

Definition 2.1 (Measure) Let (S, S) be a measurable space. A mapping p : S — [0, 00] is called a
(positive) measure if

1. w(0) =0, and
2. w(UnAy) =3 cn 1(Ar), for all pairwise disjoint sequences { Ay, }nen in S.

A triple (S, S, ) consisting of a non-empty set, a o-algebra S on it and a measure p on S is called a
measure space.

Remark 2.2

1. A mapping whose domain is some nonempty set .A of subsets of some set S is sometimes
called a set function.

2. If the requirement 2. in the definition of the measure is weakened so that it is only required
that (A1 U--- U A,) = pu(Ar) + -+ + p(A4y), for n € N, and pairwise disjoint Ay,..., Ay,
we say that the mapping p is a finitely-additive measure. If we want to stress that a map-
ping p satisfies the original requirement 2. for sequences of sets, we say that y is o-additive
(countably additive).

Definition 2.3 (Terminology) A measure ;i on the measurable space (S, S) is called
1. a probability measure, if ;4(S) =1,
2. afinite measure, if 1(S) < oo,

3. a o-finite measure, if there exists a sequence { Ay }nen in S such that U, A,, = S and (A,) <
o0,
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CHAPTER 2. MEASURES

4. measure or atom-free, if u({x}) = 0, whenever x € S and {z} € S.

Aset N € S is said to be null if 4(N) = 0.

Example 2.4 (Examples of measures) Let S be a non-empty set, and let S be a o-algebra on S.

1. Measures on countable sets. Suppose that S is a finite or countable set. Then each measure
ponS = 2% is of the form
p(A) = "p(a),

z€A

for some function p : S — [0, 00] (why?). In particular, for a finite set S with N elements,
if p(z) = 1/N then p is a probability measure called the uniform measure on S. It has the

property that pu(A) = %, where # denotes the cardinality (number of elements).

2. Dirac measure. For z € S, we define the set function J,, on S by

1, z€A,
@(A)z{o b

It is easy to check that ¢, is indeed a measure on S. Alternatively, J, is called the point
mass at = (or an atom on z, or the Dirac function, even though it is not really a function).
Moreover, ¢, is a probability measure and, therefore, a finite and a o-finite measure. It is
atom free only if {z} ¢ S.

3. Counting Measure. Define a set function p : S — [0, oo] by

A Ais fini
M(A)Z{# , is finite, forAes.

0o, Aisinfinite,

where, as above, #A denotes the number of elements in the set A. Again, it is not hard to
check that . is a measure - it is called the counting measure. Clearly, /. is a finite measure if
and only is S is a finite set. u could be o-finite, though, even without S being finite. Simply
take S = N, S = 2N, In that case y(S) = oo, but for A, = {n},n € N, we have u(A,) = 1, and
S = UpA,. Finally, 11 is never atom-free and it is a probability measure only if card S = 1.

Example 2.5 (A finitely-additive set function which is not a measure) Let S = N, and S = 2°.
For A € S define u(A) = 0 if A is finite and pu(A) = oo, otherwise. For Ay,..., A, C S, we have
the following two possibilities:

1. A; is finite, for each i = 1,...,n. Then U} ;A4; is also finite and so 0 = pu(U  4;) =

Z?:l p(A;).

2. at least one A; is infinite. Then U}, 4; is also infinite and so co = p(UP_; A;) = >0 u(4),
because u(A;) = oc.

Therefore, 1 is finitely additive.
On the other hand, take A; = {i}, for i € N. Then u(4;) = 0, for each i € N, and, so,

> ien 1(Ai) = 0, but u(U; A;) = p(N) = oo.
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(Note: It is possible to construct very simple-looking finite-additive measures which are not
o-additive. For example, there exist {0, 1}-valued finitely-additive measures on all subsets of N,
which are not o-additive. Such objects are called ultrafilters and their existence is equivalent to a
certain version of the Axiom of Choice.)

Proposition 2.6 (First properties of measures) Lef (S, S, i) be a measure space.

1. For Ay,..., A, € Swith A;NAj =0, for i # j, we have
> (A = p(Up 4)).
i=1

(Finite additivity)

2.IfA,Be S, AC B, then

(Monotonicity of measures)
3. If {Ap}nen in S is increasing, then

p(Up4,) = liTrln wu(Ay) =sup u(A,).

(Continuity with respect to increasing sequences)
4. If {An}nen in S is decreasing and j1(A;) < oo, then
M(mnAn) = lim :U’(An) = infu(An)'
(Continuity with respect to decreasing sequences)

5. For a sequence { Ay, }nen in S, we have

N(UnAn) < Z M(AN)-

neN

(Subadditivity w.r.t. general sequences)

PROOF

1. Note that the sequence A;, Ag, ..., A,,0,0,... is pairwise disjoint, and so, by o-additivity,

p(URy Ag) = p(UienAi) = > p(A) =D (A + D p(@) =) p(Ai).
1€EN =1 i=n+1 i=1
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2. Write B as a disjoint union AU (B \ A) of elements of S. By (1) above,
1(B) = u(A) + p(B\ A) = pu(A).

3. Define By = Ay, B, = A, \ A,—1 for n > 1. Then {B), },¢n is a pairwise disjoint sequence in
S with U}, By, = A,, for each n € N (why?). By o-additivity we have

p(UnAn) = w(UnBr) = Y p(By) =1im Y p(By) = lim p(Ui_y By) = lim u(Ay).
neN k=1

4. Consider the increasing sequence { B, }nen in S given by B, = A; \ 4,,. By De Morgan laws,
finiteness of ;1(A4;) and (3) above, we have

(A1) = (N An) = (A \ (M An)) = p(UnBy) = lim p(By) = lim p(Ar \ Ay)
= p(Ar) = lim p(Ay).

Subtracting both sides from p(A;) < oo produces the statement.

5. We start from the observation that for A;, A; € S the set A; U A3 can be written as a disjoint
union
AjUAy = (A1 \Ag) U (AQ \ Al) U (Al N AQ),

so that
p(Ar U Ag) = p(Ar \ A2) + (A2 \ A1) + (A1 N Ag).

On the other hand,
(A1) + p(Ag) = (u(Ay \ Ag) + u(Ay N Ag)) + (u(Aa \ A + p(Arn A2>)
= (A1 \ A2) + p(A2 \ A1) +2u(A1 N Az),

and so
(A1) + p(Az) — (A1 U Az) = p(A1 N Ag) > 0.

Induction can be used to show that

p(ArU - UAp) < > p(Ag).

Since all p(A,,) are nonnegative, we now have

(A1 U---UA,) < a, foreachn € N, where ao = Z w(Ay).
neN

The sequence {B,, },en given by B,, = Up_, Ay is increasing, so the continuity of measure
with respect to increasing sequences implies that

w(UnAy) = w(UpBy) = limp(By,) =limu(Ay U---UA,) < a.
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Remark 2.7 The condition p1(A;) < oo in the part (4) of Proposition 2.6 cannot be significantly
relaxed. Indeed, let 1 be the counting measure on N, and let A, = {n,n+1,...}. Then pu(A,) = oo
and, so lim,, (A4,) = co. On the other hand, NA,, = 0, so u(N,A4,) = 0.

In addition to unions and intersections, one can produce other important new sets from se-
quences of old ones. More specifically, let {A,},cn be a sequence of subsets of S. The subset
liminf,, A, of S, defined by

liminf A, = U, B,,, where B,, = Ng>n Ak,
L >

is called the limit inferior of the sequence A,,. It is also denoted by lim, A,, or {A4,,, ev.} (ev. stands
for eventually). The reason for this last notation is the following: liminf,, A, is the setofallz € S
which belong to A,, for all but finitely many values of the index n.

Similarly, the subset lim sup,, A,, of S, defined by

limsup A, = N, By, where B,, = Up>, A,
n

is called the limit superior of the sequence A,. It is also denoted by lim, A, or {A,, i.0.} (io.
stands for infinitely often). In words, lim sup,, A,, is the set of all x € S which belong A,, for infinitely
many values of n. Clearly, we have

liminf A, C limsup A4,.

Problem 2.8 Let (S, S, i) be a finite measure space. Show that
p(liminf A,,) < liminf p(A4,) < limsup p(A,) < p(limsup 4,,),

for any sequence {4, },en in S. Give an example of a (single) sequence { A, },en for which all
inequalities above are strict.
(Hint: For the second part, a measure space with finite (and small) .S will do.)

Proposition 2.9 (Borel-Cantelli Lemma I) Let (S, S, u) be a measure space, and let { A, }nen be a
sequence of sets in S with the property that ) p(An) < cc. Then

pu(limsup 4,,) = 0.
n

PROOF Set B), = Up>p Ay, so that { By, }en is a decreasing sequence of sets in S with limsup,, 4,, =
NpByp. Using the subadditivity of measures of Proposition 2.6, part 5., we get

1) (Br) <) p(An).
k=n

Since ), o 1(Ay) converges, the right-hand side of (2.1) can be made arbitrarily small by choos-
ing large enough n € N. Hence y(lim sup,, A,) = 0. n
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2.2 Extensions of measures and the coin-toss space

Example 1.34 of Chapter 1 has introduced a measurable space ({—1, 1}, S), where S is the prod-
uct o-algebra on {—1, 1}, The purpose of the present section is to turn ({—1, 1}, S) into a mea-
sure space, i.e., to define a suitable measure on it. It is easy to construct just any measure on
{—1, 1}, but the one we are after is the one which will justify the name coin-toss space.

The intuition we have about tossing a fair coin infinitely many times should help us start with
the definition of the coin-toss measure - denoted by pc - on cylinders.  Since the coordinate
spaces {—1,1} are particularly simple, each product cylinder is of the form C = {-1,1}N or C =
Chn,...npibr,. b @s given by (1.3), for a choice 1 < ny < ny < ...,n; € N of coordinates and
the corresponding values b1, ...,b, € {—1,1}. In the language of elementary probability, each
cylinder corresponds to the event when the outcome of the n;-th coin is b; € {—1,1}, for k =
1,...,n. The measure (probability) of this event can only be given by

1 1 1 —k
(2.2) 1O (Cry gy b)) = 5 X 5 X oo X g =270

k times
The hard part is to extend this definition to all elements of S, and not only cylinders. For example,
in order to state the law of large numbers later on, we will need to be able to compute the measure

of the set .
{se (-1 lmi > s =1},
k=1

which is clearly not a cylinder.

Problem 1.33 states, however, that cylinders form an algebra and generate the o-algebra S.
Luckily, this puts us close to the conditions of the following important theorem of Caratheodory.
The proof does not use unfamiliar methodology, but we omit it because it is quite long and tricky.

Theorem 2.10 (Caratheodory’s Extension Theorem) Let S be a non-empty set, let A be an algebra
of its subsets and let ;1 : A — [0, o0o] be a set-function with the following properties:

1. p(®) =0, and
2. w(A) =300 w(Ay), if { Ay tnen is a pairwise-disjoint family in Aand A = U, A, € A.

Then, there exists a measure fi on o(A) with the property that u(A) = fi(A) for A € A.

Remark 2.11 In words, a o-additive measure on an algebra A can be extended to a s-additive
measure on the o-algebra generated by A. It is clear that the o-additivity requirement of Theorem
2.10 is necessary, but it is quite surprising that it is actually sufficient.

In order to apply Theorem 2.10 in our situation, we need to check that . is indeed a countably-
additive measure on the algebra A of all cylinders. The following problem will help pinpoint the
hard part of the argument:

Problem 2.12 Let A be an algebra on the non-empty set S, and let 1 : A — [0, 00] be a finite
(u(S) < 00) and finitely-additive set function on S with the following, additional, property:

(2.3) lim p(Ay,) = 0, whenever A, \ 0.
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Then p is o-additive on A, i.e., it satisfies the conditions of Theorem 2.10.
The part about finite additivity is easy (but messy) and we leave it to the reader:

Problem 2.13 Show that the set-function yc, defined by (2.2) on the algebra A of cylinders, is
finitely additive.

