THE WEIL REPRESENTATION OVER THE COMPLEX
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RONNY HADANI

ABSTRACT. In this paper a strong form of the Stone-von Neumann property of
the Heisenberg representation is stated and proved. Several results in harmonic
analysis are obtained as a consequence.

0. INTRODUCTION

One of the most fundamental spaces in harmonic analysis is the space S(RY) of
Schwartz functions. As everybody knows this space consists of infinitely differen-
tiable functions with all their derivatives rapidly decreasing. The Schwartz space
is intimately related with many basic transforms in pure and applied mathematics.
By far, the most important one is the Fourier transform F'. In fact, one of the only
reasonable ways to describe F' is to define it on S (RN ) using an explicit formula

(D) = [ @ o
RN

and then show that F' preserve the standard Hermitian product on S (RN ) thus it
extends to a unitary operator on L? (RN ) This kind of argument of-course depends
on the crucial fact, although not at all a trivial one, that S (RN ) is preserved by
F.

One of our main goals in this paper is to make a formal sense of the following
statement

(*) The Schwartz space S (R”) is algebraic.

On the phenomenological level, this means that the Schwartz space enjoys many
good properties and exhibit a certain degree of rigidity much like holomorphic
functions. In fact, it appears that these two spaces are more alike than what might
be expected!. As a consequence of (*) we will obtain a novel algebraic formula for
the standard Hermitian product on S (RN )

As we mentioned before, S (RN ) is related with the operator F' of Fourier trans-
form. Surprisingly, it is less well known that the Fourier transform is a particular
operator in a family of operators acting on S (RN ) and preserving the Hermitian
product. As a first approximation, the statement is that there exists a unitary
representation of the real symplectic group Sp = Sp (2N, R)

. N
p:Sp—U(SRY)),
Date: July 1, 2007.
IThe Schwartz space can be realized (known as the Fock realization) as the space of holomor-

phic functions satisfying certain growth condition. This is not the type of similarity we mean
here. The main difference is that in our realization the growth condition disappear.
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so that the operator F' appears as p(w) for a a particular element w € Sp called
the Weyl element. The representation p is called the Weil representation.
The correct statement is that p is, in fact, a representation of a double cover

1—Zy — Mp— Sp—1,

called by Weil [W] the metaplectic cover. This fact has many important implications
to various fundamental phenomenons in mathematics and physics, including the
theory of theta functions and automorphic forms [W], harmonic analysis [F, H1]
and last (but probably not least) quantum mechanics [H2, Se2, Sh]. The metaplectic
sign was studied by several people [W, LV, V] albeit its precise origin remains to
some extent still mysterious. Another main goal of this paper is to make a formal
sense of the following statement

The metaplectic sign is of algebraic origin.

0.1. The Heisenberg representation. As it turns out, the Schwartz space and
the Weil representation are intimately related and both appear as a consequence
of a more fundamental structure i.e., the Heisenberg representation. We will now
proceed to describe this fundamental representation.

The initial data is a 2N-dimensional real symplectic vector space (V,w), the
reader should think of V as RY x R with the standard symplectic form

N
w =Y dy; Ndz;.

i=1
The vector space V considered as an abelian group admits a non-trivial central
extension

0—-R—-H—-V =0,

called the Heisenberg group. Concretely, the group H can be presented as H = V xR
with the multiplication given by

(Uv Z) ! (vla Z/) = (”U + Ul? 242 + %(JJ(U7 ’U/)).
The center of H is Zg = {(0,2) : z € R}. The symplectic group Sp = Sp(V,w)
acts on H as a group of automorphism via its standard action on the V-coordinate.
One of the most important attributes of H is that it admits principally a unique

irreducible unitary representation. The formal statement is the content of the
celebrated Stone-von Neumann theorem

Theorem 1 (Stone-von Neumann). Let ¢, = "%, k € iR be a character of the
center Zy. There exists a unique (up to an isomorphism) unitary irreducible rep-
resentation (7", H, H") with the center acting by ﬂfZ =1, - Idy.

H

The representation 7" will be referred to as the Heisenberg representation.

0.1.1. The Schwartz space. The modern point of view suggests that the Schwartz
space is naturally identified with the space HY, of smooth vectors? in the Heisenberg
representation. The precise statement is that there exists a particular realization
of the Heisenberg representation for which the Hilbert space is the space L?(R™)
of square integrable functions and the subspace of smooth vectors is the Schwartz
space S (RN )

2We remind the reader that given a representation (w, G, H) of a Lie group G, a vector v € H
is called smooth if the map m, : G — H defined by 7, (g) = 7(g)v is infinitely differentiable at
1ed.
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Convention: As a rule, the Heisenberg representation will be considered as
a representation of H on the Hilbertian space of smooth vectors. For sim-
plicity, the subscript (), will be everywhere omitted, for example from
now on instead of writing H%, we will write simply H".

0.1.2. The Weil representation. The nature of the Weil representation is more in-
tricate. A direct consequence of Theorem 1 is the existence of a projective repre-
sentation

p:Sp— PU(H").
The construction of p out of the Heisenberg representation 7" is standard. The
group Sp acts on the category of (unitary) representations of H by

T 7,

for every representation w, where w9 acts on the same Hilbert space as = but the
action is given by w9(h) = 7(g(h)). Clearly 7" and #"¢ have central character
1,, hence by Theorem 1 they are isomorphic. Since the space Hompg (7", 7"9)
is one dimensional, choosing for every g € Sp a non-zero representative p(g) €
Hom g (7", n%9) gives the required projective representation. From this point of
view however, the fact that the projective representation p can be linearized up to
a sign is not transparent.

0.2. Main results. The main result of this paper is a formulation of a stronger
form of the Stone-von Neumann property of the Heisenberg representation (S-vN
property for short). More precisely, It will be shown that the strong S-vN property
is governed by an algebraic structure. The following applications of this result will
be demonstrated

(1) An algebraic characterization of the Schwartz space S (RY) will be ob-
tained. In addition, a novel algebraic formula for the Hermitian structure
of the Heisenberg representation will be established. This will put the
Heisenberg-Weil representation on algebraic grounds eliminating all mea-
sure theoretic attributes.

(2) A solution to a question of Deligne [DE] will be obtained. This question
concerns the existence of a possible natural pairing between various inter-
esting function spaces which are associated with the Heisenberg representa-
tion. These pairings generalize the natural pairing between the Heisenberg
representations which are associated to opposite central weights .

(3) An algebraic origin of the metaplectic sign will be revealed and the obstruc-
tion to having an analytic Weil representation of the complexified group Spc
will be specified. Both of these results are greatly inspired by Deligne’s pa-
per [DE] which also address these two issues in the two dimensional setting.
The main difference of our approach from that of [DE] is that our construc-
tions are algebraic, hence are strictly of a finite nature, while the approach
in [DE] is analytic and requires to manipulate with infinite dimensional
objects.

Remark 1. Result 1 is related to an old question in physics raised by David Bohm
and his school concerning the origin of the Hermitian structure in quantum me-
chanics. In the language of physicists this is the quest for a conceptual explanation
of Dirac’s Bra/Ket operations.
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We will spend the rest of the introduction to explaining the main ideas which
underlay the strong S-vN property, taking result 1 as the main leading theme of
our discussion. It will be beneficial to start with a toy example which will turn out
to be very suggestive.

0.3. The space of holomorphic functions (toy example). The space O of
holomorphic functions in one variable consists of infinitely differentiate functions
on R? satisfying the Cauchy-Riemann equation

(0.1) o=f = (=52%) f =o.

The space O enjoys many good properties and it exhibit strong rigidity. One of
main manifestations of this rigidity is the Cauchy property.

Theorem 2 (Cauchy’s Theorem). Given f € O

1 (2)
=— | —=d
F(w) 2mi ) z—w =
¥
for any w € R? and v : S' — R2\ w is any curve homologous to the standard curve

Yo (t) = w + ™.

In plain language, the Cauchy property says that the delta functional ¢,, when
restricted to O can be calculated using an integral formula, symbolically it can be
written as follows

02) 50 (5) = 5 [ LD e

for every f € O. Our goal is to track the conceptual mechanism which makes the
space of holomorphic functions so rigid. As a result we will obtain a conceptual
formulation of the Cauchy property. Then in analogy we will proceed to show that
the Schwartz space obeys the same mechanism, which is principally the content of
the strong S-vN property. As an application, a Schwartz analogues of the Cauchy
property will be demonstrated. Namely, the standard Hermitian product in S (RN )
which is given in terms of integration with respect to the Lebegues measure

(f.9) = / f(@)g(a)d,
zeRN

for every f,g € S (RN ) will be replaced by an equivalent algebraic formula of the
form

(0.3) (f.q) = / G(f.9)

where G(f,g) is a closed N-form on the Lagrangian Grassmanian® Lag = Lag (V)
and v € Hy(Lag,C) is a non-trivial homology class.

As it turns out, the language of algebraic D-modules supplies a convenient for-
malism to achieving this goal.

3The Lagrangian Grassmanian of a symplectic vector space V is the classifying space of all
maximal isotropic (Lagrangian) subspaces in V.
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Remark 2. On the philosophical level, the space Lag which appears in our for-
mulas should hold the same importance to Harmonic analysis as the standard N -
dimensional Fuclidian space RN, yet it is of a completely different nature i.e., it is
compact and contrary to RN it is homologically non-trivial. It is tempting to refer
to Lag as the "forgotten parameters of harmonic analysis”.

0.3.1. The Cauchy-Riemann D-module. Let D= be the algebra of linear differen-
tial operators on R?, also referred to as the two dimensional Weyl-algebra. More
concretely, Dpg2 is a C-algebra generated by

Z1,T2; amla a:rgv
subject to the relations

[1’1,1’2] = [81178062]:07
[aﬂ%vxj] = 51]

We shall construct a module Mcpr over the algebra Dg2 which will encode the
Cauchy-Riemann equation. The construction is completely straight forward. Let
Icr C Dg2 be the left ideal generated by the Cauchy-Riemann differential operator,
namely

Iop = Dgs - 0=
We define M¢g to be the left Dg2-module given by
Mcr=Dg2/IcR.

The space of holomorphic functions can be naturally identified with the space of
morphisms

(04) Hompkz (MCR,CH%%).

Here, CR5 is considered with its natural Dg--action. The identification is very
simple, given a morphism ¢ : Mcr — Cg5, one associate to it the function f, =
©(1). It is easy to verify that indeed f, satisfies the Cauchy-Riemann equation

Ozfp = Ozp(1) = ¢(0z) = 0,

where the second equality is due to ¢ being a morphism of Dgz-modules and the
third equality is because 0z € Iog. On the other direction, starting from a function
f satisfying (0.1) one associate to it a morphism of Dg2-modules

(,Df : MCR I C]Ega

defined by ¢(d) = d(f) for every d € Dgz. Again, it is easy to verify that indeed
¢ factors through the quotient Mg since dzf = 0. The space (0.4) is called the
space of solutions of Mcgr in the target Dge-module Cg5.

Summary: the space O of holomorphic functions is characterized as the space
of solutions of an algebraic D-module. This innocent looking observation has far
reaching implications. In particular it will allow us to obtain a conceptual expla-
nation of the Cauchy property.
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0.3.2. Algebraic functionals. The Cauchy property (0.2) will turn out to be the
following statement

(**) The functional ¢,, is algebraic.

Our next goal is to make a formal sense of the above statement. Apriory the
functional &, is sitting in the "stupid" dual O* = Homc(O,C)*. The interesting
claim is that inside O* there exists various much smaller subspaces of algebraic
functionals. The formal content of (**) is that d,, lies in one of these algebraic
subspaces.

Our plan is to associate to every point w € R? an algebraic subspace OY, C O*.
The idea behind the construction of O, can be summarized as follows

Main idea: Instead of dualizing O as a plain vector space, dualize the Dp2-
module MCR-

In more details, dualizing the Dgz2-module M¢cpr yields another Dg2-module
which we denote by MY,. The space O, is taken to be

(05) O\LZ = HomDRQ (Mng C]I%g\w)'

It remains to explain why O}/ is naturally sitting inside O*. This is a consequence
of the following fundamental theorem

Theorem 3. Given a non-trivial class v € Hy (R2 N w, (C), there exists a natural
non-degenerate pairing
B,:0x 0O, —C.

From the D-module theoretic point of view Cauchy theorem becomes simply the
statement

Theorem 4. The functional §,, is algebraic, namely there exists a vector A, € O}
such that

w (f) = By(f, Aw).
for every f € O.

It should be noted that the integral form of the Cauchy formula follows form the
general form of the pairing B,.

Remark 3. The stream of ideas that was demonstrated above agrees with the gen-
eral methodology of algebraic analysis. This methodology suggests that many an-
alytic phenomena are in fact governed by algebraic structures and can be recast
completely in algebraic terms.

Theorem 3 is a particular case of a general statement concerning the existence
of a natural pairing

(0.6) B : Sol (M) x Sol (M) — C,

between the solution space of a D-module M and the solution space of the dual
D-module M"Y [GO]. The main technical ingredient in the construction of such
pairing is the Green class associated with the D-module M. The Green class of
a D-module appears to be a far reaching generalization of the classical notion of
green form of a differential operator. In order to give the reader some intuitive
appreciation, we will proceed to give an informal explanation of the construction
of the pairing (0.6).
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0.4. Canonical pairings. Let X be a smooth algebraic manifold. A general
enough example for us is the manifold X = PY. We denote by Dy the algebra of
linear differential operators on X. For example in the case X = A” the algebra Dx
is the Weyl algebra with 2n generators. The category of finitely generated (left)
D x-module will be denoted by Coh(Dx). A useful interpretation (however not the
only one) of an object M in Coh(Dx) is viewing it as a generalization of system of
linear differential equations. The dictionary is quite simple and follows the same
lines as in the Cauchy-Riemann example. Given a differential operator P € Dx we
can associate to it the D xy-module

Mp = Dx/Ip,
where Ip is the left ideal generated by P, namely
Ip=Dx-P.

More generally, if P = (Py,.., P;) is a system of linear differential operators then
we associate to it the D y-module

l
Mp =& Dx/Ip,.
i=1
Assumption: For the sake of the introduction, we will only consider modules
associated with a single differential operator.

The algebraic Dx-module Mp accounts for the algebraic content of the differ-
ential equation

Pf =0,

if we want to account also for the solutions of such equation we need to choose a
target D x-module F' , which is usually taken to be of an analytic nature. The rule
is very simple, for example if we want to consider C'*°-solutions then we take F'
to be C¥, alternatively if we want to consider generalized solutions then we take
F to be the sheaf of generalized functions D’. Given a choice of a target module
F', the space of F-solutions of the system P is naturally identified with the vector
space
SO|(MP,F) £ HomDX (MP,F)

where the identification sends a morphism ¢ € Homp, (Mp, F) to the function
p(l) e F.

Summary: The D-module theoretic formulation demonstrate a splitting be-
tween algebraic structures and analytic ones, where Mp accounts for the
algebraic content and the target module F' accounts for the analytic con-
tent.

Higher solution spaces. The D-module point of view suggest an interesting gener-
alization to the classical notion of solution of a differential equation, namely the
notion of higher solutions. More precisely, if the target module F is not specified
then Homp, (Mp,-) establish a functor

HomDX (Mp, ) : Dx—MOd — Vect.

Following the general yoga of homological algebra, higher solutions appear as the
derived functors

R'Homp, (Mp,-) : Dx-Mod — Vect,
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That is, the space of level ¢, F-solutions of M, is
R'Homp, (Mp, F)

Remark 4. It is quite curious that although from the homological view point these
solution spaces of higher level are as legitimate as the solution space of level zero,
they seem to play no essential part in the classical theory of linear partial differential
equations.

0.4.1. Algebraic functionals. As we did for the Cauchy-Riemann equation, our goal
is to define the notion of an algebraic functional on the solution space Sol(Mp, C¥).
The main step is to dualize the module Mp. The technical problem is that a
rigorous definition of duality in the D-module setting requires us to work in the
derived category of coherent D x-modules. This higher level of sophistication is the
price (a small one to the opinion of this author) we have to pay if we want to replace
analytic manipulations with algebraic ones. For the sake of the introduction it will
be sufficient for us to know that an object in this derived category can be thought
of as a complex of D x-modules

M*: o — MY 0

The category Coh(Dx) of usual coherent D x-modules is naturally sitting inside
the derived category as complexes supported only at degree 0. The derived category
supports an operation of duality, called Verdier duality functor. The Verdier duality
functor is an anti-equivalence

D : DCoh(Dx) — DCoh(Dx),

Cohen-Macaulay modules. It is quite often that starting from an honest D x-module
M after applying duality, I (M) is no longer a module but it is a complex supported
in various degrees. However, for a Dx-module of the form Mp, the dual is again
an honest D x-module. More precisely D (Mp) is a complex which is supported at
a single cohomological degree, namely it is of the form

D(Mp) : ...—>O—>MI¥—>O—>0—>O—>...

where M} is an honest D x-module sitting at degree d = — (dim X — 1) . Equiva-
lently we can write

D (Mp) =~ Mp|d]
where the notation [d] is the standard cohomological shift which means that we
consider My as sitting at degree —d.

This kind of situation, for which the dual D (M) is an honest module sitting
at a single cohomological degree is exceptional. Such modules are called Cohen-
Macaulay. In general, the number d varies between 0 and dim X and it serves as a
measure for the size of the module M. The general rule is that the fewer relations M
contains the larger d is. Since in our example Mp contains a single relation coming
from the differential operator P hence d is almost maximal, that is d = dim X — 1.
The other extreme situation is when d = 0, such modules are the smallest possible
and are called holonomic, or in the classical language are sometimes referred to as
maximally over-determined systems. Holonomic modules appear to play a central
role in many diverse areas in mathematics and physics.

We consider the following space of algebraic functionals

Sol(Mp,C)Y 2 Sol (MY, C).
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Similarly as for the toy example of the Cauchy-Riemann equation, also in general
there exists a pairing
(0.7) B, : Sol (Mp,C¥) x Sol(My,C¥) — C.
where as suggested by the notation, this pairing depends on a choice of an homology
class v € Hyg(X,C).

The main technical tool for constructing the pairing (0.7) is the notion of Green
class of a D-module.
The green class (intuitive explanation). The intuitive idea behind the construction
of the Green class is straight forward. It will be suggestive to consider for a brief
moment the simpler category Vect of vector spaces. Given a vector space V there
exits a natural adjunction isomorphism

(0.8) Adjy : Home (V, V') — Home (C,V* @ V),
Under this isomorphism, the identity element Id € Hom¢ (V,V) is sent to a dis-
tinguished element Gy = Adjy, (Id) € Homc (C,V* Q. V). The element Gy can
described explicitly as

Gy = Z e; @ e,

where e, is an arbitrary basis in V and e} is the corresponding dual basis of V*.
In the D-module setting there exists an analogue of (0.8), that is for given a
Dx-module M there exists a natural adjunction isomorphism

Adj,s: Homp, (M, M) — Homp, (Ox,D(M)R®, M),
The Green class of M is defined to be the distinguished vector
Gy = Adjy; (Id) € Homp, (Ox,D (M) Qn M) .

The de-Rham construction. The Green class Gjs can be realized in concrete terms
using the de-Rham complex, which, in turn, is probably one of the most basic con-
structions in the theory of algebraic D-modules. The de-Rham complex DR® (M)
is defined as follows

DR*(M): M-LM®,0 L . LM, i,
where M is sitting at degree 0 and d is the usual de-Rham differential given in local
coordinates by*

N
dm@w)=m®dw+ > O,,mQd;, \w.

1=1
The Green class. The Green class of M appears as a distinguished class
(0.9) Gy € H'(DR®* (D(M)®, M).

For our specific example, since D (Mp) ~ My[dim X — 1] it is easy to show that
(0.9) takes a simpler form

GMP c HdimX—l (DR. (M% ®O MP)) )
More concretely, the Green class G, can be presented by a (non-unique) chain

Gup = 3m] @m; @w;,

41t is a standard argument to show that in fact d does not depend on the choice of the local
coordinates.
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where m; € Mp, m) € M} and w; € Q%”‘X ~1 and which is closed with respect to
the de-Rham differential

d(Gpp) =0.
Construction of the pairing. Now we are finally ready to describe the pairing (0.7)
The construction depends on a choice of an homology class v € Hgim x—1 (X, C)
Given a pair of solutions

IS SO|(]\4P7 C})(o),

¢ € Sol(Mp,CY),
the tensor product ¢ ® v defines a morphism of complexes
DR* (Mp ®o Mp) “ DR* (CF)

which in particular induces a map on the level of cohomologies, in particular it
yields a map

HY™ XN DR® (MY @ Mp) ©5 H™ X1 (DR* (CF)
applying the last map to the Green class G, one obtains a class in
HImX=L(DR® (C)) = HImX~1 (X, C),
which we denote by G(v, p). We define the pairing between v and ¢ by

B, () = [ G

0.4.2. The Cauchy theorem revisited. Reconsidering the Cauchy-Riemann D-module
Mcrgr. A direct computation reveals that M¢pg is principally self dual, that is

Mg =~ Mcr,
therefore, the Green class G, = G, lies in H' (DR®* (Mcr@o Mcr)). A
direct computation reveals that G¢r is represented by the following chain
(0.10) Gecr=e®e®dz,

where e € Mopg is the standard generator. Let us verify that (0.10) is a closed
chain. Applying the de-Rham differential we obtain

d(Ger) = 0:¢®e®dzZNdz+e®0ze®dzZNdz
+0,e®@e@dzNdz+e® 0,edz Ndz
= 04+0+0+0=0,

noting that dze = 0 is the relation defining the module Mcg. Consider the homol-
ogy class v € Hy(R?\w, C) which is represented by the closed curve v (t) = > +w.
Given solutions

v € Homp_, (Mcr,Cg3),
¢ € Homp, (MgR, D‘@\w),
the pairing B, (v, ¢) is given by

(0.11) B, () = [ 6ol = [ v(ea

ol v
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If we identify v and ¢ with the holomorphic functions f = v (1) and g = ¢ (1)
respectively then B, (f,g) takes the form

B, (f.g) = /f<z>g<z> a2

In order to prove the Cauchy Theorem (Theorem 4) we have to exhibit a vector
A, € Homp_, (MgR,CIE‘Z’\w) such that

5w(f):B’)’(f5Aw)a

for every f € O. The answer in this case is very simple, take A, to be the unique
solution satisfying
Ay (e) = -

2mwi(z—w) *
Remark 5. The reader might think that the pairing B, always admits a simple
form like (0.11). This is not the case! already for a general enough differential
operator P the green class G, might be quite complicated and as a result B takes
a complicated form as well.

0.5. The strong Stone-von Neumann property. Let us summarize what we
learned so far from our toy example. The space O of holomorphic functions in one
variable can be characterized as the space

Homp,, (Mcr,Cg2) ,

of solutions of an algebraic Dgz-module Mgg. In this framework, using duality in
the category of D-modules, we were able to exhibit various subspaces O, C O* of
algebraic functionals (0.5), defined as

vV __ Vv e}
Ow - HomD[RQ (MCR’ ]RQ\w) )

where MYy is the dual of the D-module Mcpg (more precisely, the Verdier dual
D(Mcr) is isomorphic to M y[1]). The pairing between O and O, turn out to
depend on a choice of a non-trivial homology class v € H;(R? \ w,C). Given such
a class, for any pair of solutions v € O and ¢ € O} the pairing B, (v, ¢) is given
by

By(v,¢) = /G(V,eo),

We concluded that from this point of view, the Cauchy Theorem becomes the
assertion that the functional §,, € O* is algebraic, namely it can be presented by

5w(f) :B’Y(fﬂAw)J
where A,, is a fixed vector in the algebraic space O}, and f runs inside O.
0.5.1. The Schwartz space revisited. The strong S-vN property asserts that much

like O, also the Schwartz space S (RN ) can be characterized as a space of solutions
of an algebraic D-module which we denote® by M*, namely

S (RY) = Homp, (M",C%).

5The superscript  is related to the central weight of the Heisenberg repreentation which
silently governs the picture.
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However, In order to realize this assertion, a radical change of perspective should
take place. Unlike the situation for O where the D-module was defined on the same
space of parameters R?, for Schwartz functions the space X is not simply RY as
might be expected, but should be taken to be a much larger space of parameters.
We will proceed to give an explanation of the last assertion.

Canonical model of the Heisenberg representation. As was mentioned before, the
Schwartz space S (RN ) is identified with the space H" of smooth vectors in the
Heisenberg representation. One of the most important attributes of the Heisenberg
representation is that it admits a multitude of different models. These models
appear in families and a particular family of such models is associated with maximal
isotropic (Lagrangian) spaces in V. In more details given a choice of a Lagrangian
subspace L in V there exists a model of the Heisenberg representation which we
denote by

(n7. H,/HT)

At this point it is sufficient for us to know only that the space H} is a subspace
of functions in C*° (H). We will use the notation Lag = Lag (V) to denote the
Lagrangian Grassmanian associated to V. All the models H} are just different
realizations of the same object, more precisely all of these models are equivalent
as representations of H which is a consequence of Theorem 1. This means that
for every pair of Lagrangians L,M € Lag there exists an isomorphism of H-
representations (intertwiner)

FM,L € Homy (HE,H'X/[) .
We are now ready to formulate a naive interpretation of the strong Sv-N property.
Strong S-vN property: For every pair (M, L) € Lag x Lag there exists a
canonical choice of an intertwiner Fiy .

Fixing this system of canonical intertwiners, any smooth vector v € H" in the
Heisenberg representation can be presented as system of vectors

(v, € H} : L € Lag),
satisfying the compatibility condition
(0.12) vy = Fun(vr),

for every M, L € Lag.

Now putting this idea in a more formal language, we can say that the vector v
can be considered as a single function in C*°(Lag x H) satisfying a system P of
differential equations which encodes the compatibility condition (0.12).

The previous discussion suggests that the right choice of the parameter space X
is

X =Lag x H.
Now we can use our acquired language of D-modules and claim that there exists
a Dx-module
M" = Mp,
such that the space H" of smooth vectors can be identified with the space of solu-
tions
Homp, (M",C%)

We are now ready to spell out an "almost" precise formulation of the strong

S-vN property.
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Theorem 5 (strong S-vN property). There exists a Dx-module M* so that the
Schwartz space S (RN ) is naturally identified as an H-representation’ with

Homp, (M",C%).
The D-module M* will be called the Weil D-module.

Remark 6. In the case dimV = 2, the module M"*, under appropriate trivializa-
tions, corresponds to the heat differential operator. Therefore, roughly speaking, the
Schwartz space S (R) can be identified with solutions of the heat equation on the
one dimensional real projective line.

Why just "almost" precise. We use the term "almost", since the actual statement
involves some technicalities. The most prominent one is that M*" is not an honest
D x-module but is a module over slightly more general differential algebra which is
associated to the determinant line bundle on Lag. For this reason we spend a large
portion of Section 1 to explain the formalism of such kind of differential algebras.

Intuitively, this technicality is related to the fact that the system Fj z of in-
tertwiners do not form a flat connection but a projective one, namely they do not
satisfy the multiplicativity condition

EFyyoFurn=Fnr,
for every triple of Lagrangian subspaces M, N, L € Lag. Instead [LV], there exists
a canonical function
¢: Lag x Lag X Lag — C,
so that
FnamoFurn=cL,N,M)Fn .
The function c is intimately related to the Maslov index.

0.5.2. Algebraic Hilbertian structure. The Weil D-module M* enjoys many desired
properties, in particular it is Cohen-Macaulay. In fact its dual can be described
explicitly
D (M") ~ M~"[N].

where M ~"* is the module associated to the Heisenberg representation of the op-
posite central weight. As a consequence of this last statement, using the general
construction (0.7) we can obtain a novel formula for the natural pairing between
the corresponding spaces of smooth vectors H"” and H~". In more details, if we
choose a non-trivial class v € Hy (Lag, C) we can define a natural pairing

(0.13) B, :H*xH ™" — C.