Lemma 2.14 (Conditions of Caratheodory’s theorem) The the set-function pc, defined by (2.2)
on the algebra A of cylinders, has the property (2.3).

PROOF By Problem 1.35, cylinders are closed sets, and so {A;, },en is a sequence of closed sets
whose intersection is empty. The same problem states that {—1, 1}" is compact, so, by the finite-

intersection property!, we have A,,, N ... A,, = (), for some finite collection ny, ..., n; of indices.
Since { A, }nen is decreasing, we must have A,, = (), for all n > ny, and, consequently, lim,, ;i(A4,) =
0. |

Proposition 2.15 (Existence of the coin-toss measure) There exists a measure puc on
({—=1,1}N, S) with the property that (2.2) holds for all cylinders.

PROOF Thanks to Lemma 2.14, Theorem 2.10 can now be used. m

In order to prove uniqueness, we will need the celebrated 7-\ Theorem of Eugene Dynkin:

Theorem 2.16 (Dynkin’s “7-\" Theorem) Let P be a w-system on a non-empty set S, and let A be
a A\-system which contains P. Then A also contains the o-algebra o(P) generated by P.

PROOF Using the result of part 4. of Problem 1.3, we only need to prove that A\(P) (where \(P)
denotes the A\-system generated by P) is a m-system. For A C S, let G4 denote the family of all
subsets of S whose intersections with A are in A(P):

Gi={CCS:CNAecAP)}.

Claim 1: G4 is a A\-system for A € A\(P).

e Since A € A(P), clearly S € G4.

e For an increasing family {C), },,en in G4 we have (U,,Cp,) N A = U,(C, N'A). Each C;,, N Ais
in A, and the family {C),, N A},en is increasing, so (U,C,,) N A € A.

'The finite-intersection property refers to the following fact, familiar from real analysis: If a family of closed sets of a
compact topological space has empty intersection, then it admits a finite subfamily with an empty intersection.
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e Finally, for C, Cy € G with C; C Cy, we have
(Cg\cl)ﬁA: (CQﬁA)\(ClﬁA) € A,

because C1 N A C CyN A.

Since P is a w-system, for any A € P, we have P C G4. Therefore, A\(P) C G4, because G4 is a
A-system. In other words, for A € P and B € A(P), we have AN B € A(P).

That means, however, that P C G, for any B € A(P). Using the fact that Gp is a A\-system we
must also have A\(P) C Gp, forany B € A(P),ie., ANB € A\(P), forall A, B € A\(P), which shows
that A(P) is w-system. n

Proposition 2.17 (Measures which agree on a w-system) Let (S, S) be a measurable space, and
let P be a m-system which generates S. Suppose that py and o are two measures on S with the
property that ;11 (S) = p2(S) < oo and

pi(A) = p2(A), forall A € P.

Then py = po, ie., pu1(A) = p2(A), forall A € S.

PROOF Let £ be the family of all subsets A of S for which 1 (A) = p2(A). Clearly P C L, but
L is, potentially, bigger. In fact, it follows easily from the elementary properties of measures (see
Proposition 2.6) and the fact that p;(S) = p2(S) < oo that it necessarily has the structure of a -
system. By Theorem 2.16 (the m-A Theorem), £ contains the o-algebra generated by P, i.e., S C L.
On the other hand, by definition, £ C S and so 11 = po. ]

Remark 2.18 It seems that the structure of a A-system is defined so that it would exactly describe
the structure of the family of all sets on which two measures (with the same total mass) agree. The
structure of the m-system corresponds to the minimal assumption that allows Proposition 2.17 to
hold.

Proposition 2.19 (Uniqueness of the coin-toss measure) The measure jic is the unique measure
on ({=1,1}N, 8) with the property that (2.2) holds for all cylinders.

PROOF The existence is the content of Proposition 2.15. To prove uniqueness, it suffices to note
that algebras are m-systems and use Proposition 2.17. [

Problem 2.20 Define Dy, Dy C {—1, 1} by
1. Dy ={s e {~1,1}N : limsup, s, = 1},
2. Dy = {S € {—1, 1}N :dN€EN, sy = SN4+1 = SN+2}.

Show that Dy, Dy € S and compute p(D1), pu(Ds).
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Our next task is to probe the structure of the o-algebra S on {—1, 1} a little bit more and show

that S # 20-11" Ttis interesting that such a result (which deals exclusively with the structure of
S) requires a use of a measure in its proof.

Example 2.21 ((*) A non-measurable subset of {—1,1}"Y) Since o-algebras are closed under count-
able set operations, and since the product o-algebra S for the coin-toss space {—1, 1}! is generated
by sets obtained by restricting finite collections of coordinates, one is tempted to think that S con-
tains all subsets of {—1, 1}. That is not the case. We will use the axiom of choice, together with
the fact that a measure pc can be defined on the whole of {—1,1}Y, to show to “construct” an
example of a non-measurable set.

Let us start by constructing a relation ~ on {—1,1}" in the following way: we set s* ~ s? if
and only if there exists n € N such that s, = s?, for k > n (here, as always, s = (si,sb,...),
i = 1,2). In words, s! and s? are related if they only differ in a finite number of coordinates. It is
easy to check that ~ is an equivalence relation and that it splits {—1, 1}" into disjoint equivalence
classes. One of the many equivalent forms of the axiom of choice states that there exists a subset
N of {—1, 1} which contains exactly one element from each of the equivalence classes.

Let us suppose that IV is an element in S and see if we can reach a contradiction. Let I denote
the set of all finite subsets of N. For each nonempty n = {ni,...,n;} € F, let us define the
mapping Tp, : {—1,1}N — {—1,1}" in the following manner:

Si, len,

(Tn(o) = {—sl, l€n.

In words, T, flips the signs of the elements of its argument on the positions corresponding to n.
We define Tj = 1d, i.e., Tj(s) = s.

Since m is finite, Ty preserves the ~-equivalence class of each element. Consequently (and
using the fact that N contains exactly one element from each equivalence class) the sets N and
Tn(N) ={Tnh(s) : s € N} are disjoint. Similarly and more generally, the sets 75, (/N) and T,,/(NN)
are also disjoint whenever n # n'. On the other hand, each s € {—1,1}" is equivalent to some
5 € N, ie, it can be obtained from 5 by flipping a finite number of coordinates. Therefore, the
family

N ={Tn(N) : ne€ F}

forms a partition of {—1, 1},

The mapping 7}, has several other nice properties. First of all, it is immediate that it is involu-
tory, i.e., T, o Ty, = Id. To show that it is (S, S)-measurable, we need to prove that its composition
with each projection map 7, : S — {—1, 1} is measurable. This follows immediately from the fact
that for k € N
Ck;l: k ¢ n,

Ck;—la kemn,

(Tnomy) " ({1}) = {

where. fori € {—1,1}, Cy,; = {s € {~1,1}V : s, = i} - a cylinder. If we combine the involutivity
and measurability of T;,, we immediately conclude that 7;,(A) € S for each A € S. In particular,
NCS.

In addition to preserving measurability, the map 7, also preserves the measure? the in yi¢, i.e.,
pc(Tn(A)) = pc(A), forall A € S. To prove that, let us pick n € F and consider the set-function

?Actually, we say that a map f from a measure space (S, S, 1s) to the measure space (T, T, yir) is measure pre-
serving if it is measurable and us(f~'(A)) = ur(A), for all A € T. The involutivity of the map T;, implies that this
general definition agrees with our usage in this example.
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pn S — [0, 1] given by
pn(A) = pc(Tn(A)).

It is a simple matter to show that s, is, in fact, a measure on (5, S) with i, (S) = 1. Moreover,
thanks to the simple form (2.2) of the action of the measure ¢ on cylinders, it is clear that pi, = pc
on the algebra of all cylinders. It suffices to invoke Proposition 2.17 to conclude that p1, = pic on
the entire S, i.e., that T}, preserves jic.

The above properties of the maps 75, n € F can imply the following: NV is a partition of S into
countably many measurable subsets of equal measure. Such a partition { N, Na,. .. } cannot exist,
however. Indeed if it did, one of the following two cases would occur:

1. p(N1) = 0. In that case p(S) = p(UpNk) = 32, p(Ng) = 32,0 =0 # 1 = p(S).
2. u(N1) = a > 0. In that case ;(S) = pu(UpNg) = >, u(Ng) = >, a =00 # 1 = pu(S).

Therefore, the set N cannot be measurable in S.

(Note: Somewhat heavier set-theoretic machinery can be used to prove that most of the subsets
of S are notin S, in the sense that the cardinality of the set S is strictly smaller than the cardinality
of the set 2° of all subsets of S)

2.3 The Lebesgue measure

As we shall see, the coin-toss space can be used as a sort of a universal measure space in proba-
bility theory. We use it here to construct the Lebesgue measure on [0, 1]. We start with the notion
somewhat dual to the already introduced notion of the pull-back in Definition 1.14. We leave it
as an exercise for the reader to show that the set function f,(u) from Definition 2.22 is indeed a
measure.

Definition 2.22 (Push-forwards) Let (S, S, i) be a measure space and let (T',T) be a measurable
space. The measure f,(p) on (T,T), defined by

fen(B) = u(f~1(B)), for BE T,

is called the push-forward of the measure ;1 by f.

Let f : S — [0, 1] be the mapping given by

flo) =) ()2 F se{-1, 1"

k=1

The idea is to use f to establish a correspondence between all real numbers in [0, 1] and their
expansions in the binary system, with the coding —1 — 0 and 1 ~ 1. It is interesting to note
that f is not one-to-one?® , as it, for example, maps s; = (1,—1,—1,...) and 83 = (—1,1,1,...)
into the same value - namely 1. Let us show, first, that the map f is continuous in the metric d

3The reason for this is, poetically speaking, that [0, 1] is not the Cantor set.
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defined by part (1.4) of Problem 1.33. Indeed, we pick s; and s3 in {—1, 1}N and remember that
for d(si, s2) = 27", the first n — 1 coordinates of s; and s3 coincide. Therefore,

|f(s1) — f(s2)| < Z 27F = 27 — 2d(sy, 59).
k=n

Hence, the map f is Lipschitz and, therefore, continuous.

The continuity of f (together with the fact that S is the Borel o-algebra for the topology induced
by the metric d) implies that f : ({—1,1}Y,8) — ([0, 1], B([0, 1])) is a measurable mapping. There-
fore, the push-forward A = f.(u) is well defined on ([0, 1], B([0, 1])), and we call it the Lebesgue
measure on [0, 1].

Proposition 2.23 (Intuitive properties of the Lebesgue measure) The Lebesgue measure A\ on
([0, 1], B([0, 1))) satisfies

(2.4) A[a, b)) =b—a, A\({a}) =0for0<a<b<1.

PROOF

1. Consider a,b of the form b = 2% and b = %, for n € Nand k < 2". For such a,b we
have f~1([a,b)) = C1.. nerco....cn, Where €1z ... ¢, is the base-2 expansion of k (after the
“recoding” —1 — 0, 1 — 1). By the very definition of A and the form (2.2) of the action of the

coin-toss measure pic on cylinders, we have

)\([a, b)) = uc (f_l([a, b))) = (O, mierenen) = 27 = B — 5.