If one assumes in addition that the central weight k is purely imaginary, that
is kK € iR then it can be shown that complex conjugation yields an anti-linear
isomorphism

()t HE — H,

therefore one can define an H-invariant Hermitian product on H" by

<V790>'y = B’Y(”v@) = /G(Vaa)

6The H-action on Homp (M"‘,C)O(o) is explained below.
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Since H" admits a unique (up to scalar multiplication) H-invariant Hermitian prod-
uct, it implies that (-, -) .18 proportional to the standard Hermitian product given

by integration with respect to the Lebegues measure on RY | namely

(0.14) / o(2)P(w)de = / G, 7).
RN ¥
The reader should note that while the left side of (0.14) is given by integration
of a function on the non-compact domain RY, the right side is given by integration
of a closed N-form on a compact homology class sitting in a completely different
space of parameters, namely the Lagrangian Grassmanian Lag.

0.5.3. The Heisenberg representation revisited. The Heisenberg representation, at
least on the infinitesimal level, is algebraic. The precise meaning of the last assertion
is that the action dn” of the Heisenberg Lie algebra h on the Hilbertian space
H" = Sol(M"™,CF),
is encoded in the algebraic structure of the Dx-module M*. In more details, there
exists a map of algebras
0" : U(h)°—Homp, (M", M"),

where U(h)° is the universal enveloping algebra of h considered with the opposite
multiplication. The action dn" can be defined in terms of the map II* as follows.
Given an element ¢ € h and a vector ¢ € Sol(M*, C¥), we let

dr"(€)p £ p o 11" (€).
The fact that this action preserves the Hermitian product is principally a tau-
tology. Since the Hermitian product is defined using the canonical class

G € H? (DR® (D(M") Qo M")),
this implies that any automorphism 6 of the module M* fixes Gps~, namely
(0.15) 0(Grr) = Gore.

Therefore if we consider endomorphisms of the form II* (£) as infinitesimal gener-
ators of such automorphism, then (0.15) implies that

117 (&) (Gar=) = 0,

which in turns yields the result.

0.5.4. The Weil representation revisited. A similar argument works for the Weil
representation as well. That is, the infinitesimal Weil representation is encoded in
the algebraic structure of the D x-module M*. The mechanism is the same. There
exists a map of algebras

0" : U(sp)°—Homp, (M", M"),
where U(sp)° is the universal enveloping algebra of sp considered with the opposite
multiplication. Using the map ©%, the action dp of sp on H" is defined by
dp™(€)p = 90 O™ (§).
for every element £ € sp and a vector ¢ € Sol(M*,C¥). Again the fact that this

action preserves the Hermitian product follows from similar arguments as in the
Heisenberg case.
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The difference from the previous situation of the Heisenberg action is that in
the case of the symplectic group, the action of the Lie algebra can be "exponen-
tiated" to an action of the Lie group Sp. Formally, this is the statement that M"*
admits a (weak) Sp-equivariant structure, which roughly means that there exists
an homomorphism of groups

(0.16) 0" : Sp — Autc(M").

such that
do” (¢) — € =07 (),
for every £ € sp. Here f# is the vector field on Lag associated to &.

Remark 7. Looking at (0.16) the reader should ask (and rightly so) where do the
metaplectic sign comes from. The answer is hidden in the small technicality issue
that we mentioned after stating the strong S-vN property. Roughly, the explana-
tion is that the module M" is equipped with a canonical projective connection. In
order to consider solutions, this projector must be linearized first (make it flat).
This principally can be done in two ways. The upshot is that non of these two
linearization is preserved by the group Sp. In fact, Sp switches between the two.

0.6. Structure of the paper. Apart from the introduction, this paper is logically
divided into four sections.

e In Section 1, we recall some facts and notations from the algebraic theory
of D-modules. Specifically, we introduce the notion of a differential algebra
and its associated category of coherent modules. We mainly concentrate our
attention on differential algebras associated with infinitesimal symmetries
of principal vector bundles. This particular type of differential algebras is
used in order to give a rigorous definition to the classical notion of projective
connection. We discuss the notion of a target module and the associated
spaces of solutions. We discuss the Verdier duality functor both in the con-
text of usual D-modules and also in the context of more general differential
algebras. We define the Green class of a D-module, which generalizes the
classical notion of Green form of a partial differential operator. Using the
Green class we are able to define canonical pairings between solution spaces
of a D-module and its Verdier dual. Finally we discuss (weak) equivariance
structures and associated representations on the space of solutions.

e In Section 2, the basic constructions are introduced and the main result of
this paper is formulated - the strong Stone-von Neumann property of the
Heisenberg representation. We begin by introducing various Differential
algebras. Then an infinite dimensional holomorphic vector bundle W* is
constructed, a-14 Deligne, on the Lagrangian Grassmanian Lag. The Strong
Sv-N property is equivalent to the existence of a canonical projective con-
nection on W*, which formally is given by an action of a differential algebra
which is associated to the determinant line bundle. This form of the strong
Sv-N property is not yet satisfactory. Next step we take is to recast the
construction in the language of algebraic D-modules. In this step we intro-
duce an (algebraic) D-module M" on Lag x H, which finally puts the Sv-N
property on algebraic grounds. A technical advantage of the algebraic set-
ting is the ability to use powerful techniques from homological algebra. We
study various solution spaces associated to M. The main theorem of this
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section concerns the explicit description of the Verdier dual of M*. Finally
we show that M" is equipped with a natural Sp-equivariance structure.

e In Section 3, several applications of the strong Sv-N property in its D-
module theoretic formulation are established. First application concerns
the existence of a canonical pairing between various function spaces, this
establish, in particular, an affirmative answer to a question of Deligne [DE].
Second application concerns the construction of the Weil representation of
the real symplectic group, here we show that the strong Sv-N property
directly implies the metaplectic sign.

e In Appendix A, proofs of all the statements that appear in the paper are
given.

0.7. Acknowledgements. I would like to thank my scientific advisor J. Bernstein
for teaching me the theory of algebraic D-modules and patiently explaining to me
many of the ideas which appear in this work. Also, I would like to thank my friend
and coauthor Shamgar Gurevich, the ideology underlying the main construction in
this work is strongly motivated from our joint projects and many discussions that
we had over the last few years. I wish to thank Victor Ginzburg for reading early
versions of this text and giving valuable remarks. Finally, I would like to mention
the wonderful paper of Goncharov [GOJ, I am sure the applications of this work are
far from being exhausted.

1. PRELIMINARIES FROM THE THEORY OF D-MODULES

We need to recall some facts and notations about (algebraic) D-modules and also
about slightly more general differential algebras and their categories of modules.
Let X be a smooth algebraic variety over C. Throughout the paper we will make
use of the following convention. Calligraphic letters are used to denote sheaves
of vector spaces/algebras/modules (for example Dx denotes the sheaf of algebras
of differential operators on X). Usual uppercase letters are used to denote vector
spaces/algebras/modules (for example Dy = T'(X,Dy) is the algebra of global
linear differential operators). Most of the material presented in this section about
usual D-modules appears in one form or another in [BO], [KA] and [BE]. The
material about general differential algebras is partly taken from [BB]. The notion
of Green class of a usual D-module is discussed thoroughly in [GO].

1.1. Differential algebras.

1.1.1. Standard setting. Let Dx denote the sheaf of algebras of linear differential
operators on X or equivalently saying Dx = Diff(Ox) is the sheaf of all differential
endomorphisms of the structure sheaf.

Example 1. Assume X = AN. In this case the algebra Dyn = T'(X,Dyn) is
generated by

Z1,.., TN, 01, .., ON,
subject to the relations
[wi,z;] = 0, [0;,0;] =0,
[0i,25] = 0ij.
The algebra Dyn~ is called the Weyl algebra.
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An important example is the D-module associated to a differential equation or
more generally to a system of differential equations

Example 2. Let P = > a,(x)0% € Dy~ be a differential operator. We use the

standard convention where the indices o are N tuples o = (v, .., an) and 0% stands
Jor OF1 .- 03" Define
MP = DAN/DANP.

More generally, given a matriz of differential operators (Pij)1<i<m~1<j<n , define

m n
Mp,,;) = coker <(Pij) P Dyv — DAN> .
i=1 i=1
We denote by Coh(Dx) (¥Coh(Dx) ) the category of coherent sheaves of left
(right) Dx-modules and by Dcoh(Dx) (¥Dcoh(Dx) ) the associated derived cate-

gory.

Remark 8. In case M is a vector bundle then an action of Dx is equivalent to
the classical notion of a flat connection on M.

Solution spaces. Let M € Coh(Dx) or more generally an object in the derived
category DCoh(Dx). The reader should note that M can be thought of as a gen-
eralization of the classical notion of system of (algebraic) linear partial differential
equations (In fact a D-module with a system of generators stands as the precise
generalization but we will not be so pedantic here). Given another Dx-module F,
not necessarily quasicoherent (usually F is taken to be a module of an analytic
nature) one can consider the space of solutions of M in F

Sol(M, F) £ Homp,, (M, F),

which generalizes the classical notion of solution of a linear partial differential equa-
tion. The module F is sometimes called the target module. For example, if we con-
sider a module of the form M = Mp where P € Dx is a linear algebraic differential
operators (see Example 2) and take F = OF" then Sol(Mp,F) can be identified
with the space Sol(P,0%") of analytic solutions of the differential equation Pf =0
via
¢ € Sol(M, F) — ¢(1),

where 1 € Mp = I'(X, Mp) is the standard generator of M p. The D-module point
of view immediately leads to an interesting generalization of higher solution spaces

Sol'(M, F) £ R'Homp, (M, F).
In this paper we consider two types of target modules.
e Holomorphic type. Let V be an analytic vector bundle on X“" equipped
with a flat connection, take
Fin=V,

considered as a sheaf on the Zarisky site of X.

e (' type. This type is associated with a choice of a real structure on X.
Equivalently, assume X is a smooth scheme over R. Let us assume in
addition that X (R), the space of real points of X, is a smooth manifold of
dimension dim X (R) = dim X. We denote by ex the morphism of schemes

ex: X (C) — X,
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obtained by extension of scalars. Let V be a complex vector bundle on
X (R) equipped with a flat connection, V can be considered as a sheaf on
the Zarisky site of X. Define

FrP=ex"V = OX((C) ®ex'0x ex' V.
The sheaf F°° is naturally equipped with a Dy c)-action.

Example 3. Consider the real scheme X = A%. In this case X (C) = C? and
X(R) =R2. Let McreCoh(Dx(c)) be the D-module associated with the Cauchy-
Riemann equation, that is

Mcr=Dez/Des (2522).

Let F>*=ex"CS g, then Sol(M¢gg, F*) is naturally identified with the space of
holomorphic functions on R2.

1.1.2. General setting. We begin with some general definitions (taken from [BB]).

Definition 1 (Differential bimodule). A differential Ox -bimodule on X 1is a qua-
sicoherent sheaf on X x X supported on the diagonal A C X x X.

Definition 2 (Differential algebra). An Ox-differential algebra, or simply a D-
algebra on X is a sheaf D of associative algebras on X equipped with a morphism
of algebras i : Ox — D such that D is a differential Ox -bimodule.

It is sometimes convenient to describe a differential algebra as the universal
enveloping algebra of a Lie algebroid.

Definition 3. A Lie algebroid T on X is a quasicoherent O x -module equipped with
a morphism of Ox-modules o : T —Tanx (where Tanx is the tangent sheaf on
X ) and a C-linear pairing [-,-] : T QT — T such that

e [,-] is a Lie algebra bracket and o commutes with the brackets.

o for&,& €T , and f € Ox one has [§1, f§] = f[€1,&) + (1) ()&

Given a Lie algebroid T , its universal enveloping D-algebra U(7) is a sheaf of
algebras equipped with the morphisms of sheaves i : Ox — U(T),i7 : T — U(T)
and it is generated as an algebra by the images of these morphisms subject to the
following relations

e j is a morphism of algebras.
e 7 is a morphism of Lie algebras.

e For f € Ox, € € T one has ir(f€) = i(f)iz(€) and [i(€),i(f)] = i(o(£)f).

The relation between a Lie algebroid and its universal enveloping D-algebra is
similar to the relation between a Lie algebra and its associated universal enveloping
algebra.

Example 4. The most standard example of a Lie algebroid is the tangent sheaf
Tany, where [-,-] is given by the commutator operation between vector fields and
o is the identity. The sheaf of linear differential operators Dx is the universal
enveloping algebra of Tanx, namely we have

DX = U(Tanx)
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Example 5. Assume X is equipped with an action o : Gx X — X of an algebraic
group G. The action « yields an anti homomorphism of Lie algebras

da:g —T (X, Tanx),

sending an element £ € g to the vector field &% £ do (&).The sheaf gx = g@0x is
equipped with a natural structure of a Lie algebroid as follows

e The commutator is given by

Eofnog=[Enef g-nef & (@+E@n7 (f)- g

o The morphism o : gx — Tanx is given by
o(E@f)=~f €.

Given a differential algebra D, we denote by Coh(D) (¥%Coh(D)) the category

of left (right) coherent D-modules and by DCoh(D) (%DCoh(D)) the associated
derived category.
D-algebras associated with principal bundles. In this paper we will be interested
with a particular type of differential algebras which are associated with infinitesimal
symmetries of principal bundles. More precisely, let G be a connected algebraic
group. Let P = X be a principal right G-bundle. Let 7p be the Lie algebroid of
infinitesimal symmetries of P. Formally 7p is given by

Tp = W*(Tanp)c,

where Tanp is the tangent sheaf of P. the operation of push forward of vector
fields supplies the morphism o : 7p — Tanx. The kernel ker(c) is denoted by
7Ty and consists of G-invariant vertical vector fields on P. The center Z(7p) can
be canonically identified with the constant sheaf Z(g). The universal enveloping
algebra U(7T ) is denoted by Dp. Its center Z(Dp) is canonically identified with
the constant sheaf associated with the symmetric algebra S (Z(g)).

Monodromic algebras. The algebra Dp can be specialized with respect to characters
of its center. More precisely, given a character A € Z(g)", we can define the quotient
algebra

Db = Dr Qs () On-

Algebras of the form D) are called monodromic differential algebras. An object
M € Coh(D3) is called A-monodromic.
Commutative example. A particularly important example for us is when the group
G is commutative, namely G ~ G}, x GZ. In this case Z(7p) = g and therefore
Z(Dp) = S'(g). Fixing a character A € g*, the monodromic algebra is given by

'D?) =Dp ®S'(g) (CA.