Therefore, (2.4) holds for a, b of the form b = 2% and b = %, forne N, k<2%andl =k + 1.
Using (finite) additivity of A\, we immediately conclude that (2.4) holds for all k,/, i.e., that
it holds for all dyadic rationals. A general a € (0,1] can be approximated by an increasing
sequence {gn}nen of dyadic rationals from the left, and the continuity of measures with
respect to decreasing sequences implies that

A([a,p)) = >\( Nn [qn,p)) = ligglk([qn,p)) =lim(p —gn) = (p — a),

whenever a € (0, 1] and p is a dyadic rational. In order to remove the dyadicity requirement
from the right limit, we approximate it from the left by a sequence {p,}nen of dyadic ra-
tionals with p, > a, and use the continuity with respect to increasing sequences to get, for
a<be(0,1),

)\([a, b)) = >\< Unp [a,pn)> = lién/\([a,pn)) = liTILn(pn —a)=(b—a). -

The Lebesgue measure has another important property:

Problem 2.24 Show that the Lebesgue measure is translation invariant. More precisely, for B €
B([0,1]) and x € [0,1), we have
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1. B+1x={b+x (modl) : b € B}isin B([0,1]) and
2. NB +12) = A(B),

a, a<l1

where, for a € [0,2), we define a (mod1) = ". Geometrically, the set = +1 B is

a—1, a>1
obtained from B by translating it to the right by = and then shifting the part that is “sticking out”
by 1 to the left.) (Hint: Use Proposition 2.17 for the second part.)

Finally, the notion of the Lebesgue measure is just as useful on the entire R, as on its compact
subset [0, 1]. For a general B € B(R), we can define the Lebesgue measure of B by measuring its
intersections with all intervals of the form [n,n + 1), and adding them together, i.e.,

A(B) = i A((Bﬂ[n,n+1)) —n>.

Note how we are overloading the notation and using the letter A for both the Lebesgue measure
on [0, 1] and the Lebesgue measure on R.

It is a quite tedious, but does not require any new tools, to show that many of the properties
of A on [0, 1] transfer to A on R:

Problem 2.25 Let X be the Lebesgue measure on (R, B(R)). Show that
1. X([a,b)) =b—a, A({a}) =0fora < b,
2. )\ is o-finite but not finite,
3. A\(B+2xz)=A(B),forall Be B(R)and z € R, where B4+ x ={b+z : b€ B}.

Remark 2.26 The existence of the Lebesgue measure allows to show quickly that the converse of
the implication in the Borel-Cantelli Lemma does not hold without additional conditions, even if
p is a probability measure. Indeed, let ;1 = X be the Lebesgue measure on [0, 1].

Set A,, = (0, %], for n € N so that

limsup A,, = ﬂ U A :mAn =0,

n k>n n

which implies that p(lim sup,, A,) = 0. On the other hand

ZM(AH):Z%:OO.

neN neN

We will see later that the converse does hold if the family of sets {4, } ,en satisfy the additional
condition of independence.

2.4 Signed measures

In addition to (positive) measures, it is sometimes useful to know a few things about measure-like
set functions which take values in R (and not in [0, 00]).
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Definition 2.27 (Signed measures) Let (S,S) be a measurable space. A mapping n : S —
(—00, 0] is called a signed measure (or real measure) if

1. p(0) =0, and

2. for any pairwise disjoint sequence {A,}nen in S the series Y p(Ay,) is summable and
1(Undn) =32, 1(An).

The notion of convergence here is applied to sequences that may take the value oo, so we need
to be precise about how it is defined. Remember that a™ = max(a,0) and ¢~ = max(—a, 0).

Definition 2.28 (Summability for sequences) A sequence {ay}nen in (—oo,00] is said to be
summable if > _va, < oo. In that case, the sum of the series ) a, is the (well-defined)
extended real number Y, . af — >, cyan € (—00,00].

Remark 2.29

1. Simply put, a series with elements in (—oo, o] is summable if the sum of the sub-series of
its negative elements is finite. The problem we are trying to avoid is, of course, the one
involving co — co. It is easy to show that in the case of a real-valued series, the notion of
summability coincides with the notion of absolute convergence.

2. The fact that we are allowing the signed measure to take the value oo and not the value
—o0 is entirely arbitrary. A completely parallel theory can be built with the opposite choice.
What cannot be dealt with in a really meaningful way is the case when both co and —oo are
allowed.

Definition 2.30 (Finite measurable partitions) A finite collection {By,...,By,} of measurable
subsets of A € S is said to be a finite measurable partition of A if

B;NBj =0fori+# j and A= U;B,.

The family of all finite measurable partitions of the set A is denoted by Pjy o) (A).

Definition 2.31 (Total variation) For A € S and a signed measure ;1 on S, we define the number
|| (A) € [0, 00], called the total variation of ;. on A by

n

|ul (A) = sup > (D)l

{Dl,DQ,...,Dn}EP[()’OO) (A) k=1

31




CHAPTER 2. MEASURES

where the supremum is taken over all finite measurable partitions D1, ..., Dy, n € Nof S. The number
|| (S) € [0, 00] is called the total variation (norm) of u.

The central result about signed measures is the following:

Theorem 2.32 (Hahn-Jordan decomposition) Let (S, S) be a measure space, and let 1 be a signed
measure on S. Then there exist two (positive) measures p* and = such that

1. p~ is finite,
2. p(A) = p*(A) —p=(4),
3. |l (A) = i+ (A) + = (A),

Measures ™ and p~ with the above properties are unique. Moreover, there exists a set D € S such
that f*(A) = (AN D) and = (A) = —p(AN D) forall A € S.

PROOF (*) Call aset B € S negative if u(C') <0, forall C € S, C C B. Let P be the collection of
all negative sets - it is nonempty because () € P. Set

B =inf{u(B) : B € P},

and let { B, },en be a sequence of negative sets with p(B,) — . We define D = U, B,, and note
that D is a negative set with p(D) = 8 (why?). In particular, § > —oc.

Our first order of business is to show that D¢ is a positive set, i.e. that pu(E) > 0 for all E C D¢.
Suppose, to the contrary, that ;(B) < 0, for some B € S, B C D¢. The set B cannot be a negative
set - otherwise D U B would be a negative set with u(D U B) = u(D) + u(B) = 3+ u(B) < B.
Therefore, there exists a measurable subset E; of B with u(E;) > 0, i.e., the set

E={ECB:FEecS, ukE) >0}

is non-empty. Pick k; € N such that

We set B; = B\ E; and observe that, since 0 > u(E;) > —oo, we have

u(By) = p(B) — p(Er) <0,

and so p(Bg) < 0. Replacing B by By, the above discussion can be repeated and a constant k; and
the an “almost maximal” Es with é > p(Eq) > ﬁ can be constructed. Continuing in the same

manner, we obtain the sequence {E,},cn of pairwise disjoint subsets of B with é > w(Ey) >

_1
kn+1°
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Given that u(B) < 0, it cannot have subsets of measure co. Therefore, y(U, E,,) < oo and

Z T < Z p(En) = p(UnEn) < oo,

neN neN

and so k, — 0, as n — oo.

Let F' € S be a subset of B\ U, E,,. Then, it a subset of B\ U}_, E}, and, therefore, by construc-
tion, u(F) < ﬁ The fact that k, — oo now implies that u(F) < 0, which, in turn, implies that
B\U, E,, is anegative set. The set D is, however, the maximal negative set, and so ;(B\U, E;,) = 0.
On the other hand,

1(Bo \ UpEy) = ZM ) > u(Bo) >0,

a contradiction. Therefore, D¢ is a positive set.
Having split S into a disjoint union of a positive and a negative set, we define

i (A) = p(AN D) and u~(A) = —u(AN D),

so that both u™ and p~ are (positive measures) with = finite and p = p* — ™.
Finally, we need to show that |u| = u* + p~. Take A € Sand { B, ..., By} € P o) (A). Then

> In(B \—Z\u (By) = 1= (By)| <3 (1 (Be) + 1™ (By)) = (A4) + 1 (A).
k=1

k=1

To show that the obtained upper bound is tight, we consider the partition {A N D, AN D} of A
for which we have

AN D)| + |u(AN D) = i~ (AN D) + u* (AN D) = u* (4) + = (A). .

2.5 Additional Problems

Problem 2.33 (Local separation by constants) Let (S, S, ;1) be a measure space and let the func-
tion f,g € L%(S, S, p) satisfy u({z € S : f(z) < g(z)}) > 0. Prove or construct a counterexample
for the following statement:

“There exist constants a,b € R such that u({z € S : f(z) <a<b<g(x)}) >0.”

Problem 2.34 (A pseudometric on sets) Let (S, S, i) be a finite measure space. For A, B € S de-
fine
d(A, B) = u(A & B),

where A denotes the symmetric difference: A A B = (A \ B) U (B \ A). Show that d is a pseudo-
metric* on S, and for A € S describe the set of all B € S with d(A, B) = 0.

“Let X be a nonempty set. A functiond : X x X — [0, c0) is called a pseudo metric if
1. d(z,y) +d(y,z) > d(z,z), forall z,y,z € X,

2. d(z,y) =d(y, =), forall z,y € X, and

3. d(z,z) =0, forallz € X.

Note how the only difference between a metric and a pseudometric is that for a metric d(z,y) = 0 implies = = y, while
no such requirement is imposed on a pseudometric.
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Problem 2.35 (Complete measure spaces) A measure space (.5, S, ;1) is called complete if all sub-
sets of null sets are themselves in S. For a (possibly incomplete) measure space (5, S, ;1) we define
the completion (5, S*, 1i*) in the following way:

S*={AUN*: Ac Sand N* C N for some N € S with u(N) = 0}.

For B € §* with representation B = AU N* we set " (B) = u(A).
1. Show that S* is a o-algebra.

2. Show that the definition p*(B) = p(A) above does not depend on the choice of the decom-
position B = AU N*, ie, that (4) = p(A) if B = AU N* is another decomposition of B
into a set Ain S and a subset NV of a null setin S.

3. Show that ;* is a measure on (S, S*) and that (S, S*, i*) is a complete measure space with
the property that ©*(A) = p(A), for A € S.

Problem 2.36 (The Cantor set) The Cantor set is defined as the collection of all real numbers z in
[0, 1] with the representation

x = Z 37", where ¢, € {0,2}.

n=1

Show that it is Borel-measurable and compute its Lebesgue measure.

Problem 2.37 (The uniform measure on a circle) Let S! be the unit circle, and let f : [0,1) — S!
be the “winding map”

fla) = (cos(27rx)7sin(27m)>, z€[0,1).

1. Show that the map f is (B([0,1)), S')-measurable, where S' denotes the Borel o-algebra on
S (with the topology inherited from R?).

2. For a € (0,27), let R, denote the (counter-clockwise) rotation of R? with center (0,0) and
angle . Show that R, (A) = {R,(z) : z € A} isin S' if and only if A € S'.

3. Let u! be the push-forward of the Lebesgue measure A by the map f. Show that u' is
rotation-invariant, i.e., that ' (4) = ' (Ra(A)).

(Note: The measure ' is called the uniform measure (or the uniform distribution on S'.)

Problem 2.38 (Asymptotic densities) We say that the subset A of N admits asymptotic density if

the limit A Lo
d(A):hm#( n{L, ""’n}),

n

exists (remember that # denotes the number of elements of a set). Let D be the collection of all
subsets of N which admit asymptotic density.

1. Is D an algebra? A o-algebra?

2. Is the map A — d(A) finitely-additive on D? A measure?
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Problem 2.39 (A subset of the coin-toss space) An element in {—1,1} (i.e., a sequence s with
s = (s1,82,...) where s, € {—1,1} for all n € N) is said to be eventually periodic if there exists
No, K € Nsuch that s, = s, i forall n > Ny. Let P C {—1, 1} be the collection of all eventually-
period sequences. Show that P is measurable in the product o-algebra S and compute pc(P).

Problem 2.40 (Regular measures) The measure space (S, S, 1), where (5, d) is a metric space and
S is a o-algebra on S which contains the Borel o-algebra B(d) on S is called regular if for each
A € S and each ¢ > 0 there exist a closed set C' and an open set O such that C € A C O and
w(O\C) < e.

1. Suppose that (S,S, u) is a regular measure space, and let (S, B(d), u|p(4)) be the measure
space obtained from (S, S, 1) by restricting the measure ;. onto the o-algebra of Borel sets.
Show that S C B(d)*, where (S, B(d)*, (ulp(ay)*) is the completion of (S, B(d), 11| 5(a)) (in the
sense of Problem 2.35).

2. Suppose that (5, d) is a metric space and that 4 is a finite measure on B(d). Show that
(S, B(d), p) is a regular measure space.

(Hint: Consider a collection A of subsets A of S such that for each € > 0 there exists a closed
set C' and an open set O with C C A C O and (O \ C) < e. Argue that A is a o-algebra.
Then show that each closed set can be written as an intersection of open sets; use (but prove,
first) the fact that the map

x = d(z,C) =inf{d(z,y) : y € C},
is continuous on S for any nonempty C' C S.)

3. Show that (S, B(d), i) is regular if 1 is not necessarily finite, but has the property that pu(A4) <
oo whenever A € B(d) is bounded, i.e., when sup{d(z,y) : =,y € A} < oo. (Hint: Pick a
point zy € S and, for n € N, define the family { R, },en of subsets of S as follows:

Ry ={x €S : d(z,x9) <2}, and
R,={zeS :n—-1<d(x,z9) <n+1}, forn >1,

as well as a sequence {uy, }nen of set functions on B(d), given by pu,(A) = pu(AN Ry,), for
A € B(d). Under the right circumstances, even countable unions of closed sets are closed).

(Note: It follows now from the fact that Lebesgue measure of any ball is finite, that the Lebesgue
measure on (R", B(R")) is regular.)
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Lebesgue Integration

3.1 The construction of the integral

Unless expressly specified otherwise, we pick and fix a measure space (5, S, ;1) and assume that
all functions under consideration are defined there.

Definition 3.1 (Simple functions) A function f € L°(S, S, p) is said to be simple if it takes only
a finite number of values.

The collection of all simple functions is denoted by £5™P-0 (more precisely by £5mP:0(S S, 1))
and the family of non-negative simple functions by £§:mp’0. Clearly, a simple function f : S — R
admits a (not necessarily unique) representation

(3.1) F=Yarla,
k=1
foray,...,a, € Rand Ay, ..., A, € 8. Such a representation is called the simple-function repre-

sentation of f.

When the sets A, k = 1,...,n are intervals in R, the graph of the simple function f looks like
a collection of steps (of heights o, ..., a,). For that reason, the simple functions are sometimes
referred to as step functions.

The Lebesgue integral is very easy to define for non-negative simple functions and this defini-
tion allows for further generalizations. In fact, the progression of events you will see in this section
is typical for measure theory: you start with indicator functions, move on to non-negative simple
functions, then to general non-negative measurable functions, and finally to (not-necessarily-non-
negative) measurable functions. This approach is so common, that it has a name - the Standard
Machine.
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Definition 3.2 (Lebesgue integration for simple functions) For f & Ei’imp’o we define the
(Lebesgue) integral [ f dp of f with respect to j by

[ Fdn=>" awntar) € 0.3,
k=1

where f =31 ag1a, is a simple-function representation of f,

Problem 3.3 Show that the Lebesgue integral is well-defined for simple functions, i.e., that the
value of the expression Y, _; axu(Ay) does not depend on the choice of the simple-function rep-
resentation of f.

Remark 3.4

1. It is important to note that [ f du can equal +oo even if f never takes the value +oo. It is
enough to pick f = 14 where u(A) = +oo - indeed, then [ fdu = 1u(A) = oo, but f only
takes values in the set {0, 1}. This is one of the reasons we start with non-negative functions.
Otherwise, we would need to deal with the (unsolvable) problem of computing co — co. On
the other hand, such examples cannot be constructed when 4 is a finite measure. Indeed, it

is easy to show that when ;(S) < oo, we have [ fdp < oo forall f € Liimp’o.

2. One can think of the (simple) Lebesgue integral as a generalization of the notion of (finite)
additivity of measures. Indeed, if the simple-function representation of f is given by f =
> p_q1a,, for pairwise disjoint Ay, ..., A4,, then the equality of the values of the integrals
for two representations f = 1up 4, and f = }7;_; 14, is a simple restatement of finite
additivity. When A,,..., A, are not disjoint, then the finite additivity gives way to finite
subadditivity

UR_1Ar) < ul(Ar),
k=1

but the integral [ f du “takes into account” those = which are covered by more than one 4y,
k=1,...,n. Take, for example, n = 2 and A; N Ay = C. Then

f=14, +14, =14)¢c +21c+ 14,0
and so
/fdu = pu(A1\ C) + p(A2\ C) +2u(C) = p(Ar) + p(Az) + p(C).
It is easy to see that Eiimp’o is a convex cone, i.e., that it is closed under finite linear combinations
with non-negative coefficients. The integral map f +— [ f du preserves this structure:
Problem 3.5 For f1, f> € Eiimp’o and a1, as > 0 we have

1. if fi(z) < fo(z) forallz € Sthen [ fidu < [ fodp, and

2. [(aafi+asfo)du=ar [ frdp+ as [ fodp.
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Having defined the integral for f € Eiimp’o, we turn to general non-negative measurable func-
tions. In fact, at no extra cost we can consider a slightly larger set consisting of all measurable
[0, o0]-valued functions which we denote by £ ([0,cc]). While there is no obvious advantage
at this point of integrating a function which takes the value +o0, it will become clear soon how
convenient it really is.

Definition 3.6 (Lebesgue integral for nonnegative functions) For a function f € L9 ([0, ]),
we define the Lebesgue integral [ f du of f by

/fdu:sup{/gd,u : geﬁiimp’o, g(x) < f(z), Va € S} € [0, o).

Remark 3.7 While there is no question that the expression above defines uniquely the number
[ f dp, one can wonder if it matches the previously given definition of the Lebesgue integral for
simple functions. A simple argument based on the monotonicity property of part 1. of Problem
3.5 can be used to show that this is, indeed, the case.

Problem 3.8 Show that [ fdu = oo if there exists a measurable set A with p(A) > 0 such that
f(z) = oo for z € A. On the other hand, show that [ f du = 0 for f of the form

00, TEA,

f<x>:oolA<x>:{0 iy

whenever ;(A) = 0. (Note: Relate this to our convention that co x 0 = 0 x co = 0.)

Finally, we are ready to define the integral for general measurable functions. Each f € £Y can be
written as a difference of two functions in £9 in many ways. There exists a decomposition which
is, in a sense, minimal. We define

f+ - maX(f7 0)7 f_ - maX(_fa 0)7

sothat f = f* — f~ (and both f* and f~ are measurable). The minimality we mentioned above
is reflected in the fact that for each x € S, at most one of f* and f~ is non-zero.

Definition 3.9 (Integrable functions) A function f € £° is said to be integrable if

/f+d,u<ooand/f_du<oo.

The collection of all integrable functions in £° is denoted by £!. The family of integrable
functions is tailor-made for the following definition:
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Definition 3.10 (The Lebesgue integral) For f € L', we define the Lebesgue integral [ f du of
fby
[tan=[sran- [ 1 an
Remark 3.11

1. We have seen so far two cases in which an integral for a function f € £° can be defined:
when f > 0 or when f € £!. It is possible to combine the two and define the Lebesgue
integral for all functions f € £° with f~ € £ The set of all such functions is denoted by
£971 and we set

/fdu:/f+du—/f_due(—oo,oo], for f e £071.

Note that no problems of the form co — oo arise here, and also note that, like £9, £°7! is only
a convex cone, and not a vector space. While the notation £° and £! is quite standard, the
one we use for £°~! is not.

2. For A e Sand f € L% we usually write [, fdu for [ f14dpu.

Problem 3.12 Show that the Lebesgue integral remains a monotone operation in £°~!. More pre-
cisely, show thatif f € £°7! and g € £° are such that g(z) > f(z), forallz € S, then g € £°~! and

[gdu> [ fdpu.

3.2 First properties of the integral

The wider the generality to which a definition applies, the harder it is to prove theorems about it.
Linearity of the integral is a trivial matter for functions in Esjrimp’o, but you will see how much we
need to work to get it for £9. In fact, it seems that the easiest route towards linearity is through
two important results: an approximation theorem and a convergence theorem. Before that, we

need to pick some low-hanging fruit:
Problem 3.13 Show that for fi, f> € £9 ([0, 00]) and « € [0, oc] we have
1. if fi(z) < fo(z) forallz € Sthen [ fidu < [ fadp.

2. fafdp=af fdpu.

Theorem 3.14 (Monotone convergence theorem) Let { f, }nen be a sequence in L9, ([0, o0]) with
the property that
fi(z) < fo(x) < ... forall z € S.

i [ fodu= [ fan

where f(z) = lim, f,(z) € £9.([0, <)), for z € S.

Then
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PROOF The (monotonicity) property (1) of Problem 3.13 above implies immediately that the se-
quence [ f, dp is non-decreasing and that [ f, du < [ f dp. Therefore, lim,, [ f, dp < [ fdp. To
show the opposite inequality, we deal with the case [ fdu < oo and pick ¢ > 0 and g € £5™P°
with g(z) < f(z), forallz € Sand [gdu > [ fdu — e (the case [ fdu = oo is similar and left to
the reader). For 0 < ¢ < 1, define the (measurable) sets { A, } ,en by

Ap ={fn>cg},neN.

By the increase of the sequence {f,}nen, the sets {Ay}nen also increase. Moreover, since the
function cg satisfies cg(z) < g(z) < f(z) for all z € S and cg(z) < f(z) when f(z) > 0, the
increasing convergence f, — f implies that U, A,, = S. By non-negativity of f,, and monotonicity,

/fndﬂ > /fnlAn dp > C/glAn dp,

sup/fn dp > csup/glAn dp.
n n

and so

Letg = Zle a;1p, be a simple-function representation of g. Then

k k
/glAn dp = /Z ailp,na, dp = Z a;pu(Bi N Ay).
i1 i1

Since A4,, /S, we have A, N B; / B;, i = 1,...,k, and the continuity of measure implies that
w(An N B;) 7 p(Bi). Therefore,

/glAn dp gam(&) = /gdu-

Consequently,

lim/fnd,u = sup/fnd,u > c/gdu, forallc € (0,1),
and the proof is completed when we let ¢ — 1. m
Remark 3.15

1. The monotone convergence theorem is a testament to the incredible robustness of the Lebesgue
integral. This stability with respect to limiting operations is one of the reasons why it is a
de-facto “industry standard”.

2. The “monotonicity” condition in the monotone convergence theorem cannot be dropped.
Take, for example S = [0,1], S = B([0, 1]), and p = X (the Lebesgue measure), and define

fn=n1@y-1), forneN.

Then f,(0) = 0 forall n € Nand f,(z) = 0 forn > 1 and z > 0. In either case f,(z) — 0.
On the other hand

/fn dA=nA((0,1]) =1,
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so that
lim/fnd)\ =1>0= /limfnd)\.
We will see later that the while the equality of the limit of the integrals and the integral of the

limit will not hold in general, they will always be ordered in a specific way, if the functions
{fn}nen are non-negative (that will be the content of Fatou’s lemma below).

Proposition 3.16 (Approximation by simple functions) For each f € LY ([0, 0c]) there exists a
sequence {gn}nen € L™ such that

1. gn(z) < gnt1(x), foralln € Nandall x € S,
2. gn(z) < f(z) forallz € S,
3. f(x) =limy, gn(x), forall x € S, and

4. the convergence g, — f is uniform on each set of the form { f < M}, M > 0, and, in particular,
on the whole S if f is bounded.