A vector bundle with a projective connection is by definition a vector bundle M
equipped with a A-monodromic structure, that is a D}D—action.
Solution spaces. Formally, the notion of solution space of a Dp-module is similar
to the corresponding notion in the standard setting, however, a classical analogy in
terms of solutions of differential equations is less naive. Let M € Coh(Dp) or more
generally an object in the derived category DCoh(Dp) and F be another Dp-module
called the target module. The space of solutions of M in F is

Sol(M, F) £ Homp, (M, F),
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and more generally, the space of higher solutions is
Sol“(M, F) £ R'Homp, (M, F).
As before, we consider two types of target modules.

e Holomorphic type. Let (p, G, V') be an algebraic representation of the local
symmetry group of P, and let V =P%"xganV be the associated analytic
vector bundle. We take

f(l’n.: V’
considered as a sheaf on the Zarisky site of X. Clearly, F is a Dp-module.

e (U type. Assume X, P and G are defined over R and moreover the cor-
responding spaces of real points are smooth manifolds of dimensions equal
to the krull dimension of the corresponding schemes. In addition, assume
the projection map 7 : P — X is defined over R. Let (p, G(R),V) be a
finite dimensional (complex) representation of the Lie group G(R) and let
V =P(R) xgr) V be the associated (complex) vector bundle. The vector
bundle V is naturally equipped with a Dpg)-action where Dpg) is the
universal enveloping algebra of the Lie algebroid

TP(R) =C ®R T (TanP(IR))G(R)'
Considering V as a sheaf on the Zarisky site of X, define
Fr=ex"V = Oxc) Qex-05 & V-
The sheaf F°° is naturally equipped with a Dp(c)-action.
1.2. Verdier Duality. Existence of a duality functor for D-modules is a most

interesting and a non-trivial phenomenon. Let us first recall its construction in the
standard setting of usual D-modules.

1.2.1. Standard setting. The category DCoh(Dx ) admits an anti-equivalence (called
Verdier duality)
D : DCoh(Dx) —> DCoh(Dx).

defined by D(M) = RHom(M,D$ ")[dim X], where
,Dgl(—top _ DX ®0X Q)—(top _ DX ®OX /\diInX TCLTLX,

is the dualizing module. In more details, D%ﬁmp is a bimodule admitting two
commuting left actions of Dx. The first action is given by the standard left action
of Dx on itself and the second is defined as follows. Given an element d@a € DY
we have

e Action of functions. for every f € Ox

(1.1) frda=df a=d® fa .
e Action of vector fields. for every & € Tx
(1.2) (pda=de [, al —d® a.

The verification that the above formulas extend to a left action of Dx is left to
the reader. Another way to think about I is as the composition of two functors

D= ( Ro A X TcmX) oD,

where _
D : DCoh(Dx) — ®DCoh(Dx)
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is the an anti-equivalence sending a left Dx-module M € DCoh(Dx) to the right
Dx-module D(M) = RHomp, (M, Dx)[dim X] and

(' ®O /\dimXTa,nx) : RDCOh(DX) — DCoh(’DX)’

is the standard equivalence between the categories of right and left Dx-modules,
i.e., given a right module M € #Coh(Dx) the left action on M@, AN Tany
is given by (1.1) and (1.2).

Cohen-Macaulay D-modules. It is most common that starting from a coherent mod-
ule, its dual is no longer an honest module but is a complex with non-trivial coho-
mologies in various degrees. Yet, for particular type of modules the dual is itself
a module (up-to a cohomological shift). This phenomenon is non-trivial and quite
rare and therefore considered interesting. This motivates the following definition.

Definition 4. A module M €Coh(Dx) is called Cohen-Macaulay if D(M) ~
MY[d] for some MY € Coh(Dx).

Given a Cohen-Macaulay module M €Coh(Dx) we call MY = D(M)[—d] the
naive dual of M.

Explicit examples. Let us compute the Verdier dual for some explicit modules.
Example 6. Let X = A'. Consider M = Oy1. We will show that
]:D)(OAI) ~ OAl .

In order to compute D(M) we need to consider a free resolution P 2% M. Such
a resolution is’

‘ En
P : Dy —= Dy,
—1 0

where 0, acts by multiplication from the right. We have

. —1
D(M) =~ RHomp,, (P, D )[1]
- (ngﬁ o, pfgﬁ) ,
-1 0
where the map in the last expression is multiplication by J,, from the left. Finally
we use the identification Dy =, ngf ' sending d to d ® dz~! and we obtain

<D§§11 2, wgﬁ) ~ (DN = DA1>
-1 0 -1 0

The right side of the last isomorphism is quasi-isomorphic to Og1, which yields
the result.

Example 7. This ezample is a generalization of the previous example. We take X
to be an arbitrary smooth algebraic variety. We will show that D(Ox) ~ Ox. We
use the Koszul resolution

KOZ.(D)() ﬂ> Ox,

where Koz (Dx) = Dx Qo N Tx and the differential is given by Cartan formu-
las, for example

e d ;: Koz Y (Dx) — Koz’(Dx) is given by d ® 0 — do.

"The small integer numbers which appear below the complex denote the cohomological degree.
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o d o : Koz ?(Dx) — Koz Y(Dx) is given by d ® 9y A 0y — dd; @ dy —
doy @0 —d® [80,81].
We have
D(Ox) ~ RHomp, (Koz*(Dx), D% " )[dim X].
The left side can be computed in two stages. First one shows that RHomp, (Koz*(Dx), Dx)
18 quasi-isomorphic to

DR* (Dx): Dx-5Dx ®p 2 -5 ... -5 Dx Qp Q4™ X,
0 1 dim X

second one shows that DR®* (Dx ) @ DL is quasi-isomorphic to Koz*(Dx )[— dim X].
These two arguments conclude the computation.

Example 8. In this example we study the D-module associated with a linear dif-
ferential operator on X = AN. Let P € Dyn, namely P = > an(x)0%. Let

Mp = Dyn [Dyn P. We will show that
D(Mp) ~ Mpi [N — 1],
where Pt = Y (=0)" an(x) is the transpose of P, with (—9)" = (=04,)"" -

[e3

(=0x,)N. We consider the resolution P* 24 Mp given by

P
DAN — DAN,
—1

where P is acting by multiplication from the right. We have
D(Mp) ~ RHompy(P*, DX )[N]

QN P oW
DAN I DAN ,
—N —N+1

12

where in the last expression P is acting by multiplication from the left. Using the
identification Dyn — DX;N given by d — d ® dz™ we can write

-N p —-N pt
Dy — Dl | ~ (DAN s DAN> :
—-N —N-+1 -N —N+1

yielding the result.

1.2.2. General setting. The functor of Verdier duality exists also in the setting of
general differential algebras. For the sake of concreteness, we will restrict ourselves
to the case of differential algebras of the form Dp for P — X a principal G-
bundle. The category DCoh(Dp) admits an anti-equivalence D : DCoh(Dp) —
DCoh(Dp),defined by

—top

D(M)=RHomp, (M, D% " )[dim P],

where

—top

D% _ DP ®(9X ﬂ'*(Q;tOP)G _ DP ®(9X /\dimP TP,
is the dualizing bimodule. The two commuting left Dp-actions are given by similar
formulas as in the standard setting. The Verdier functor restricts to give a duality
functor on the monodromic categories. More precisely, for any character A € Z(g)*
we have an induced functor

D : DCoh(D3) — DCoh(D3?),
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given by
(1.3) D(M)=RHomp, (M, D}* ")[dim P — dim Z(G)].

where D;\;Q’1 = D} Qo /\dimPTp. In the case when G is commutative, since
dim Z(G) = dim G then (1.3) is given by

D(M)=RHomp, (M, Dy " )[dim X].

As before we distinguish a class of modules which are well behaved with respect
to D.

Definition 5. A module M €Coh(Dp) (Coh(D3)) is called Cohen-Macaulay if
D(M) =~ MV[d] for some MY € Coh(Dp) (Coh(Dp?)).

1.3. The Green class of a D-module.

"... we can say that there is only one formula (which we shall call

"fundamental formula”) in the whole theory of partial differential
equations, no matter to which type they belong. "

J. Hadamard, Lectures on the Cauchy problem.

The notion of Green class of a D-module generalizes the classical notion of green
form of a partial differential operator. It is satisfying to note that using the ho-
mological language of derived categories this notion can be defined in a straight
forward manner and apply to much more general situations. We begin by explain-
ing this notion in the standard setting of usual D-modules and then introduce its
generalization.

1.3.1. Standard setting. The construction is based on the following fundamental
adjunction property of the Verdier duality functor.

Theorem 6 (Adjunction property). Let M,N,L €DCoh(Dx). There exists a
canonical isomorphism

RHomp (N Qp M, L) =~ RHomp, (N, D(M) @, L).
Applying Theorem 6 to N'= Ox and M = L we obtain
RHomp, (M, M) ~ RHomp, (Ox, D(M) Q, M).
In particular we have
(1.4) R°Homp, (M, M) ~ R°Homp, (Ox, D(M) ®, M).

Let us interpret both sides of (1.4).

e The left hand side of (1.4) is simply Homp, (M, M).
e The right hand side can be interpreted as follows. Consider the Koszul

resolution Koz*(Dx) LN Ox. We have
RHomp, (Ox,D(M) @y M) =~ Homp, (Koz*(Dx ), DIM) K, M)
The right hand side of the above equation can be written as

Homp, (Koz*(Dx), D(M) Qo M) = DE*(D(M) Qo M)),
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where DR® stands for the standard de-Rham construction, that is for a
coherent module N € Coh(Dx)

DR*(N) RT(DR*(N))

= RF(,/})/L,/Y@O o4 4 N ®o ™),

where d is the standard de-Rham differential. In particular,
R°Homp, (Ox, D(M) ®, M) =~ H*(DR*(D(M) ®, M)).

The left hand side of (1.4) consists of a canonical element, namely the iden-
tity morphism Id € Homp, (M, M). The adjunction isomorphism sends it to a
distinguished class Gy € H'(DR®*(D(M) @p M)). The class Gy is called the
Green class of the D-module M. Let us explain the construction in more concrete
terms. For simplicity assume X is affine therefore RI" = I' and in addition as-
sume M is Cohen-Macaulay, namely M €Coh(Dx) and D(M) ~ MY[d] for some
MY eCoh(Dx). In this situation we can write

Homp, (Ox, DIM) Qn, M) =~ Homp, (Ox, M"[d] @, M)
RHomp, (Ox, MY @, M)
HY(DR* (M’ Qo M)),
therefore, the class G o is represented by a degree d cycle

Gm = Zm;/ Xm; Quw; € DRd(MV®OM)

1

where m; € M, mY € MY and w; € Q% If we drop the assumption that X is affine
then representing the Green class G o4 is slightly more complicated. It can be done
using the Cech resolution. Choose an affine covering U ={U;} of X . We can write

DR*(M’®yM) = RI(X,DR*(M’®,M))
Cech® (U, DR* (M’ @ M))
The Green class can be represented by a cycle

Gum € H* (Cech® (U, DR* (MY ®p M))) .

12

1.3.2. General setting. The notion of Green class can be generalized to the setting
of differential algebras of the form Dp and their monodromic specializations D7.
The construction is based on a generalization of Theorem 6.

Theorem 7. Let M, N, L €DCoh(Dp). There exists a canonical isomorphism
(1.5) RHomp, (N Q@ n M, L) ~ RHomp, (N, D(M) K, L).
In the monodromic situation when M € DCoh(D3), N € DCoh(D%) and £ eDCoh(D")

the adjunction isomorphism can be written as
(1.6) RHom (N Qo M, L) =2 RHompy (N, DIM) Q¢ L).
Note that N'®, M, L € DCoh(D}) and N, D(M) Q. L €DCoh(D})hence
both sides of (1.6) make sense. Taking N'= Ox and M = L, we obtain
RHomp, (M, M) ~ RHomp, (Ox, D(M) @, M),
which in particular implies that

(1.7) Homp,, (M, M) ~ R°Homp,, (Ox, D(M) ® » M),
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The right hand side of (1.7) can be written as H*(DR$(D(M) @, M)). Here
DR, (N) is a de-Rham like complex associated with a Dp-module N

DRy (N) = RI(DRp(N))
= RIW-SN®oTf .. =5 N Qo N T¢),
with the differential given by the same formulas as in the standard setting. The

distinguished class Gy € HY(DR)(D(M) @, M)) which corresponds to Id €
Hompy (M, M) is called the Green class of M. We are interested in a particular

situation when G is commutative and M €DCoh(D3). In this case using (1.6) we
can write

Hompx (M, M) =~ Hompo (Ox, D(M) @ M)
HomDX(OX,]D)(M)®OM)
HY(DR* (D(M) Qo M)).

If we assume that X is affine and M is Caohen-Macaulay, namely D(M) ~
MY[d] for some MY eCoh(Dx) then

Gm € HY(DR*(MY @, M)),
therefore in this case the class G is represented by a degree d cycle

Gm :Zml\-/@)mi@wi € DRYMY @, M)

1

where m; € M, my € MV and w; € Q% As before, without the assumption that
X is affine we only have

Gm € H* (Cech® (U, DR* (MY ®p M))) .

1.4. Natural pairings. Using the Green class one can construct a natural pairing
between solution spaces of a D-module and its Verdier dual. This construction is
very basic and extremely useful. As we always do, we first explain it in the setting
of usual D-modules and then introduce its generalization.

1.4.1. Standard setting.

Canonical pairing between solution spaces of holomorphic type. Before we introduce
the construction in its full generality it might be beneficial to start with more
particular circumstance. Let us assume that X is affine and M is Cohen-Macaulay,
namely D(M) ~ MV[d] for some M"eCoh(Dx). Let V be a holomorphic vector
bundle on X% equipped with a flat connection and F°" be the corresponding
target Dx-module. Let v € Hy(X(R),C) be a non-trivial homology class.