PROOF Forn € N, let A}, k =1,...,n2" be a collection of subsets of S given by

p= R s <= (I ) k=1 n2

Note that the sets A}, k = 1,...,n2" are disjoint and that the measurability of f implies that
A7 e Sfork =1,...,n2". Define the function g,, € Eilmp’o by

n2"

gn =) Bt Lag +nlipsy.
k=1

The statements 1., 2., and 4. follow immediately from the following three simple observations:
e gu(x) < f(x) forallz € S,
o go(z) =nif f(x) = oo, and
e gu(x) > f(x) — 27" when f(x) < n.
Finally, we leave it to the reader to check the simple fact that {g, } nen is non-decreasing. [

Problem 3.17 Show, by means of an example, that the sequence { gy, },eny would not necessarily be
monotone if we defined it in the following way:

TL2
k—1
= =—1 — +nl .
" kz_‘z wopelth gy T E
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Proposition 3.18 (Linearity of the integral for non-negative functions) For a;,a2 > 0 and
f1, f2 € £5.([0, o0]) we have

/Mﬁh+whﬁm=a{/ﬁmkﬂw/ﬁﬂw

PROOF Thanks to Problem 3.13 it is enough to prove the statement for oy = as = 1. Let { 9 nen

and {g2},en be sequences in Liimp’o which approximate f! and f? in the sense of Proposition 3.16.

The sequence {g, }nen given by g, = g} + g2, n € N, has the following properties:
® g, € Eiimp’o forn € N,
¢ g,(z)is a nondecreasing sequence for each x € S,
e gn(x) = fi(x) + fo(z), forallz € S.

Therefore, we can apply the linearity of integration for the simple functions and the monotone
convergence theorem (Theorem 3.14) to conclude that

/(f1+f2)du=117{n/(gi+gi)d/t=ﬁrgn (/gidu+/gidu> =/f1du+/fzdu-

Corollary 3.19 (Countable additivity of the integral) Let {f, }nen be a sequence in L9 ([0, oc]).

Then
[ > tdu=3" [ fudn

neN neN

PROOF Apply the monotone convergence theorem to the partial sums g, = f1 +--- + f,,, and use
linearity of integration. m

Once we have established a battery of properties for non-negative functions, an extension to £! is
not hard. We leave it to the reader to prove all the statements in the following problem:

Problem 3.20 The family £! of integrable functions has the following properties:
1. fe LYiff [|f] dp < oo,
2. L' is a vector space,
3. |f fdu| < [|f| du, for f € L.
4 [1f +gldu< [Ifl du+ [lgl dp forall f,g € L.
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We conclude the present section with two results, which, together with the monotone convergence
theorem, play the central role in the Lebesgue integration theory.

Theorem 3.21 (Fatou’s lemma) Let {f, }nen be a sequence in £9. ([0, oc]). Then

/lim inf f, dp < lim inf/fn du.

PROOF Set gn(z) = infy>, fi(z), so that g, € £ ([0,00]) and g, () is a non-decreasing sequence
for each = € S. The monotone convergence theorem and the fact that lim inf f,,(z) = sup,, gn(z) =

lim,, g, (), for all € S, imply that
/gn du /lim inf d.

On the other hand, g, (z) < fx(z) for all k > n, and so

< i .
/gndﬂ_égi/fkdﬂ

Therefore,
lim/gn dp < lim é1>1f /fk dp = lim inf/fk dt.

Remark 3.22

1. The inequality in the Fatou’s lemma does not have to be equality, even if the limit lim,, f,,(x)
exists for all € S. You can use the sequence { f;, },en of Remark 3.15 to see that.

2. Like the monotone convergence theorem, Fatou’s lemma requires that all function { f;, } ,en
be non-negative. This requirement is necessary - to see that, simply consider the sequence
{—fn}nen, where { f;, } ncn is the sequence of Remark 3.15 above.

3. The strength of Fatou’s lemma comes from the fact that, apart from non-negativity, it re-
quires no special properties for the sequence { f,, }nen. Its conclusion is not as strong as that
of the monotone convergence theorem, but it proves to be very useful in various settings be-
cause it gives an upper bound (namely liminf, [ f, du) on the integral of the non-negative
function lim inf f,,.

Theorem 3.23 (Dominated convergence theorem) Let {f,}nen be a sequence in LO with the
property that there exists g € L' such that |f,(z)] < g(x), forall z € X and all n € N. If
f(z) = limy, f,(x) forallz € S, then f € L' and

/fdﬂ—lirrln/fnd,u.
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PROOF The condition |f,(z)| < g(x), for all z € X and all n € N implies that g(z) > 0, for all
z € S. Since f,7 <g, f, <gandg € L', we immediately have f,, € £!, for all n € N. The limiting
function f inherits the same properties f™ < g and f~ < g from {f, }nen s0 f € L1, too.

Clearly g(x) + fn(z) > 0 foralln € Nand all z € S, so we can apply Fatou’s lemma to get

/gd,u—kliminf/fnd,u:liminf/(g—l—fn)d,u > /liminf(g—i—fn)d,u

=/(g+f)du=/gdu+/fdu-

In the same way (since g(x) — fn(x) > 0, for all x € S, as well), we have
/gd,u — limsup/fn dp = liminf/(g — fn)du > /liminf(g — fn)du

:/(g—f)duz/gdu—/fdu-

limsup/fndug/fdugliminf/fndu,

Therefore

and, consequently, [ f du = lim, [ f, dpu. n

Remark 3.24 The dominated convergence theorem combines the lack of monotonicity require-
ments of Fatou’s lemma and the strong conclusion of the monotone convergence theorem. The
price to be paid is the uniform boundedness requirement. There is a way to relax this requirement
a little bit (using the concept of uniform integrability), but not too much. Still, it is an unexpectedly
useful theorem.

3.3 Null sets

An important property - inherited directly from the underlying measure - is that it is blind to sets
of measure zero. To make this statement precise, we need to introduce some language:

Definition 3.25 (Null sets) Let (S, S, p) be a measure space.
1. N € Sissaid to be a null set if u(N) = 0.

2. A function f : S — R is called a null function if there exists a null set N such that f(z) = 0
for x € N°.

3. Two functions f, g are said to be equal almost everywhere - denoted by f = g, a.e.-if f — g
is a null function, i.e., if there exists a null set N such that f(x) = g(x) for all x € N°€.

Remark 3.26

1. In addition to almost-everywhere equality, one can talk about the almost-everywhere ver-
sion of any relation between functions which can be defined on points. For example, we
write f < g, a.e.if f(x) < g(z) for all z € S, except, maybe, for = in some null set N.
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2. One can also define the a.e. equality of sets: we say that A = B, a.e,for A, B € Sif14 =15,
a.e. It is not hard to show (do it!) that A = B a.e,, if and only if (A A B) = 0 (Remember
that A denotes the symmetric difference: A A B = (A\ B) U (B\ A)).

3. When a property (equality of functions, e.g.) holds almost everywhere, the set where it fails
to hold is not necessarily null. Indeed, there is no guarantee that it is measurable at all. What
is true is that it is contained in a measurable (and null) set. Any such (measurable) null set is
often referred to as the exceptional set.

Problem 3.27 Prove the following statements:
1. The almost-everywhere equality is an equivalence relation between functions.

2. The family {A € S : u(A) = Oor u(A°) = 0} is a o-algebra (the so-called p-trivial o-
algebra).

The “blindness” property of the Lebesgue integral we referred to above can now be stated for-
mally:

Proposition 3.28 (The “blindness” property of the Lebesgue integral) Suppose that f = g,

a.e,. for some f,g € LY. Then
/ fdp= / gdp.

PROOF Let N be an exceptional set for f = g, ae., ie, f = g on N°and u(N) = 0. Then
f1ne = glye,and so [ flyedp = [ glye dp. On the other hand f1y < coly and [ ooly dp =0,
so, by monotonicity, [ f1xdu = 0. Similarly [ g1y dp = 0. It remains to use the additivity of
integration to conclude that

/fdM—/lech—i-/ledM—/QlNCd,u—l-/glNdM—/gdu- .

A statement which can be seen as a converse of Proposition 3.28 also holds:

Problem 3.29 Let f € LY be such that [ fdu = 0. Show that f = 0, a.e. (Hint: What is the
negation of the statement “f = 0. a.e.” for f € Eg?)

The monotone convergence theorem and the dominated convergence theorem both require the
sequence { fy, }nen functions to converge for each x € S. A slightly weaker notion of convergence
is required, though:

Definition 3.30 (Almost-everywhere convergence) A sequence of functions { f,}nen is said to
converge almost everywhere to the function f, if there exists a null set N such that

fu(x) = f(x) forall x € N°.
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Remark 3.31 If we want to emphasize that f,(z) — f(x) for all x € S, we say that {f,},en
converges to f everywhere.

Proposition 3.32 (Monotone (almost-everywhere) convergence theorem) Lef { f,,} ,en be a se-
quence in LY ([0, co]) with the property that

fn < fag1ae, foralln € N.

i [ fodu= [ fan

Then

if f €L and f, — f,ae.

PROOF There are “oo + 1 a.e.-statements” we need to deal with: one for eachn € Nin f,, < f,11,
a.e., and an extra one when we assume that f,, — f, a.e. Each of them comes with an exceptional
set; more precisely, let {A,, },en be such that f,(z) < fuyi1(z) for x € AS and let B be such that
fn(z) = f(z) for x € B. Define A € Sby A = (U, A,)U B and note that A is a null set. Moreover,
consider the functions f, { fn}neN defined by f = flge, fn = fn14c. Thanks to the definition of
the set A, fn(:c) < fn+1(x), foralln € Nand x € S; hence fn — f, everywhere. Therefore, the
monotone convergence theorem (Theorem 3.14) can be used to conclude that | frndy — Ik fdu.
Finally, Proposition 3.28 implies that [ f, du = [ fnduforn € Nand [ fdu = [ fdpu. [

Problem 3.33 State and prove a version of the dominated convergence theorem where the almost-
everywhere convergence is used. Is it necessary for all { f,, },cn to be dominated by g forall z € S,
or only almost everywhere?

Remark 3.34 There is a subtlety that needs to be pointed out. If a sequence { f,,},en of measur-
able functions converges to the function f everywhere, then f is necessarily a measurable function
(see Proposition 1.43). However, if f, — f only almost everywhere, there is no guarantee that
f is measurable. There is, however, always a measurable function which is equal to f almost
everywhere; you can take lim inf,, f,,, for example.

3.4 Additional Problems

Problem 3.35 (The monotone-class theorem) Prove the following result, known as the monotone-
class theorem (remember that a,, /* a means that a,, is a non-decreasing sequence and a,, — a)

Let H be a class of bounded functions from S into R satisfying the following conditions
1. H is a vector space,
2. the constant function 1 is in H, and

3. if {fn}nen is a sequence of non-negative functions in H such that f,(x) / f(z), for all
x € Sand f is bounded, then f € H.

Then, if H contains the indicator 14 of every set A in some m-system P, then H necessarily
contains every bounded o (P)-measurable function on S.
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(Hint: Use Theorems 3.16 and 2.16)

Problem 3.36 (A form of continuity for Lebesgue integration) Let (S, S, ;1) be a measure space,
and suppose that f € £!. Show that for each ¢ > 0 there exists § > 0 such that if A € S and
1(A) < 6, then | [, fdu| <e.

Problem 3.37 (Sums as integrals) Consider the measurable space (N, 2", 1), where 1 is the count-
ing measure.

1. For a function f : N — [0, 00|, show that
[ran=> s
n=1

2. Use the monotone convergence theorem to show the following special case of Fubini’s the-

orem
o 00 o 00
E g Qkn = E § Akn,,

k=1n=1 n=1k=1

whenever {ay, : k,n € N} is a double sequence in [0, oc].

3. Show that f : N — R is in £! if and only if the series

> fn),

converges absolutely.

Problem 3.38 (A criterion for integrability) Let (S,S, 1) be a finite measure space. For f € LY,
show that f € £! if and only if

S°{f = n}) < oo

neN

Problem 3.39 (A limit of integrals) Let (5,S, 1) be a measure space, and suppose f € £} is such
that [ fdp = ¢ > 0. Show that the limit

liyrln/nlog (1 + (f/n)o‘> du

exists in [0, co| for each a > 0 and compute its value.
(Hint: Prove and use the inequality log(1 + 2®) < az, valid forz > 0and a > 1.)

Problem 3.40 (Integrals converge but the functions don’t...) Construct an sequence { f;, }nen of
continuous functions f, : [0,1] — [0,1] such that [ f, du — 0, but the sequence { f,,(z)}nen is
divergent for each = € [0, 1].

Problem 3.41 (... or they do, but are not dominated) Construct an sequence { f;, },en of continu-
ous functions f, : [0,1] — [0, c0) such that [ f,, du — 0, and f,(z) — 0 for all z;, but f ¢ L', where

f(x) = sup, fu(x).
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Problem 3.42 (Functions measurable in the generated o-algebra) Let S # () be a set and let f :
S — R be a function. Prove that a function g : S — R is measurable with respect to the pair
(o(f), B(R)) if and only if there exists a Borel function i : R — R such that g = h o f.

Problem 3.43 (A change-of-variables formula) Let (S,S, 1) and (T, T, v) be measurable spaces,
and let F' : S — T be a measurable function with the property that v = Fip (i.e., v is the push-
forward of y through F)). Show that for every f € LY (T, T) or f € L}(T,T), we have

/fduz/(foF)du.

Problem 3.44 (The Riemann Integral) A finite collection A = {tq,...,t,}, where a =ty < t1 <
-+ <t, =bandn € N, is called a partition of the interval [a, b]. The set of all partitions of [a, b] is
denoted by P(]a, b]).

For a bounded function f : [a,b] — Rand A = {tg,...,t,} € P([a,b]), we define its upper and
lower Darboux sums U(f,A) and L(f, A) by

U(f,m:Z( sup f(t)> (t — tr-1)

—1 \F€(tr—1.tx]

and

L) =3 (e 10) - )

te(tp_1,t
1 E(th—1,tk]

A function f : [a,b] — R is said to be Riemann integrable if it is bounded and

sup L(f,A)= inf U(f,A).
AeP([a,b]) (:8) AEP([a,b]) (f:8)

In that case the common value of the supremum and the infimum above is called the Riemann
integral of the function f - denoted by (R) f; f(z)dz.

1. Suppose that a bounded Borel-measurable function f : [a,b] — R is Riemann-integrable.
Show that

b
=) / (@) da.

2. Find an example of a bounded an Borel-measurable function f : [a,b] — R which is not
Riemann-integrable.

3. Show that every continuous function is Riemann integrable.

4. It can be shown that for a bounded Borel-measurable function f : [a,b] — R the following
criterion holds (and you can use it without proof):
f is Riemann integrable if and only if there exists a Borel set D C [a, b] with \(D) = 0 such that f
is continuous at x, for each x € [a,b] \ D. Show that
e all monotone functions are Riemann-integrable,

e f o gis Riemann integrable if f : [¢,d] — R is Riemann integrable and g : [a,b] — [c, d]
is continuous,
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e products of Riemann-integrable functions are Riemann-integrable.

5. Let ([a,b], B([a,b])*, \*) be the completion of ([a,b], B([a,b]),\). Show that each Riemann-
integrable function on |[a, b] is B([a, b])*-measurable.
(Hint: Pick a sequence {A;, }nen in P([a, b]) so that A, C A,y and U(f,Ay) — L(f, Ap) —
0. Using those partitions and the function f, define two sequences of Borel-measurable

functlons{fn}neNand{f nen so that f AL N < f< fand [(f— f)dh=0.

Conclude that f agrees with a Borel meastrable function on a complement of a subset of the
set {f # f} which has Lebesgue measure 0. )
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Chapter 4

Lebesgue Spaces and Inequalities

4.1 Lebesgue spaces

We have seen how the family of all functions f € £! forms a vector space and how the map
= 1Ifll 21, from £ to [0, 00) defined by || || ;1 = [ | f| du has the following properties

1. f=0implies||f||;: =0, for f € L},
2. 1f +gllgr < Nl + llgll g, for f,g € L1,
3. |afllg = lal|Ifllz1, for a € Rand f € £1.

Any map from a vector space into [0, co) with the properties 1., 2., and 3. above is called a pseudo
norm. A pair (V,||-||) where V is a vector space and || - || is a pseudo norm on V is called a
pseudo-normed space.

If a pseudo norm happens to satisfy the (stronger) axiom

1. f=0ifand onlyif ||f||,» =0, for f € L},

instead of 1., it is called a norm, and the pair (V, || - ||) is called a normed space.

The pseudo-norm || - || ;1 is, in general, not a norm. Indeed, by Problem 3.29, we have || f|| ;1 =
0 iff f = 0, a.e., and unless () is the only null-set, there are functions different from the constant
function 0 with this property.

Remark 4.1 There is a relatively simple procedure one can use to turn a pseudo-normed space
(V4] - |]) into a normed one. Declare two elements z,y in V equivalent (denoted by = ~ y) if
|lly — || = 0, and let V be the quotient space V/ ~ (the set of all equivalence classes). It is easy
to show that ||z|| = ||y|| whenever 2 ~ y, so the pseudo-norm || - || can be seen as defined on V.
Moreover, it follows directly from the properties of the pseudo norm that (V, || - ||) is, in fact a
normed space. Idea is, of course, bundle together the elements of V which differ by such a “small
amount” that || - || cannot detect it.

This construction can be applied to the case of the pseudo-norm || - || .. on £, and the resulting
normed space is denoted by L. The normed space L' has properties similar to those of £, but
its elements are not functions anymore - they are equivalence classes of measurable functions.
Such a point of view is very useful in analysis, but it sometimes leads to confusion in probability
(especially when one works with stochastic processes with infinite time-index sets). Therefore, we
will stick to £! and deal with the fact that it is only a pseudo-normed space.
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A pseudo-norm || - || on a vector space can be used to define a pseudo metric (pseudo-distance
function) on V' by the following simple prescription:

d(z,y) = ly — ||, z,y € V.
Just like a pseudo norm, a pseudo metric has most of the properties of a metric
1. d(z,y) € [0,00), for z,y € V,
2. d(z,y) +d(y,z) > d(z,2), forx,y,z €V,
3. d(z,y) =d(y,x), z,y €V,
4. ¢ =yimpliesd(z,y) =0, forz,y € V.
The missing axiom is the stronger version of 4. given by
4'. v =yifand only if d(z,y) =0, for z,y € V.

Luckily, a pseudo metric is sufficient for the notion of convergence, where we say that a sequence
{Zn}nen in V converges towards = € V if d(x,,x) — 0, as n — oo. If we apply it to our original
example (L', || - || ;1), we have the following definition:

Definition 4.2 (Convergence in £') For a sequence { f,, }nen in L1, we say that { fn}nen converges
to fin LY if
[ fn — f||£1 — 0.

To get some intuition about convergence in £!, here is a problem:

Problem 4.3 Show that the conclusion of the dominated convergence theorem (Theorem 3.23) can
be replaced by “f,, — f in £”. Does the original conclusion follow from the new one?

The only problem that arises when one defines convergence using a pseudo metric (as opposed
to a bona-fide metric) is that limits are not unique. This is, however, merely an inconvenience and
one gets used to it quite readily:

Problem 4.4 Suppose that {f,}nen converges to f in L. Show that {f,},en also converges to
g € Ltifand only if f = g, a.e.

In addition to the space £!, one can introduce many other vector spaces of similar flavor. For
p € [1,00), let £P denote the family of all functions f € £° such that | f|? € £1.

Problem 4.5 Show that there exists a constant C' > 0 (depending on p, but independent of a, b)
such that (a 4+ b)? < C(a? +bP), p € (0,00) and for all a, b > 0. Deduce that L? is a vector space for
all p € (0,00).

We will see soon that the map || - || -,, defined by

1/p
11l ge = (/|f|p du) fecr,
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is a pseudo norm on £P. The hard part of the proof - showing that || f + g|| o < ||f]|» +1|9]| -» Will

be a direct consequence of an important inequality of Minkowski which will be proved below.
Finally, there is a nice way to extend the definition of £L? to p = co.

Definition 4.6 (Essential supremum) A number a € R is called an essential supremum of the
function f € L° - and is denoted by a = esssup f - if

1 p({f>a})=0
2. p{f >b}) > 0forany b < a.

A function f € L£° with esssup f < oo is said to be essentially bounded from above. When
esssup | f| < oo, we say that f is essentially bounded.

Remark 4.7 Even though the function f may take values larger than q, it does so only on a null set.
It can happen that a function is unbounded, but that its essential supremum exists in R. Indeed,
take (5,8, 1) = ([0, 1], B([0, 1]), A), and define

fla) = n, x:%forsomeneN,
B 0, otherwise.
Then esssup f = 0, since A({f > 0}) = A({1,1/2,1/3,...}) = 0, but sup,¢o 1] f(x) = oo

Let £ denote the family of all essentially bounded functions in £°. Define || f|| ;o = esssup |f|,
for f € L.

Problem 4.8 Show that £ is a vector space, and that || - || .« is a pseudo-norm on £>.

The convergence in LP for p > 1 is defined similarly to the £!-convergence:

Definition 4.9 (Convergence in LP) Let p € [1,00]. We say that a sequence { f }nen in LP con-
verges in LP to f € LP if
an - ngp — 0, asn — o0.

Problem 4.10 Show that {f,},en € L converges to f € £ in L% if and only if there exist
functions { f, }nen, f in £ such that

1. fn = fn,a.e., and f = f,a.e, and

2. f, — f uniformly (we say that g,, — g uniformly if sup, |g,(z) — g(z)| = 0, as n — c0).
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4.2 Inequalities

Definition 4.11 (Conjugate exponents) We say that p,q € [1,00] are conjugate exponents if
1,1

1l

pa

Lemma 4.12 (Young's inequality) Forall z,y > 0 and conjugate exponents p, q € [1, c0) we have
zP  y?
4.1) o T 2wy

The equality holds if and only if 2P = y1.

PROOF If z = 0 or y = 0, the inequality trivially holds so we assume that z > 0 and y > 0. The
function log is strictly concave on (0, c0) and % + é =1,s0

log(5,¢ + £n) > 5 log(€) +  log(n),

for all £,n > 0, with equality if and only if £ = 7. If we substitute £ = 2P and n = y9, and
exponentiate both sides, we get

L+ L > exp(} log(a?) + § log(y?)) = =y,
with equality if and only if 27 = y9. [

Remark 4.13 If you do not want to be fancy, you can prove Young’s inequality by locating the
maximum of the function z — zy — %:):p using nothing more than elementary calculus.

Proposition 4.14 (Holder’s inequality) Let p, q € [0, oo] be conjugate exponents. For f € LP and
g € L9, we have

(42) / 1ol d < 11111 2o 19l o

The equality holds if and only if there exist constants o, § > 0 with o+ > 0 such that o | f|P = 5 g|?,
a.e.

PROOF We assume that 1 < p,g < oo and leave the (easier) extreme cases to the reader. Clearly,
we can also assume that || f||;, > 0 and ||¢||;, > 0 - otherwise, the inequality is trivially satisfied.