We will define a pairing

B, : Sol(M, F*™) x Sol(M", F*™) — C,

where F%"* is associated with the dual vector bundle V*. The pairing B., is defined
as follows. Given solutions

v € Sol(M,F™m),
© € Sol(MY,Fam),
Applying ¢ @ v to the Green class Gy € HY(DR*(MY @, M)) we obtain a class
p @ V(Gum) € HYDR* (F*™ Qo F")),



26 RONNY HADANI

Applying further the canonical morphism of Dx-modules
m: F"Qn F" — OF,
yields an honest cohomology class
moe@v(Gam) € HY(DR*(OY)) = HY(X*™,C).
Now, define

B’Y(V’QO) = <m0§0®1/(GM)77> )
where (-,-) stands for the canonical pairing between homology and cohomology.
The previous construction is a particular case of the following general statement

Theorem 8. Let M €DCoh(Dx) and v € Hy(X,C) a non-trivial class. There
ezists a natural pairing

(1.8) B, : R'Homp, (M, F") x R*N = =IHomp, (DM, F**") — C,
where N = dim X

Canonical pairing between solution spaces of C* type. Let us assume first that X is
affine and M is Cohen-Macaulay, namely D(M) ~ MV [d] for some M"eCoh(Dx).
Assume X is defined over R so that X (R) is a smooth manifold of dimension
dim X (R) = dim X. Let V be a complex vector bundle on the manifold X (R)
equipped with a flat connection. Let F°° = ex*V be the corresponding target
module. Let v € Hy(X(R),C) be a non-trivial homology class. In the same
manner as before we can define a pairing

B, : Sol(M, F>°) x Sol(MY, F**) — C.
Given solutions

v € Sol(M,F>),

¢ € Sol(M,F>*),
applying ¢ @ v to the Green class Gy € HY(DR*(MY @, M)) yields a class

¢ @v(Gm) € HY(DR(F** Qp F)),
Applying further the canonical morphism of Dx-modules
m:F> Qo F* — exX"CX )
We obtain an honest cohomology class
mo ¢ ®v(Gum) € H(DR®(ex*Cwy)) = H (X (R),C).

Define

B’Y(”’QD) = <m0§0®y(G/\/{)7’Y>a
The general statement is

Theorem 9. Let M €DCoh(Dx) andy € Hg(X (R),C) a non-trivial class. There
exists a natural pairing

(1.9) B, :R'Homp, (M,F>®) x R*N"""Homp (DM, F*>*) — C,
where N = dim X.

1.4.2. General setting.
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Canonical pairing between solution spaces of holomorphic type. Let V be an analytic
vector bundle equipped with a Dp-action and F*" the associated target Dp-module.
The following theorem is a generalization of Theorem 8.

Theorem 10. Let M €DCoh(Dp) and v € Hy(X,C) a non-trivial class. There
exists a natural paring

(1.10) B, : R'Homp, (M, F") x R*N~"=IHomp (DM, F*™*) — C,

where N = dim X .

Canonical pairing between solution spaces of C*° type. Assume X, P and G are
defined over R so that X (R), P (R) and G (R) are smooth manifold of the correct
dimensions. Let V be a complex vector bundle on the manifold X(R) equipped

with a Dpg)-action and Let 7> = ex*V be the corresponding target module. The
following theorem is a generalization of Theorem 9.

Theorem 11. Let M €DCoh(Dp) and v € Hy(X,C) a non-trivial class. There
exists a natural paring

(1.11) B, : R'Homp, (M, F*) x R*¥~"=4Homp,, (DM, F>~*) — C,
where N = dim X .

1.5. Equivariant structures . There are two main notions of equivariance in the
theory of D-modules. The first kind is weak equivariance (also called weak Harish-
Chandra structure) and the second is strong equivariance (strong Harish-Chandra
structure). In this paper we will mainly be interested in the first kind which will
simply be called equivariance structure.

1.5.1. Standard setting. Assume the variety X is equipped with a group action
a:GxX — X,

where G is a connected reductive group. Let M €Coh(Dx).
Naive definition. As a first approximation, a G-equivariant structure on M is a
family of isomorphisms of D x-modules

Og: M5 g"M 2 ayM,
satisfying the following multiplicative condition
(1.12) Ogn = h*0, 0 0.
Explicitly,
Ogn + M —(gh)*M ~h"g" M,
W0,00, : M- M™% hrg M.

Formal definition. The formal definition, of-course, has to take into account the
topology of G. Let px and pg denote the projection maps from G x X on G and X

respectively. Let TanT  C Tangxx be the Lie subalgebroid of the tangent sheaf
consisting of vertical vector fields with respect to the projection pg. Precisely, an
element ¢ € Tans  if and only if p.& = 0. Let DEY v = U(Tans ) C Daxx

the corresponding universal enveloping algebra.
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Definition 6. A G-equivariant structure on M is an isomorphism of DEY -
modules
0:pxM = "M,

satisfying a cocycle condition on G x G x X.

The cocycle condition in Definition 6 is defined as follows. We have three maps

(Id,a) : GxGExX — GxX,
(m,Id) : GxGxX—GxX,
p3 : GXGxX —GxX,

where po3 is the projection on the right G x X copy. We have two maps form
(m, Id)*p5 M to (Id, a)*a* M defined by the following two chains of compositions

(m, 1) pie M D (m, Id) o M ~ (Id, @) a* M,

* sk * * 530 * * * %k
(m, Id)* ps M =~  phaps M 25 phaa* M ~(Id, o) piy M
(7,8 (Id,a)*a* M.

All the morphisms in the above chains are isomorphisms. The cocycle condition
is requirement for the equality of this pair of maps. The reader should convince
himself that this condition implies the multiplicativity condition (1.12).

Examples of equivariant modules. If M is of the form M = Dx/Z, where Z is a
sheaf of left ideals then M is G-equivariant if and only if

9(Z) CZ, foreverygeQG.

For this particular type of situation, M is strongly G-equivariant if in addition
we require

¢* eI, forevery £cg,

where ¢# € Tany is the vector field associated to the element &, We will not
develop this notion further.
Let us write some specific modules.

Example 9. Let X = G = G,,, and M =1Dg,, /Dg,, (x0, — X). The differential
operator x0, — A is G-invariant, therefore M is G-equivariant. In the case A = 0, M
is strongly G-equivariant. Assume A\ = n € Z, the solution space Solp, (M, Og" )
is the one dimensional representation of G, associated with the character z™.

Example 10. Let X = G = G, and M =7Dg,/Dg, (0, — A). The differential
operator O, — A is G-invariant, therefore M is G-equivariant. In the case A =
0, M is strongly G-equivariant. The solution space Solp, (M,O%") is the one
dimensional representation of G, associated with the character e*.
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Action of the group G on solution spaces. If the module M is G-equivariant and F
is a G-equivariant target Dx-module then the group G acts in a natural manner
on the space of solutions

Sol(M, F).

As a first approximation this action is obtained as follows. Define

* gg, ;1
Sol(M, F) < Sol(g* M, " F) 2% Sol(M, 7).

where ¢, : F — g*F, for every g € G is the system of isomorphisms coming
form the equivariance property of F. Formally, we have to consider the isomor-
phisms

0 : pxM = a*M,
¢ o PxF - a'F,
using these we can define

* —1
Sol(M, F) 25 Hompyer ("M, 0" F) L) Hompuen  (p M, p F),

finally, we have an injective map
HomD"Ge’;X (pj;(Map}]:) — pXSO|(M’ ]:)7
altogether, we obtain a map

Sol(«) : Sol(M, F) — pxSol(M, F).

The map Sol(«) gives the required action. Given an element g € G. The
restriction from G x X to the fiber {g} x X yields a map

Resg : pxSol(M, F) — Sol(M, F).
The composition Res, o Sol(a) gives the action of the element g on Sol(M, F).
1.5.2. General setting. We will discuss G-equivariant structures only for coherent
modules over differential algebras of the form Dp. We shall denote the group of

local symmetries of P by K in order to distinguish it from the group G of "global"
symmetries. Assume P is equipped with a G-action

a:GxP— P,
which commutes with the K action, namely a4(pk) = o4(p)k. We denote the
induced action of G on X by @. Let M €Coh(Dp).
Naive definition. We repeat the same exposition as before. As a first approximation
a G-equivariant structure on M is a family of isomorphisms of Dp-modules

0y : M —a,M=0x ®550x a,M,

satisfying the multiplicative condition

Ggh = 6299 o0y.

Note that @} M is equipped with a Dp-action which is generated by

e Action of functions. For every f € Ox, f>(g®@m)= fg@m.
o Action of vector fields. For every 8 € Tp, B> (g®@m) =05(9) @m+g®
g« (B)m.
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Remark 9. The above formulas are very similar to the standard ones. We use the
map « in order to push forward K-invariant vector fields on P.

Formal definition. Let pp and pe denote the projection maps from G x P to P and
G respectively. Let 7% C Tgxp be the Lie subalgebroid on G x X of vertical
K-invariant vector fields with respect to the projection pg. More precisely, an
element 3 € 7% if and only if pg.(8) = 0. We denote by D&, = Z/I(T\SSP) the
corresponding universal enveloping algebra. A G-equivariant structure on M is an

isomorphism of D' p-modules

0 :pi M =@M,
where px : G x X — X is the projector on X. Note that both p% M and a*M
are equipped with a natural DEY p-action (we leave the verification of this fact to
the reader). The isomorphism € should satisfy a cocycle condition on G x G x X,
identical to the one in the standard setting thus we omit it.
Examples of equivariant modules. A standard example is when M is of the form
M =Dp/T where T C Dp is a sheaf of left ideals. In this case M is G-equivariant
if and only if g(Z) C Z for every g € G. In this particular situation, M is called
strongly G-equivariant if ¢# € T for every ¢ € g where £# € T'(X, Tp) is the global
vector field on P associated with &.
Action of the group G on the solution space. If the module M is equipped with a
G-equivariant structure then the group G acts in a natural manner on the solution
space Sol(M, F), yielding a map

Sol (a) : Sol(M, F) — pxSol(M, F)

where F is any G-equivariant target Dp-module.

2. THE STRONG STONE-VON NEUMANN PROPERTY

In this section, the algebraic formulation of the strong Stone-von Neumann prop-
erty of the Heisenberg representation is formulated. Throughout this section we use
the following terminology. Let (V,w) be a 2N-dimensional symplectic vector space
over C and let Lag = Lag (V) denotes the Lagrangian Grassmanian associated to
the vector space V.

2.1. Basic differential algebras.

2.1.1. Differential algebras on the Lagrangian Grassmanian.

The total algebra. Let F'r — Lag be the canonical frame bundle. An element in
the fiber Fr|; is an ordered basis € = (e1,..,en) of L. The frame bundle Fr is a
right principal GLy-bundle with the action given by

N N
(e1,..,en) — <Z1 gi1€i, .- Z giNeN> for g = (gij)lgiJSN'
i=

=1
Let 7p, be the Lie algebroid of infinitesimal symmetries of F'r. Recall the defi-
nition
Trr = mo(Tanp, )L .
The fibers of 7g, can be described in linear algebraic terms. An element 8 €
Try| is a linear map
B:L—V,
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satisfying that wg = w(5(-), -) is a symmetric (possibly degenerate) bilinear form
on L. The fibers of the vertical subalgebra 7, take the form

Tgy, = Hom(L, L).

As a consequence there exists a canonical global section Id € I'(Lag, 74,.) which
spans the center Z(7r,) of Dp,.
The determinant algebra. We denote by C' — Lag the canonical vector bundle on
Lag with fibers C|p, = L. The top wedge product CMV is called the determinant
line bundle and it is denoted by Det. Let Det* — Lag be the associated principal
Gy-bundle, that is Det* is the complement to the zero section in Det. Let Tpx
be the Lie algebroid of infinitesimal symmetries of Det* and Dp.,x be its universal
enveloping algebra. The vertical subalgebra 77 _,, can be easily described

TDvetx |L = HOI’T](/\tOpI/7 /\tOpL).

As a consequence there exists a canonical global section Id € I'(Lag, T} ,«)
which spans the center Z(7pesx ).
We have a surjective morphism of Lie algebroids

TFT - TDetxa
sending the central element Idp, to N - Idp.;x with kernel I given by
Kip={8:L— L:Tr(p)=0}.

Monodromic algebras. Since both Z(Dp,) and Z(Dpeix) admit a canonical gen-
erator hence specifying a complex number A € C we can define the monodromic
algebras

Dp, = Dr/Dr(Id =),
D}eix = Dperx/Dperx (Id — N).
Example 11. We have the following natural identifications
e Let A = —1. The monodromic algebra Dgitx 18 canonically identified with
Diff Det) the sheaf of differential endomorphisms of the determinant bun-
o ;lfeet' A = —1/2. The D-algebra Djlj/ftx "is" the sheaf of algebras of differ-

ential operators of the virtual square root Det'/? of the determinant line
bundle. This statement can be made precise if one restricts to an open set
U where Det|;; admits a square root Det'/2. On such an open set we have

DY = Diff(Det'/?).

The case A = 1/2 is similar but with respect the square root of the dual
line bundle Det™!.

2.1.2. Differential algebras on the symplectic vector space. Let H = Hy =V x C
be the Heisenberg group which is now a complex algebraic group.
The Heisenberg algebra. Considering H as merely a Zy-principal bundle (Torsor)

HSV,

We can associate to it the Lie algebroid Ty = m.(Tang)?® and its universal
enveloping algebra Dy = U(T ). Let us denote by i the standard generator
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(0,1) € Zg hence we can (and will) identify Zy with the additive group G,. We
have

Z(Ty) = C-h,

Z(Dy) = C[n).

For any « € C the monodromic algebra DY is naturally identified with the
sheaf of differential endomorphisms of the associated line bundle® £* = H x z,, C,..
Since the variety V is affine, the sheaf Dy is determined by the algebra Dy of its
global sections. Precisely Dy = Oy ®F(Ov) Dy The same relation holds of-course
between D%, and the algebra D%, of its global sections. It will be convenient to
describe Dy and D7 in terms of the group structure of H. We have the following
simple lemma.