We define f = |f| /||fllz» and g = |9 /Ilgl| za, s0 that || ]| o = [1g]] 0 = 1.
Plugging f for  and g for y in Young’s inequality (Lemma 4.12 above) and integrating, we get

@3 s and [gran= [ Fadn
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and consequently,

because [ fPdu = ||f||% = 1,and [ §%du = ||g||» = 1 and % —I—% = 1. Holder’s inequality (4.2)
now follows by multiplying both sides of (4.4) by || || z» /9| za-

If the equality in (4.2) holds, then it also holds a.e. in the Young’s inequality (4.3). Therefore,
the equality will hold if and only if ||g||7, | f|” = || f||%» |9]?, a.e. The reader will check that if a pair
of constants «, § as in the statement exists, then (||g||%,, || f||%,) must be proportional to it. [

For p = ¢ = 2 we get the following well-known special case:

Corollary 4.15 (Cauchy-Schwarz inequality) For f,g € L2, we have

/ 1ol dn < 1111 2lgll -

Corollary 4.16 (Minkowski’s inequality) For f,g € LP, p € [1, 00|, we have

(4.5) F+gllee < A1l zo + Mgl 2o

PROOF Like above, we assume p < oo and leave the case p = oo to the reader. Moreover, we
assume that || f + g|| -, > 0 - otherwise, the inequality trivially holds. Note, first that for conjugate
exponents p, g we have g(p — 1) = p. Therefore, Holder’s inequality implies that

1/q
/ IS+ 9P du <A1+ 9P Mo = 11l (/ [+ gD d#)
= (£ 1l ol + al 27,

and, similarly,

/ gl 1F + oY du < lgll o1 + IS,

Therefore,
1+l = [ 1 +gP du< [1911F +gP " dur [lal1f +9P~" dn
< (I/11co + Nglle )ILS + gliZ",
and if we divide through by || f + g| ]’51 > 0, we get (4.5). [
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Corollary 4.17 (LP is pseudo-normed) (L?,||-||.,) is a pseudo-normed space for each p € [1, oc].

A pseudo-metric space (X, d) is said to be complete if each Cauchy sequence converges. A se-
quence {zy, }nen is called a Cauchy sequence if

Ve>0,dANeN mn>N = d(xp, xm) <e.

A pseudo-normed space (V|| - ||) is called a pseudo-Banach space if is it complete for the metric
induced by || - ||. If || - || is, additionally, a norm, (V|| - ||) is said to be a Banach space.

Problem 4.18 Let {z, } ey be Cauchy sequence in a pseudo-metric space (X, d), and let {z,, }ren
be a subsequence of {x,, },en which converges to x € X. Show that z,, — .

Proposition 4.19 (LP is pseudo-Banach) L7 is a pseudo-Banach space, for p € [1, oo].

PROOF We assume p € [1,00) and leave the case p = oo to the reader. Let {f,, },en be a Cauchy
sequence in £P. Thanks to the Cauchy property, there exists a subsequence of { f,,, }ren such that

s — Frull p < 27F, forallk € N.

We define the sequence {gj }ren in 53 by gk = |fu.| + Zf;ll ! fnin — fni|, as well as the function
g = limy, g € L£°([0, 00]). The monotone-convergence theorem implies that

/gpduzlim/gﬁdu,

and, by Minkowski’s inequality, we have

k—1
p
[dedn=lgultes < (1fulles + 3 s = Funlles)” < Ulfnll ey + P, VE €.
=1

Therefore, [ g? dp < (14 ||fai||)P < oo, and, in particular, g € £P and g < oo, a.e. It follows
immediately from the absolute convergence of the series 37 | fn,,, — fn, | that

k—1

fnk(‘r) - fnl(x) + Z(fnk+1(x) - fnk(x))ﬂ

=1

converges in R, for almost all x. Hence, the function f = liminf}, f,,, is in £? since |f| < g, a.e.
Since |f| < gand |fn,| < g, forall k € N, we have |f — f,,,|” < 2]g|” € L}, so the dominated

convergence theorem implies that [ |f,, — f|¥ du — 0, i.e., f,, — fin L. Finally, we invoke the

result of Problem 4.18 to conclude that f,, — f in LP. [ ]

The following result is a simple consequence of the (proof of) Proposition 4.19.
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Corollary 4.20 (LP-convergent = a.e.-convergent, after passing to subsequence) For p ¢
[1,00], let {fn}nen be a sequence in LP such that f, — f in LP. Then there exists a subsequence

{fox tren of { fn}nen such that f,, — f,a.e.

We have seen above how the concavity of the function log was used in the proof of Young’s
inequality (Lemma 4.12). A generalization of the definition of convexity, called Jensen’s inequality,
is one of the most powerful tools in measure theory. Recall that £°~! denotes the set of all f € £°
with f~ e .

Proposition 4.21 (Jensen’s inequality) Suppose that ;1(S) = 1 (v is a probability measure) and
that ¢ : R — R is a convex function. For a function f € L we have p(f) € L' and

[etyauz o [ 1du).

Before we give a proof, we need a lemma about convex functions:

Lemma 4.22 (Convex functions as suprema of sequences of affine functions) Let ¢ : R — R
be a convex function. Then, there exists two sequences {an }nen and {by }nen of real numbers such that

o(z) = sup(anz + by,).
neN

PROOF (*) For x € R, we define the left and right derivative 8%@‘ and a%@+ of p at z by

8%@ = sup L(p(z) — p(z —e)),
T e>0

and P
gyt (@) = inf H(e(w +e) — p().

Convexity of the function ¢ implies that the difference quotient
1
e Lol +€) — o), ¢ £ 0,

is a non-decreasing function (why?), and so both a%cp_ and %gfr are, in fact, limits as ¢ > 0.
Moreover, we always have

(4.6) Zp(@) — oz =€) < 2=¢7(2) < 79T () < L(p(z +¢) — p(a),
forall z and all €, ¢’ > 0.
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Let {gn}nen be an enumeration of rational numbers in R. For each n € N we pick a, €
[%g@_(qn), %gp*(qn)] and set b, = ¢(qn) — angn, so that the line  — a,x + b, passes through
(gn, ¢(gn)) and has a slope which is between the left and the right derivative of ¢ at ¢,.

Let us first show that ¢(z) > a,x + b, for all z € R and all n € N. We pick z € R and assume
that z > ¢, (the case = < ¢, is analogous). If x = g,, then ¢(z) = a,z + b, by construction, and we
are done. When ¢ = = — ¢, > 0, relation (4.6) implies that

anx + by, = an(x — Qn) + Sp(q'n) < (%ﬁ:’n)) (1' - Qn> + (p(Qn) = @(x)

Conversely, suppose that p(x) > sup, (anx + by), for some = € R. Both functions ¢ and ¢, where
Y (z) = sup,(anx+by,) are convex (why?), and, therefore, continuous. It follows from p(z) > ¢ (z),
that there exists a rational number ¢, such that ¢(g,) > 1¥(g,). This is a contradiction, though,

since w(Qn) > anGn + by = go(qn) "

PROOF (PROOF OF PROPOSITION 4.21) Let us first show that (¢(f))~ € £!. By Lemma 4.22, there
exists sequences {ay nen and {by, }nen such that ¢(z) = sup,en(anx + by,). In particular, o(f(z)) >
a1 f(xz) + by, for all x € S. Therefore,

(p(f(2)" < (arf(z) +b1)~ < laa| [f(2)]+ |b1] € L.
Next, we have [ o(f)dp > [ anf + by du = ay, [ f du+ by, for all n € N. Therefore,

/@(f)dqu%p(an/fdﬂ+bn) =¢(/fdu)-

Problem 4.23 State and prove a generalization of Jensen’s inequality when ¢ is defined only on
aninterval I of R, but u({f ¢ I}) = 0.

Problem 4.24 Use Jensen’s inequality on an appropriately chosen measure space to prove the
arithmetic-geometric inequality

%2 Yai...an, foray,...,a, > 0.

The following inequality is know as Markov’s inequality in probability theory, but not much
wider than that. In analysis it is known as Chebyshev’s inequality.

Proposition 4.25 (Markov’s inequality) For f € £ and o > 0 we have

w({f > a)) < i/fdu.

PROOF Consider the function g € £} defined by

a, f(x) € la,o0)

9(z) = alyfza) = {o, f(x) € [0,0).

Then f(z) > g(z) forall z € S, and so

[ an= [ gdu=anis = a).
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4.3 Additional problems

Problem 4.26 (Projections onto a convex set) A subset K of a vector space is said to be convex if
azr + (1 — a)y € K, whenever 2,y € K and « € [0, 1]. Let K be a closed and convex subset of £,
and let g be an element of its complement £2? \ K. Prove that

1. There exists an element f* € K such that ||g — f*||,2 < ||g — fl| 2, forall f € K.
2. [(f=f)(g—f)du<o0,forall f € K.

(Hint: Pick a sequence {f,}nen in K with ||f, —g||,2 — infrex ||f — g||,2 and show that it
is Cauchy. Use (but prove first) the parallelogram identity 2Hh|]%2 + 2|]k\|i2 = ||h+ k)”%g +
||h — E||32, for b,k € £2)

Problem 4.27 (Egorov’s theorem) Suppose that 4 is a finite measure, and let {f,},en be a se-
quence in £° which converges a.e. to f € LY. Prove that for each ¢ > 0 there exists E € S
with p(E°) < e such that

lim esssup |f,1g — f1lg| = 0.

n—o0

(Hint: Define A, 1, = Up>n{|fm — f| > %}, show that for each k € N, there exists n;, € N such that
w(An, k) < e/2F, and set E = NAS, &)

Problem 4.28 (Relationships between different L? spaces)

1. Show that for p, g € [1,00), we have

fllzr < M1F1 2an(S)"
where r = 1/p — 1/q. Conclude that £? C £?, for p < q if u(S5) < oc.

2. For py € [1,00), construct an example of a measure space (S, S, 1) and a function f € L0
such that f € £P if and only if p = py.

3. Suppose that f € £ N L>, for some r € [1,00). Show that f € LP forall p € [r, c0) and

11z = lim |11

Problem 4.29 (Convergence in measure) A sequence {f,}nen in £° is said to converge in mea-
sure toward f € L0 if

Ve >0, ,u({|fn—f| 25}) — 0asn — co.
Assume that ;(S) < oo (parts marked by () are true without this assumption).
1. Show that the mapping
d(f,9) —/Mdu, f.gerL’,

defines a pseudo metric on £° and that convergence in d is equivalent to convergence in
measure.

2. Show that f,, — f, a.e., implies that f,, — f in measure. Give an example which shows that
the assumption (S) < oo is necessary.
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. Give an example of a sequence which converges in measure, but not a.e.

. () For f € £° and a sequence {f,, }nen in L%, suppose that
q PP

Zu({|fn—f| 25}) < o0, foralle > 0.

neN
Show that f,, — f, a.e.
. (f) Show that each sequence convergent in measure has a subsequence which converges a.e.
. (t) Show that each sequence convergent in L7, p € [1, c0) converges in measure.
. For p € [1,00), find an example of a sequence which converges in measure, but not in £?.

. Let {fu}nen be a sequence in £° with the property that any of its subsequences admits a
(further) subsequence which converges a.e. to f € £°. Show that f,, — f in measure.

. Let ® : R? — R be a continuous function, and let {f,,}ex and {g, }nen be two sequences in
L. 1f f,g € £° are such that f, — f and g, — g in measure, then

D(fn, gn) — ®(f, g) in measure.

(Note: The useful examples include ®(z,y) = x +y, ®(x,y) = zy, etc.)
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Chapter 5

Theorems of Fubini-Tonelli and
Radon-Nikodym

5.1 Products of measure spaces

We have seen in Chapter 2 that it is possible to define products of arbitrary collections of measur-
able spaces - one generates the o-algebra on the product by all finite-dimensional cylinders. The
purpose of the present section is to extend that construction to products of measure spaces, i.e., to
define products of measures.