Lemma 1.
Dy = Ub)" QcpUh),
Dy = Du ®(C[ﬁ] Cr = um([])o ®(c[h] us(h),
where U™ (h) = U(H) Q¢ Cr and U(H)° denotes the opposite algebra to U(h).
2.1.3. Differential algebras on the total space LagxV . We have differential algebras
Drrxa and Dpeix « g associated with the GLy x Zg-principal bundle Fr x H —
Lag x V and the G,, x Zg-principal bundle Det* x H — Lag x V respectively.
We will use the following notations
Dt = Drrxn,
Dyt = Dperxxn-

These algebras split into an exterior tensor product of the previously discussed
algebras

Dit = DpK DH’
Ddet = DDetX IX,DH~

For any pair of complex numbers A, x € C we have the monodromic algebras

Dyl = Dy, KDY
Dj\ef = D%)etx X D
We will also consider the partial specializations
Df, = Dp,XDE
Dgee = Dpesx XDy

2.2. The strong Stone-von Neumann property. In this subsection, an infi-
nite dimensional vector bundle W" on Lag with a canonical projective connection
will be constructed. Principally, our construction resembles that of Deligne [DE],
except that here the construction is given for any dimension and uses the more
elegant formalism of differential algebras what makes the considerations a bit more
transparent (we hope). In this subsection and the next all spaces are considered as
complex analytic with the usual analytic topology.

8The notation Cy stands for the one dimensional representation of the Zpg associated to the
central character ¢, (z) = e?.
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2.2.1. The vector bundle. The groups H and its opposite H° act on the space of
global sections I'(V, L*) through right and left translations respectively. These
actions clearly commute. We define the fiber of the vector bundle W* at a point
L € Lag to be

Wiy = IV, L),
where LT(V, L*) is the subspace of L-invariant sections when L is considered as a
subgroup of H°.

Lemma 2. The spaces W‘”L glue into an holomorphic (infinite dimensional) vector
bundle on Lag.

2.2.2. Projective connection. Our goal is to exhibit a DlD/th-module structure on

W*. The strategy is to first exhibit a Dp,-action and then to show that this action

factors through Djlj/:tx.

The main step is the construction of a linear map
7% Tpr — uﬁ(h)Lag/C : L{'{(h)Lag,

where U"(h),,, is the sheaf of algebras U"(h),, = U"(h) Q¢ OLag and the tau-
tological vector bundle C' is naturally considered as a subsheaf of commutative
algebras in U"(h) -

Given 8 € T, and s € W*, the action of 8 on s is defined as follows

(2.1) Vs (s) :ﬂl>s—|—7'(ﬂ)bl>s,
where

e (psis the derivative of s with respect to the vector field 8. Here we consider
s as a G L y-invariant function on F'r x H. Since ( is a G L y-invariant vector
field hence 5(s) remains G L y-invariant.

o T (,6’)b > s is an application of a right H-invariant differential operator to s.
In more details, the group H acts on itself by left translations, this yields
an anti-homomorphism of sheaves of algebras

b K
() U(h) 1y — End (V).
sending an element a € U(h) to a right H-invariant differential operator on
H. The map ()b clearly factors through U"(h).,,/C - U (H) 1,

Construction of the map 7. it is sufficient to explain the construction on fibers. Fix
a point L € Lag. The fiber 71 is a morphism of vector spaces

TL: TFr|L - Uﬂ(b)/L'uH(b)a

We recall that the fiber 75, can be naturally identified with Hom®¥"* (L, V') where
the later consists of all linear maps 8 : L — V so that wg = w(8(-), -) is a symmetric
bilinear form on L. The following proposition? is simultaneously a characterization
and a construction of 7p,.

Proposition 1. There exists a unique map
71 s Hom™™ (L, V) — U*(h)/L - U(h),

which satisfies the following two properties

9This is probably the main technical proposition in this paper.



34 RONNY HADANI

(1) (Linearity) 70.(8+ B") = 70(B) + 7(B') for every 8,5 € Hom*¥™ (L, V).
(2) (Formula) If wg is non-degenerate then T1(B) is given by the following
formula

N
(2.2) rL(8) = 5= 3 Blen)?,

for € = (e1,..,en) an orthonormal basis*® with respect to wg.
Proposition 2. The action (2.1) defines a Dp,-action on the vector bundle W*.

Proposition 3. The Dg.-action on W* induced from (2.1) factors through a

1/2 .
Doy x -action.

2.3. Function spaces. In this subsection we show how to obtain various interest-
ing function spaces from W*.

2.3.1. Pundamental gerbe. We will not discuss to any depth the notion of a gerbe
in this paper. It is enough to our purposes to say that a gerbe on a variety X is a
sheaf of groupoids satisfying certain local triviality conditions. Roughly speaking,
a gerbe might be thought of as a categorical analogue of a line bundle. A particular
gerbe which plays a prominent role in our context is the gerbe of square roots [We]
of the canonical line bundle Det. This gerbe will be denoted by Det'/?. It is defined
as follows. For every open set U C Lag, the groupoid ’Detl/z(U) of sections over U
is

e Anobject T € Det'/?(U) is a pair (Det'/2, o) where Det/? is a line bundle

on U and « is an isomorphism

o : Det'/? @ Det'/? = Det)y.
e A morphism 6 : T — Y’ is an isomorphism of line bundles
0 : Det'/? =5 Det!/?,
satisfying 0%% o o = o 0 %2,

In the same manner we define the dual gerbe Det™ /2 of square roots of the dual
line bundle Det 1.

2.3.2. Flat sections. Given an open set U C Lag we would like to consider the
space  "T'f1q4(U, W")” of flat sections of W"*. In order to do that we need to
linearize the connection. This can be formally done as follows. Choose an object
T = (Det'/?,a) € Det'/?(U). Since the line bundle Det!/? is naturally a Dgiﬁ—
module, the tensor product Det'/? & W is a plain Dy-module. The space of flat
section is defined by

Hy = Tpa(U,Det'> Qo W)
£ Homp, (Ou, Det'’? @, W)

Heisenberg action. The (complex) Heisenberg group H acts on the fibers of W* by
1/2

Detx-action and hence it induces an

right translations thus commuting with the D
action of H on the space H%.

10As will be proved below, formula (2.2) does not depend on the choice of the basis .
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2.4. The Weil D-module. The vector bundle W* consists of a mixture of al-
gebraic structure (projective connection) and analytic structure (the fibers of the
bundle W*). The main idea is to separate as much as possible between these two

structures. This is done as follows. The projective connection will encoded as an

(algebraic) Dd_ei/ >*_module M* such that the analytic space H% of "flat" sections

is realized as a solution space of M" in an appropriate target module F.
In this section all spaces are algebraic.

2.4.1. Construction of the module M*. The strategy is to construct M” as a Df,-

module and then to show that the D -action factors through a Dgl/z’“

ot -action.
Define

M" =D T .
Here 7% C D¢, is a sheaf of left ideals defined as follows

(2.3) I = (¢, B+7(B) : c € C,B € Tpy).
where
e The element 7(f) is any lifting of 7(8) to U(h)

e The elements ¢ € DL, and 7(3)" are defined using the anti-linear homo-
morphism

() 1 UD) gy — PTrage (D) = D @ (U(0)° @y U™ (9) )

sending an element a € U(h) to the right H-invariant differential operator
=12 (a®1).

Remark 10. It is important to note here that the ideal I" is well defined and does
not depend on the choice of the lifting T.

Lag*

—-1/2,k

Proposition 4. The Df,;-action on M" factors through Dy,

2.5. Solution spaces. We will use the superscripts (-)*" and (-)* to denote sheaves
of analytic and C*° type respectively.

2.5.1. Solution spaces of holomorphic type. Specify the following data

e Let j:U — Lag®" be an open set in the analytic topology.
e Let T = (Det!/2,0) € Det'/?(U) be a square root of the determinant line
bundle Det®" on U.
Define
FE(1/2,5) = ju (Detl/Q) X £,
The sheaf F¢" (1/2, k) is equipped with a natural action of ’Dd_el/ %5 In the same
manner we define F&" (—1/2, k) for T € et /3(U). There exists a natural pairing
map
FY"(1/2,5) Qo Fr" (—1/2, —k) — 5. Of" KOy

We define the solution space

HY" (k) = Sol(M", F" (1/2,k)).

When T, k or A = £1/2 are clear from the context they will be omitted from the
notation.
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2.5.2. Solution spaces of C*° type. Fix a choice of a real structure on V. Specify
the following data

e Let Y = (Det'/?,0) € Det'/?(Lag(R)) be a square root of the (complexi-
fied) determinant line bundle on the manifold Lag(R).

e Assume the central weight x is pure imaginary, k € iR. Let £* = H(R) X Zpem
C, be the associated line bundle to the central character v,..

Define
F(1/2,5) = e (Det* R L~).

The sheaf Fg° (1/2, k) is equipped with an action of D;i/z"{. In the same manner

we define F° (—1/2, k) for T € Det */%(Lag(R)). There exists a natural pairing
map

(2.4) I (1/2,5) Qo Fy° (=1/2, —K) — X" Oy my-

We denote by HS (k) the solution space

HT (k) = Sol(M", F{° (1/2, k)).

When Y, k or A = £1/2 are clear from the context they will be omitted from the
notation.

2.6. Explicit formulas. The constructions given so far are rather abstract. It
might hold a certain pedagogical value if we write some explicit formulas. Assume
N = 1. We will show that under appropriate trivializations, the module M" is
equivalent to the honest D-module associated to the heat equation.

Choose coordinates V ~ C? = {(x,y)} such that w becomes the standard sym-
plectic form w = dz A dy. Consider the map

f:CxC?>— FrxH,
given by f(t, (z,y)) = (es, (z,9,0)) where e, = (1,t) € Fr. A direct computation
reveals that
f*M"™ = Deyez/Dexez (X, H),

where

= atfi(ayffz)a

2K 2
Ktz KY
= Oy — — 4t + 2.
0 5 +t0y + 5
Consider the map
g:C? = CxC?

given by g(t,y) = (¢,(0,y)). A direct computation reveals
* px K 1
N i=g"f*M :DCZ/DW(@*E%)?

which is the D-module associated with the heat differential operator. Denote by h
the composition fog: C? — Fr x H. Let U be the open set U = Im (priag © f)-
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Concretely, U is the the complement to the south pole of the projective line P%. Let
T € Det'/2(U). On the level of solution spaces we have the following identifications.

(25) Han = HomD;ecz,m (MH, ]_-an)
— Homp,_, (h* M", h* F*")
— Homp,, (N, O¢5),

where the last term in (2.5) is the solution space of the heat equation J; — i@g .

2.7. The Heisenberg representation. The action of the Heisenberg Lie algebra

can be reconstructed from the algebraic structure of the module M*. More precisely
we have a map of algebras

1" : U(h)° — Endps (M"),

sending an element a € U(h) to the endomorphism II* (a) : M"* — M" defined
by right multiplication with the element 1 ® 1 ® a € Dg,

(2.6) I (a) (m)=m-(1®1®a).
Note that since the ideal Z% is defined in terms of elements of the form 1 ®a® 1,
formula (2.6) indeed yields an endomorphism. On the level of solution spaces the

infinitesimal action of h =Lie(H) on H%"/* can be written in terms of II*. More
precisely, given an element £ € h we have two actions

I (5) . Han/oc _ Han/oo’

dn® (5) . Han/oo _ Han/oo’
which are defined as follows. Let ¢ € H%/> = Sol (/\/l’””,}" an/ °°) be a vector in
the solution space. The first action is defined by composition II* (§) ¢ = poII* (£).

In order to define the second action, it is enough to specify dn” (£) ¢ at the point
1 € M". We take

dm™ (§) ¢ : 1— Re(p(1)),
where the last expression is taking the derivative of ¢ (1) with respect to the left
invariant vector field associated with &.

Lemma 3. for every £ € b
1" (£) = dm™ (¢) -
Proof. The proof is obvious. O

2.8. Duality. In this subsection we state one of the main results of this paper
regarding the duality relation between the Weil D-modules M"* and M™". This
duality is given in terms of the Verdier duality functor. Recall that in general we

have a functor
D : DCoh(D,.f') — DCoh(D,.) ™).

det
In the case A = —1/2, it will be convenient to consider a twisted duality functor
D : DCoh(D,,/**) — DCoh(Dyt/* "),

which is defined by N
D(M) = pri,,Det @ D(M).

Note that since Det is naturally a Dgl ;x-module, therefore, tensoring with it gives

a functor from DCoh(Dyl’") to DCoh(Dg,/*").

det
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Theorem 12. The module M" is Cohen-Macaulay. Moreover, there exists a
canonical isomorphism D(M®) —» M~%[N].

2.9. Equivariance structure. We consider M" as a coherent module over the
algebra Df,. Recall that Dy is associated with the G = GLy x G, principle
bundle Fr x H — Lag x V. Since the symplectic group Sp acts on the bundle
Fr x H and this action commutes with the action of the local symmetry group G,
the notion of Sp-equivariant object in the category Coh(Df,) makes sense.

Proposition 5. The module M" is equipped with a natural Sp-equivariant struc-
ture.

3. APPLICATIONS

In this section, several applications of the strong Stone-von Neumann property
are established. First application concerns the existence of a canonical pairing be-
tween various solution spaces. As a corollary, an affirmative answer to a question of
Deligne is obtained. Second application is to the construction of the Weil represen-
tation of the real symplectic group, it will be shown that the strong S-vN property
directly implies the metaplectic sign.

In this section, it will be convenient to assume that (V,w) is defined over R,
namely V is a smooth scheme over R with

w:VxV — A,
a skew symmetric morphism of schemes. As a consequence all associated spaces
and groups that we consider are smooth schemes over R.
3.1. Canonical pairings.
3.1.1. Canonical pairing between holomorphic solution spaces. Specify the following
data
e An analytic open set U C Lag (C)*" such that Hy (U, C) is non trivial.
e An analytic square root T = (Det'/2, ) € Det'/(U).
Theorem 13. Given a non-trivial class v € Hn(U,C), there ezists a natural non-
degenerate H (C)-invariant pairing
B, : H" (k) x H*" (—k) — C.
Concrete formulas. It might hold a certain pedagogical value to write the paring
B, in concrete coordinates. For doing this, let us assume that N = 1. We choose
coordinates V ~ C? so that w becomes the standard symplectic form w = dz A dy.
The variety Lag (C) is identified with the projective line P}. Consider the maps
C* xC? — Fr(C) x H(CT),
C* x C — C* x C?,
= fog:C*xC— Fr(C)x H(C),
where f is given by f(t,7,y) = (e1, (,9,0)) and g is given by g(t,y) = (t, (0,1)).

Using the map h we can pull-back the modules M** to honest D-modules on
C* x C. We define

S

NE = ME
N=F = RM"
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A direct calculation reveals that
N® >~ Dexye/Dexxe (00 — 3:05)
N Dex xe/Dexxe (0 + 5=07) -
That is, A* is the D-module associated to the Heat equation and N ™% is as-

sociated to its transposed. On the level of solution spaces, the pull-back functor
induces isomorphisms

1

h* i Sol (M", F" (1/2,K)) — Sol(N*, O . ¢),
h* : Sol (M™%, F*(1/2,—k) —> Sol(N ™%, O& o).
We would like to write the pairing B, in terms of the concrete spaces
H" 2 Sol(N™, 0% ¢),
H" Sol(NV™", OF% »c)

(1>

For every pair of solutions
v € Sol(M", F*(1/2,k)),
¢ € Sol (M™% F*(1/2,-K)),
we have
R (p @ v(Gms)) = h o @ v (h*G pm-).

By functoriality we have h* (G aqx) = Garw, if we denote by ¥ and @ the pullbacks
h*v € H” and h*p € H™" respectively we can write

R (e @v(Gamn)) = P @U(Gars).

Let us compute the Green class Gar«. A direct calculation reveals that DA ~
N~#[1] therefore we have

Gaw € R'Homp_, (Ocxue, N7"®pN™)
= HYDR' N "QpoN"™)).
A direct calculation reveals that Gar« is represented by the following explicit
chain in DR* (N ® o, N*™)
1
Gur=dy®1@1— - (dt®9,®1-de100,).

Let us fix a curve 7 : S' — C* x C representing a non-trivial element in
H,(C* x C,C), for example we can take v(t) = (t,0). If we denote by r = (1) and
by s = @(1) the corresponding holomorphic functions on C* x C, we can write

By(rs) = / 5 ® (G

v

_ / (9,5(£,0) - (£, 0) — s(t, 0)d,r(t, 0)) dt.

tes?t
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3.1.2. Canonical pairing between C*° function spaces. Specify the following data

e A C™-square root T = (Det'/2 ) € Det'/?(Lag (R)).
e Assume that the central weight x is pure imaginary, xk € iR.

Theorem 14. For every non-trivial class v € Hy(Lag (R),C), there exists a nat-
ural non-degenerate H (R)-invariant pairing

B, : H*™ (k) x H* (—k) — C.

3.2. Deligne’s question. Deligne’s question concerns the following situation. As-
sume N = 1. Let v:S! — Lag (C) be a curve so that Lag (C) \ Im(v) is a disjoint
union of two contractible open sets U, and U_. Let us denote by Z4 the closed
subsets Z4 = Uz UIm~ respectively. Choose objects T+ € @etl/Z(Zi) and an
isomorphism

— Ty

6"

[Tm -y
Deligne’s question: Does there exists a canonical H (C)-invariant pairing
(3.1) By~ : HY: (k) x HYL (—k) — C.
We will formulate and prove a generalized variant of (3.1).
Specify the following data

e Open cover Lag® (C)=U;UU_ .
e Objects T* € Det!/?(U)
e Isomorphism
0% o T

Assume Hy (UL NU_,C) # 0 and let v € Hy(U; NU_, C) be a non trivial class.
Theorem 15. There exists a non-trivial H (C)-invariant paring
(3.2) By~ : HYY (k) x HYYL (—k) — C.

3.2.1. The Heisenberg representation (analytic models). An important application
of (3.2) appears when the decomposition Lag = Uy U U_ is compatible with the
real structure on V. More precisely, assume U, = U_ and U, NU_ is an homotopic
retract of Lag (R), hence

H.(UNU_,C)=H, (Lag (R),C).

Fix a non-trivial class v € Hy (Lag (R),C). In this particular situation (3.2)
implies the existence of an H (R)-invariant Hilbertian structure on H% (x), which
is obtained as follows. The Galois action defines an anti-complex isomorphism

() : H% (5) = HEL (—k).
We obtain an H (R)-invariant Hermitian structure
()0, HYS (8) X HYY (k) — C,
given by
Vit = Brav®) = [ G0).

Y
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Summary: This example establishes an Hilbertian model (7T6+, H, H’[}+> of

the Heisenberg representation consisting of a certain class of H-holomorphic
vectors. Interestingly, a large variety of such models appears depending on
the choice of the open set U,. The larger U, the smaller the model H@+
is.

3.3. The Weil representation over the reals. In this subsection we explain
how the strong S-vIN property implies the existence of the Weil representation of
the real symplectic group. Our plan is to construct a unitary representation of
a double cover Mp of the real symplectic group Sp(R). First, we construct the
Hilbertian space H"”. Second, we define the double cover Mp and exhibit its action
on H". Finally we show that this action is unitary.

3.3.1. Construction of the Hilbertian space. We need to specify the following data

e A square root T = (Det'/2, o) € Det'/?(Lag (R)).
e A non-trivial class v € Hy(Lag (R),C).
e Assume the central weight k is purely imaginary, that is k € /R,

We define the vector space H" to be
H>* (k) = Sol(M", F> (k)).
Theorem 14 implies that there exists a canonical pairing
B, : H*™ (k) x H* (—k) — C.
We have the following simple lemma
Lemma 4. The Galois action defines an anti-linear isomorphism

(3.3) €:H® (k) = H>® (—k),
For every v, p € H* (k), we define the Hermitian product (v, <,0>7 to be

(v, 0), = By(v,e(p)),

3.3.2. Construction of the metaplectic group. The metaplectic group Mp consists
of pairs (g, 0;/ %) where g is an element in Sp (R) and 0!1]/ 2 is an isomorphism

9;1/2 : Det'/? =, g*Det'/?,
satisfying
g ao (9;1/2 ® 6’;1/2> oal = cang,
where cang is the canonical isomorphism cang : Det = ¢*Det coming from the
natural Sp (R)-equivariance structure of Det. The group structure is given by
1/2 *
(9:05/%) o (h,0,%) = (gh, 10, 0 61,),

Forgetting the isomorphism 9_(1/ % we obtain a cover Mp — Spr — 1.The kernel
is the group consisting of isomorphisms
0'/2 . Det'/? = Det!/?
satisfying o o (91/2 ® 91/2) oa~! = Id, hence it is isomorphic to Zy. Concluding,

Mp is a double cover of the group Sp (R).
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3.3.3. Construction of the metaplectic action. The group Mp naturally acts on the
vector space H" preserving the Hermitian product. The action is obtained using
the standard construction described in 1.5 using the following two simple facts

e The Df, module F*° (k) is equipped with a natural Mp-equivariant struc-
ture. This fact principally follows from the definition of Mp.

e The D, module M" is equipped with a natural Mp-equivariant structure.
This is a concequence of the fact that M* is already Sp (C)-equivariant.

As a result we obtain a map
p i SOl(M", F> (1/2,K)) — plagSol(M™, F> (1/2,k)),
where prqq is the projection from Mp x Lag on Lag. The map p gives the required
action.
Proposition 6. The action p is unitary.
Proof. The Mp-invariance of the Hermitian product (-, -) ., 18 a consequence of the

following two simple statements.

e The homology class v € Hy(Lag (R),C) is fixed by Sp (R).
e The Green class Gyx € HY(DR*(M ™" @, M")) is fixed by the action
of the complex group Sp.

Concluding the proof. O

APPENDIX A. PROOF OF STATEMENTS

A.1. Proofs for Section 2.

A.1.1. Proof of Lemma 2. In order to define W* as an holomorphic vector bundle,
we have to exhibit a cover

Lag = U Ui,
and trivializations ¢, : Wﬁj =0 (U x AN ) with holomorphic transition isomor-
phisms
cpji:gajogpi:O(UiﬂUj XAN) —>O(UiﬂUj XAN).

Defining the cover. For every Lagrangian L € Lag, we consider the open set Uy, C
Lag consisting Lagrangian subspaces M such that LNM = 0. Clearly {Ur}; .}, i
an open cover of Lag. For every M € Uy, the fiber Wﬁ” can be naturally identified
by restriction with O (L), this yields the trivialization

oL Wiy, = 0L xL).

Note that if we choose in addition a basis of L then O (Ur x L) can be further
identified with O (U L x AN ) but we will skip this additional step.

Computing the transition maps. Let L1, Lo € Lag be a pair of Lagrangian sub-
spaces. Consider M € U, NUr,. We will proceed to compute

(Pra0,) gy 1 O (L1) — O (La).

The computation is based on the following general construction from linear al-
gebra.
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(1) Construction from Linear algebra. Given a triple of Lagrangian subspaces
Lq,Ls, M € Lag, such that

LinM=LyNnM =0,
then there exists a linear map
R%7L2 : L2 i L17

associated with this configuration, where R}! | (I5) is defined as the
unique element in L; such that

M
w(la,m) =w (RLI’L2(l2),m) ,
for every m € M.
(2) Computation of the transition isomorphism. A direct computation reveals
that the transition isomorphism is given by

(A.1) (1s.00) r 1 (2) = 0 (300 (RIS 1, (1), 12)) f (R 1, (12))
for f € O(Ly). It is evident that (A.1) defines an holomorphic map
Crop, 1 O UL, NUL, x L) = O (U, NUL, x Ly).
This concludes the proof of the lemma.
A.1.2. Proof of Proposition 1. Let us denote 7 = 7.
Independence of basis. First we will prove that formula (2.2) does not depend on
the choice of the orthonormal basis. Assume 8 € Hom*¥"™ (L, V) is non-degenerate

and choose a pair of orthonormal bases

? = (61,62, ..,eN) ,

f = (f17f27"afN)'

Denote
F2(B) = 5 3 Bl
- 1 XN
78 = 5 L AU

where, both terms considered as vectors in U (). We will denote by 7= (8) and

T (8) the corresponding elements in the quotient U~ (h) /L - U™ (h). Tt is easy to

verify that
(T2 (B), 1] = [75(B), ] = B(1),

for every | € L, which implies that
r+(8) ~7(8) € C CU™ (b) /L-U" (b).

We can assume that 7 ="¢ g for some g € O(L,ws) and denote the difference

T (8) — 7=(B) by t(g). We are left to show that ¢(g) = 0. The argument works as

follows. For every g € O (L,wg) we defined the scalar
Ug) = 12.4(B) =72 (B).

It is easy to verify that in fact we constructed an homomorphism of groups

L:O(Lawﬁ) — (C’+)a
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However for the orthogonal group, there exits no non-trivial such homomorphisms,
hence ¢(g) = 0 for every g € O (L, wg).
Uniqueness of 7. Uniqueness follows from the fact that every morphism 5 € Hom®*¥™ (L, V')
can be written as a sum
B =81+ B,

of two non-degenerate morphisms 8, 8, € Hom*¥™ (L, V).
Existence of 7. Let us fix some notations first. Let W = Hom®™ (L, V) and let
We C W the open set consisting of non-degenerate morphisms. Let us denote by
7° the morphism

T WS — U™ () /LU (h),
which, for every 5 € W°, is given by the explicit formula

*(B)= o 3 fler)?
T = — €;)”.
2k iz1 '
Our plan is to show that 7° extends to a morphism

T W —U"(h) /L -U" (),

which satisfies the linearity condition 7 (ﬂ + ﬁ') =7(8)+T1 (ﬂ'). As it turns out,
the existence of the extension is strongly tied with the linearity property. We will
need to consider one additional open set U C W° x W°. The set U consists of non-
degenerate pairs (3,3’) such that 8 + 3" is non-degenerate as well. Our argument
is based on the following technical statements

Lemma 5. For every (,8,5') ceU
(A.2) Toip =T+ Th-

Granting the validity of (A.2) we can finish the proof. Fix a functional

E:U"(H) /L-U™(h) — A,
and denote by 7¢ the composition
Te=§or? : W° — AL
The morphism 7¢ extends to a regular morphism
e W — P
(1) We will show that Im 7¢ in fact lies in Al. Denote by m: W° x W° — W

the addition map m(83,8") = B+ . It is easy to show that m is smooth
and surjective. It is enough to show that

Im (m*TZ) C Al
The last statement follows from the fact that mTe = + (Tg X TE),
where + : A! x A’ — A! is the addition morphism. This is true since
both m*7¢ and + (TZ X TZ) are algebraic morphisms from W° x W° to P!
which, by (A.2) agree on the open set U, therefore the coincide everywhere.
Now Im (—i— (Tg X TE)) lies in A! hence Im (m*T§> lies in A! as well.
(2) Having shown that T¢ extends to a regular morphism 7¢ : W — Al for
every functional £ implies that, in fact, 7° extends to a morphism

W = U (B) /LU (b).



THE WEIL REPRESENTATION OVER THE COMPLEX NUMBERS

45

(3) We are left to show that 7 satisfies linearity. Consider the multiplication

morphism m : W x W — W. We would like to show that

(A.3)

m'r =4 (r,7).

This follows from the fact that both sides of (A.3) are algebraic mor-
phisms form W x W to U* (h) /L - U (h) which coincide by (A.2) on an

open subvariety U C W x W hence they coincide everywhere.

(4) We are left to prove (A.2). Let (8,8) € U be a pair of non-degenerate
symmetric maps. Let € = (e, ..,en) be an orthonormal basis with respect
to wg such that wgs is diagonal in this basis, namely

N
wg = g a;e;e;.
i=1

then e} = ﬁ,i = 1,..,N form an orthonormal basis with respect to

wg . In addition

N
worp = 3 (4 + 1) efel.
i=1
Let 7 = (f1,.., fn), where f; = ——e¢; be an orthonormal basis with

Vai+1

respect to wgig. We have

N

A4 (B +8) = 5= (B+8) ()

i=1
N
=1

i=

S [BUNE B BB () + 8 (F) B ()]

Now, explicit computation reveals

B +6 (1)
B(f:)B (fi)
B (fi) B (f:)

Substituting in (A.4) we obtain

™ (B+8) =

_ 32 aq 1l
= aiJrlﬂ(el) +ai+15 (e}
_ a; 12
- ai+15(61) 9
1 ! IN\2

= ai+15 (e;)” -

1 N 2

2K i=1 [ﬂ (61)24_5/ (e;) }

1 2 1 al Y
ﬂgﬁ(ei) + 5 Z;ﬂ (e3)
™ (B8) +7°(6)

This concludes the argument.