Let us first consider the case of two measure spaces (S5, S, us) and (7, T, pr). If the measures
are stripped, the product S x T'is endowed with the product o-algebraS®@ T =c({Ax B : A€
S,B € T}). The family P = {A x B : A€ S,B € T} serves as a good starting point towards the
creation of the product measure p15 ® pr. Indeed, if we interpret of the elements in P as rectangles
of sorts, it is natural to define

(ns @ pr)(A x B) = ps(A)pr(B).

The family P is a m-system (why?), but not necessarily an algebra, so we cannot use Theorem 2.10
(Caratheodory’s extension theorem) to define an extension of ;15 ® 17 to the whole S ® 7. It it not
hard, however, to enlarge P a little bit, so that the resulting set is an algebra, but that the measure
is ® pr can still be defined there in a natural way. Indeed, consider the smallest algebra that
contains P. It is easy to see that it must contain the family S defined by

A:{UZZIAkXBk neN, A, eS,B,eT, k=1,...,n}.

Problem 5.1 Show that A is, in fact, an algebra and that each element C' € A can be written in the
form

forne N, A, € §,B, € T,k=1,...,n,such that Ay x By,..., A, x By, are pairwise disjoint.

The problem above allows us to extend the definition of the set function p1g ® pr to the entire A
by

(s @ pr)(C) =Y ps(Ax)ur(By),
k=1
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where C' = U} _ Ay x By, forn € N, A, € §,B;, € T,k = 1,...,n is a representation of C' with
pairwise disjoint Ay x By,..., A, X By,

At this point, we could attempt to show that the so-defined set function is o-additive on A
and extend it using the Caratheodory extension theorem. This is indeed possible - under the
additional assumption of o-finiteness - but we will establish the existence of product measures as
a side-effect in the proof of Fubini’s theorem below.

Lemma 5.2 (Sections of measurable sets are measurable) Let C be an S ® T-measurable subset
of S x T. Foreach x € S the section C, = {y € T : (x,y) € C} is measurable in T.

PROOF In the spirit of most of the measurability arguments seen so far in these notes, let C denote
the family of all C' € § x T such that C,, is T-measurable for each = € S. Clearly, the “rectangles”
AxB,A €S, B e T are in A because their sections are either equal to () or B, for each z € S.
Remember that the set of all rectangles generates S @ 7. The proof of the theorem will, therefore,
be complete once it is established that C is a o-algebra. This easy exercise is left to the reader. =

Problem 5._3 Show that an analogous result holds for measurable functions, i.e., show that if f :
S xT — RisaS ® T-measurable function, then the function z — f(z,yp) is S-measurable for
each yy € T, and the function y — f(x¢,y) is T-measurable for each yy € T

Proposition 5.4 (A simple Cavallieri’s principle) Let pug and pr be finite measures. For C' €
S ® T, define the functions ¢ : T — [0, 00) and ¢ : S — [0, 00) by

eo(y) = pus(Cy), volz) = pr(Ca).
Then,
1. pc € LY(T),
2. Yo € LY(S),

3. [podur = [cdus.

PROOF Note that, by Problem 5.3, the function z — 1¢(x,y) is S-measurable for each y € T.
Therefore,

(5.1) /10(’, y) dus = pus(Cy) = pc(y),

and the function ¢¢ is well-defined.

Let C denote the family of all sets in S @ T such that (1), (2) and (3) in the statement of the
proposition hold. First, observe that C contains all rectangles A x B, A € S, B € T, i.e,, it contains
a m-system which generates S ® 7. So, by the m-\ Theorem (Theorem 2.16), it will be enough to
show that C is a A-system. We leave the details to the reader (Hint: Use representation (5.1) and
the monotone convergence theorem. Where is the finiteness of the measures used?) m
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Proposition 5.5 (Simple Cavallieri holds for o-finite measures) The conclusion of Proposition
5.4 continues to hold if we assume that s and pr are only o-finite.

PROOF (*) Thanks to o-finiteness, there exists pairwise disjoint sequences {A,, } nen and { By, }nen
in § and T, respectively, such that U, A,, = S, U, B, =T and ps(A,) < oo and ps(By,) < oo, for
allm,n € N.

For m,n € N, define the set-functions x4 and p77 on § and 7 respectively by

pns(A) = ps(An N A), py (B) = pr(Bm N B).

It is easy to check that all /% and w7, m,n € N are finite measures on S and 7T, respectively.

Moreover, pug(A) = > 07, p&(A), pr(B) = > oo, p'(B). In particular, if we set ¢ (y) = p&(Cy)
and ¢t (z) = p(Cy), forall z € S and y € S, we have

vo(y) = ub Z ¥&(y), and
n=1 =

Yo(w) = uf v (@),
m=1 m=1

forallz € S,y eT.

We can apply the conclusion of Proposition 5.4 to all pairs (S, S, p%) and (7', T, u7t), m,n € N,
of finite measure spaces to conclude that all elements of the sums above are measurable functions
and that so are p¢ and ¥¢.

Similarly, the sequences of non-negative functions Y ; ¢ (y) and > ;" | 1 (z) are non-decreasing
and converge to ¢ and ¢c. Therefore, by the monotone convergence theorem,

/@c dpr = 11;}12/@% dpr, and /100 dps = 115112/1% dps-
i—1 i=1
On the other hand, we have [ pZduf = [¢# du?, by Proposition 5.4. Summing over all n € N

we have
/@CdMT = Z/”L/Jc dﬂs/wc dps,

neN

where the last equality follows from the fact (see Problem 5.7 below) that
S [ faus= [ faus
neN

for all f € £9. Another summation - this time over m € N - completes the proof. [

Remark 5.6 The argument of the proof above uncovers the fact that integration is a bilinear oper-
ation, i.e., that the mapping

(Fo) = [ £

is linear in both arguments.
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Problem 5.7 Let {A,,},cn be a measurable partition of S, and let the measure ;" be defined by
pu(A) = p(AN A,) forall A € S. Show that for f € £, we have

[ran=3 [ ran

neN

Proposition 5.8 (Finite products of measure spaces) Let (S;,S;, pi), i@ = 1,...,n be finite mea-
sure spaces. There exists a unique measure - denoted by (1 ® --- ® pup - on the product space
(S1 %+ x 8,51 @ ®Sy) with the property that

(1 ® - @ pun) (A1 X -+ X Ap) = p1 (A1) ... pn(An),

forall A; € S;,i=1,...,n. Such a measure is necessarily o-finite.

PROOF To simplify the notation, we assume that n = 2 - the general case is very similar. For
C € &1 ® Sz, we define

(11 ® p2)(C) = / ¢c dpz, where oo (y) = p1(Cy) and Cy = {z € 51 : (z,y) € C}.
Sa

It follows from Proposition 5.5 that y11 ® p9 is well-defined as a map from S; ® S to [0, oo]. Also,
it is clear that (1 ® p2)(A x B) = pi(A)pe(B), for all A € S;, B € Sy. It remains to show that
H1 ® po is a measure. We start with a pairwise disjoint sequence {C, }nen in St ® Sp. Fory € Sy,
the sequence {(Cy,)y }nen is also pairwise disjoint, and so, with C' = U,,C,,, we have

poly) = m(Cy) = uz((Cn)y) = 90, (), Yy € 5.

neN neN

Therefore, by the monotone convergence theorem (see Problem 3.37 for details) we have

(11 ® p2)(C) = /S po dpiy = Z/S o, dp =Y (1 © p2)(Ch).-

neN neN

Finally, let { A, }nen, {Bn}nen be sequences in S; and S, (respectively) such that p;(A4,) < oo
and p2(B,) < oo for all n € Nand U, 4,, = S1, U, B, = Sa. Define {C,, },,cn as an enumeration of
the countable family {A; x B; : i,j € N} in §; ® So. Then (p1 ® p2)(Cp) < coand alln € N and
UnCp = S1 X Ss. Therefore, p1 ® o is o-finite. n

The measure 1 ®- - - ® py, is called the product measure, and the measure space (S; X -+ xSy, S1 ®
@8y, 11 ®- - - ® uy,) the product (measure space) of measure spaces (S1, S1, 1), - -, (Sn, Sns fin)-

Now that we know that product measures exist, we can state and prove the important theorem
which, when applied to integrable functions bears the name of Fubini, and when applied to non-
negative functions, of Tonelli. We state it for both cases simultaneously (i.e., on £°71) in the case of
a product of two measure spaces. An analogous theorem for finite products can be readily derived
from it. When the variable or the underlying measure space of integration needs to be specified,
we write [ f(z) p(dx) for the Lebesgue integral [ f dp.
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Theorem 5.9 (Fubini, Tonelli) Let (S,S, ps) and (T, T, pur) be two o-finite measure spaces. For
f € L°7Y(S x T) we have

([ st} wstan = [ ([ stpnstan) uran

(5.2)
=/}dms®m¢

PROOF All the hard work has already been done. We simply need to crank the Standard Machine.
Let H denote the family of all functions in £9 (S x T') with the property that (5.2) holds. Proposition
5.5 implies that H contains the indicators of all elements of S ® 7. Linearity of all components
of (5.2) implies that H contains all simple functions in £3, and the approximation theorem 3.16
implies that the whole £9 is in 7. Finally, the extension to £°~! follows by additivity. =

Since f~ is always in £°7!, we have the following corollary

Corollary 5.10 (An integrability criterion) For f € L°(S x T), we have

feL NS xT)ifand Onlyif/s (/T f(z,y) MT(dy)> ps(dx) < oo.

Example 5.11 (o-finiteness cannot be left out ...) The assumption of o-finiteness cannot be left
out of the statement of Theorem 5.9. Indeed, let (S,S,u) = ([0,1],B([0,1]),\) and (7,7 ,v) =
([0, 1], 21911 ~), where 7 is the counting measure on 2(1], so that (T, T, v) fails the o-finite property.
Define f € £°(S x T) (why it is product-measurable?) by

L z=y,
f(m,y) - {07 l‘?éy
Then
[ #v ) = Aiup) =
and so
[ [ f@utanviay = [ o =o
TJS [0,1]
On the other hand,
| #amvian =) =1,
and so

/S/Tf(x,y)u(dy)u(dx)—/{071}1,\(@)_1.
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Example 5.12 (...and neither can product-integrability) The integrability of either f* or f~ for
f € LO(SxT) is (essentially) necessary for validity of Fubini’s theorem, even if all iterated integrals
exist. Here is what can go wrong. Let (5,S,u) = (T, T,v) = (N,2",~), where v is the counting
measure. Define the function f : N x N — R by

1, m=n,
fn,m)=<¢-1, m=n+1,
0, otherwise
Then
[ Smystdm) = 3 fm) =04+ 0414 (1) £0 4=
r meN
and so
[ [ snmystam)sgan = o
sJT
On the other hand,
n,m)y(dn) = n,m) =
ie.,
/Sf(n, m) y(dn) = 1gp—q}.
Therefore,

/T/Sf(”am)'v(dn)'v(dm) :/Tl{m=1}7(dm) 1

If you think that using the counting measure is cheating, convince yourself that it is not hard to
transfer this example to the setup where (S, S, 1) = (T, T,v) = ([0, 1], B([0, 1]), ).

The existence of the product measure gives us an easy access to the Lebesgue measure on
higher-dimensional Euclidean spaces. Just as A on R measures the “length” of sets, the Lebesgue
measure on R? will measure “area”, the one on R? “volume”, etc. Its properties are collected in
the following problem:

Problem 5.13 For n € N, show the following statements:

1. There exists a unique measure A (note the notation overload) on B(R") with the property
that

AL, b1) 5 -+ X