Concluding the proof of the proposition.
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A.1.3. Proof of Proposition 2. Step 1. First, we have to show that Vg (s) € W*
for every s € W". Given a section s € W" we will show that

> Vg (s) =0,
for every ¢ € C. This follows from a direct computation
>Vg(s) = cb(ﬂbs—kr(ﬂ)bbs)
= [@.Bles+[,7(8)]p
:deM+[MWbs
= —(Bre)>s—B) bs+][r ()c]"|>s
= —(Boe)ps—B(c)ps+B(c) >
= 7(5>c)bl>s:0.

Step 2. Second, we have to show that
(A.5) Viss1 = [Vs: Ve],
for every 3, € Tg,. In order to do that, we will introduce an auxiliary Lie
algebroid.

The symplectic Lie algebroid. The group Sp acts on Lag. Let sp;,, =

5p®cOLag. (see Example 5) be the Lie algebroid associated with this action. Since
Sp acts on the frame bundle F'r there exists a surjective morphism of Lie algebroids

O :5prag — Trr

The morphism O is determined by its values on the constant Lie subalgebra sp C
$P 4y O Which it is given by

O (a) = —a¥.
Here a# stands for the GL y-invariant vector field on Fr associated to the element

a. The main reason we consider sp;,, is because the map 7 admits a simpler form
when lifted to the level of spy .

Proposition 7. There exists a unique morphism

(A6) 7 Sy — U (B) 0,
satisfying
(1) Lifting.
poT =700,

onU" (). /C-U"(h)

(2) Formula. For every non-degenerate'! o € sp, the element 7 () is given by
the the following explicit formula

where p is the natural projection from U™ (h) ., Lag Lag-

~ 1 9
AT - .
(A7) F() =~ Yoaled?,
i=1
where € = (e1,..,ean) is an orthonormal basis with respect to the non-

degenerate symmetric form w, (u,v) = w (a (u),v).

HHere non-degenerate means that the symmetric form wa(u,v) = w(a(u),v) on V is non-
degenerate.
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Proof. The argument is very similar to the one in the proof of Proposition 1,
therefore we omit it. We explain only the lifting property.

It is sufficient to prove the lifting property on fibers. Fix a point L € Lag and
denote by 7 and 7 the fibers 7, and 7 respectively. It is sufficient to consider
non-degenerate element « € sp such that w, restricted to L is non-degenerate. For
such an element we will show

(A.8) p(T () =7 (o).
Let € = (e1,..,en) be an orthonormal basis of L with respect to Walr- The

basis € can be completed to an orthonormal basis of V' with respect to w,. Let
us denote the remaining elements by 7) = (f1,.., fn). In order to prove (A.8) it is
enough to show
« (fz) e L.
for every f; € 7 But this is evident since 0 = wq(fi, ej) = w(a (f;),e;) for every
e; € € and using the fact that e is a basis of L and L is Lagrangian.
This concludes the proof of the lifting property. O

Verification of formula (A.5). It is enough to verify (A.5) for elements 3,3’ of the
form

8 ©(a),

o= e(d),
where a,a’ € sp are non-degenerate. In this situation, the right side of (A.5)
becomes

[V, Va](s) = [8,8]+FB),7(8)

Now, we have
F@ 7@)] = F) 7@ =7(aa))
= 70 (o) =7(©(),6/(a)
= (5.8

All the steps in the above computation are direct therefore we omit any further
explanation. Concluding we obtained

V5, V5] = [8.8] +7([8.8]) = Vis.o.

This concludes the proof of the proposition.

b

A.1.4. Proof of Proposition 3. Recall that we have a surjective morphism of Lie
algebroids
¢ Tpr = Tpetx s
sending the vertical subalgebra 7. = Hom(C,C) onto the vertical subalgebra
TPeix = Hom(ANC,ANC) and it is given by
N

¢(5):TT(B):ZId/\../\ZB’/\../\Id.

i=1

for any § € Hom(C,C). From this description we can deduce the following
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e The kernel of the map ¢ cousists of 8 € Hom(C, C) such that T'r (8) = 0.
e The morphism ¢ sends the canonical section Id € Hom(C,C) to N - Id €
Hom (/\NL, /\NL).
In order to show that the Dg,.-action factors through a D]l)/eztX -action it is enough
to show that the connection V factors through 7p.x and Vg = —%.
Factorization through 7p.,x. It is enough to show that

7L (B) =0,

for every 8 € Hom (L, L) such that T'r (8) = 0. Fix such 8 and choose, in addition,
a non-degenerate v € Hom*¥™ (L, V). We have

(A.9) i (B) = (v +B) -7 (7)

2K i=1 28 i=1
.l 1o
- %Zw(v(ez)ﬁ(ei)) 22‘% (ei, B (ei))
i=1 i=1
= LT () =0,

where the first equality is by the linearity property of 77, and all the other equalities
are standard manipulations in U* (f).

Verification that vV ; = —%. The fact that Vg = —% is a direct consequence
of (A.9) if we substitute 8 = Id.

This concludes the proof of the proposition.

A.1.5. Proof of Theorem 12. We define an auxiliary Lie algebroid.
Auxiliary Lie algebroid. Denote by 7 the following Lie algebroid on Lag x V'

TzspLag EBTH?

and by D the corresponding universal enveloping algebra, D = U (7). The action
of Sp on the frame bundle Fr induces a surjective morphism of Lie algebroids
€ 5L,y — Trr, hence there exists a morphism of Lie algebroids 7 — Tppxn,
which in turns yields a surjective homomorphism of D-algebras

d) : D — Dtot7
¢" D" — D,

Using ¢™ we can consider the module M* as a D®-module, namely as an object
in DCoh (D*). The advantage of doing that is that in this category we can effectively
construct a free resolution of M*.

It will be convenient to consider the pushforward prrqg, (M*) which is a sheaf
of modules over priqg, (D*) living on the variety Lag. Since V is affine, no infor-
mation is lost in this step. We will continue to denote by M" and D* the sheaves
PrLag. (M") and prigg, (D*) respectively.

Resolution of M*”. We will construct a "Koszul" like resolution of M*. In
order to do that we need to define an appropriate Lie subalgebroid of D*.
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(1) We consider the sheaf 7°=sp, . x C, with the following Lie algebroid struc-
ture
e The commutator of two elements (£, ¢), (¢',¢') € SPrqqe X C is given by

[(&,0),(€,N)] = ([6.€],ee> ! —ee>c),

e The standard morphism o : sp;,, X € — Tang,, is defined by

o€ c) = —f#, where f# is the vector field associated to the element
¢ via the Sp-action on Lag.

We have an injective morphism of Lie algebras r* : 7°— D" which is
determined by

o) = ¢

rE) = e+,

where 7" is the map defined in (A.6). Here we intentionally remember
the superscript (+)".
(2) Let P*™* = Koz®* (D", 7°,r") be the complex of free D"-modules given
by P = D" @ N"T° for n = 0,..., M = rank(7°), with differential
§:promn=l - PR given by

§@® A A) = D (=1)'a-r"(0) @8 A .0 Ay
+3 (1" a®[0:,05] A do A -.0;..0;.. A O
i<j
The complex P** yields a free resolution of M", that is we have a quasi-

isomorphism P*® %% M®. The proof of the last assertion is standard yet
tedious and therefore it is omitted.

Computing the Verdier dual of M"”. We would like to show
D(M") =M " Q, Det .
We can write
D(M") = Homp= (’P”",D”’thop) [rank (T) — 1]

= Homp: (P**, D% ) [M + N,

We will compute Homp« (P“",D“’thop) [M + NJ in two stages.
(1) First, we compute
Q"™* = Hompx (P™*,D")[M + N].

The complex Q** is a "de-Rham" like complex of right D"-modules
given by Q"™ = \" T°* @, D" for n = —N — M, .., —N, with differential
d: Q""" ! — Q™" given by

(A.10) dw®a)=dv®a+3 0; N\w@r"™(0;) - a.
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Here (0, ..,0n) is an arbitrary local basis of 7° and (9§,..,0%,) is the
corresponding dual basis'? and dw means
dw (8o, 00) = Y (=1) g bw (ao, .52».,8”)
+ 35 ()" w (105,05, 9,.0:.05.,0,)
i<j
where 0 : T° — Tanp,g is the standard map.
(2) Second, compute the tensor product

Qn,o ®O IDI{,Q ~ Qn,o ®O (To/\top ®O C*/\N) ,

which translates the right D"-action to a left D"-action. We have to
show

—top

Qm,o ®O Dm,ﬂ’mp ﬂ) M_K ®(’) Det_l[N].

In fact, we will exhibit a quasi-isomorphism
0: Q" Qe DT 4L e (D™, T°,7 ") Qo Det™[N].

We will use the following identification of the dualizing module DR

with
DF ®(’) (5p2:qp ®(’) C/\N ®(’) C*/\N) ~ DF ®(’) (To/\M ®(’) C*/\N) i
Forn=—-M — N,....,—N, the morphism

gOn . /\JW-I-N-HL To* ®O Dr ®O (TOAM ®O O*/\N) L Dk ®O qoA=N-n ®O C*/\N,

is determined by ¢ " (W ®1 Q@ a®s) = 1 ® 1o (w) ® s, where ¢ is the
standard contraction operation. The proof that ¢ yields a morphism of
complexes is by direct computation.
(3) As a conclusion, we obtained that

D (M) L5 Koz* (D75, T°,r ") @ Det ™' [N],
which is quasi-isomorphic to M™* @, Det™*[N].
This concludes the proof of the theorem.
A.1.6. Proof of proposition 5. Recall
M" =D /T,

where 7% C D, is a sheaf of left ideals generated by elements of the form c#
for ¢ € C and B + 7(B)" for B € Tp,. It is enough to show that the ideal Z* is
Sp-invariant, namely g(Z*) C Z* for every g € Sp. We show this separately for the
two kind of generators.

(1) Given elements of the form ¢® we have

9(@) = [g(cog™)]’,

which is clearly an element of the form d”* for some d € C.

121t is a standard argument showing that formula (A.10) does not depend on the choice of the
basis (9o, .., Onr)-



THE WEIL REPRESENTATION OVER THE COMPLEX NUMBERS 51

(2) We are left to show that g(5 + 7(/3)?) € Z®. It is enough to show that the
map
T:TF,« —>L{"‘( )Lag/c un( )Lagv

commutes with the Sp-action on both sides. Fix a point L € Lag. We show

T(9(8)1L = 9((B))L,

for every 8 € Tp,|4-11. Recall Ty, g, is naturally identified with Hom®™ (L, V).
Let 8 € Tpyjg-1 = Hom™™ (g7 'L, V). We can assume in addition that 3 is
non-degenerate since any other element in Hom®™(¢g~1L, V) can be written
as a sum of non-degenerate ones. We have

(B = Tal6(B)) = 5 X 9(B)ulen)’

where € = (e1,..,en) is an orthonormal basis with respect to wg(g)- Now
g(B)r is given by

9B Ll gL LV v

Hence
1 N w2 1 N )
@B = 5 L 9 (Aa7e0)" = 5 X 0 (B
s 1 - . —1 .
where f = g~ € is an orthonormal basis of g7 L with respect to wg.
Finally

1 X )
5 2 98U = g(r(B)1

This concludes the proof of the proposition.
A.2. Proofs for Section 3.

A.2.1. Proof of Theorem 13. Let us denote by X = Lag x V. Recall
H™ (k) = Sol (M", F*™(1/2,kK)),
HY (—k) = Sol (M™", F*(1/2,-k)).
We have
M ~ D(M")[-N]
PrhagDet @ DMF[-N]

12

which implies
HY" (k) = RNHomD;e: (pr7agDet @ DM", F*™(1/2,—k))
= RYHomp_« (DM", pri,,Det™ @ F*"(1/2,~r))
= RNHomD;;Z (DM™, Fo(—-1/2,—kK)),
The pairing is now evident. Given v € H" (k) and ¢ € H*" (—k) we have
pRv € RNHomp, (DM"Q,H M™, F(=1/2,—k) Qp F"(1/2,k))
™, RNHomp, (]D)M“ ®o M, .0 KO, )
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where the map m : F**(=1/2, k) Q, F*"(1/2,K) — 5. O W O{" is the canon-
ical pairing. Applying m o (¢ ® v) to the Green class G s we obtain an honest
cohomology class

mop@v(Gym) € HY(U x V,C) = HY (U, C).
We define
B’Y(Va@) = <m0¢®y(GM)a'y>7

where (-, ) is the pairing between homology and cohomology. We are left to show
that B, is Heisenberg invariant. It is enough to show that

By (dr™ (§) v, ) + By (v, dr" (§) ¢) = 0,
for every £ € h = Lie(H). Using Lemma 3 we have
By (dr" (§) v, ) + By(v,dr" (§) ¢)
= By(II" (§) v, ) + By (v, 11" (§) ¢, v)
= (pev(II*(§) @1+ 111" (§)) GMm),7) -
Now it is evident that
() @ 1+ 111" (§)) Gm =0,
which concludes the argument.
A.2.2. Proof of Theorem 14. Let us denote by X = Lag x V. We repeat step by
step the proof of Theorem 13. Recall
H>* (k) = Sol (M", F>(1/2,k)),
H® (—k) = Sol (M™", F>(1/2,-K)).
Since

M—H

12

B[N
PriagDet Qo DM"[-N]

12

we can write
H® (—k) = RNHomD_H, (pr7agDet @ DM", F*(1/2,—k))
= RNHom, Do x (DM”, pri, Det ™' Qo F>(1/2,—k))
= RNHomD « (DM", F*(=1/2,—k)),
Given v € H™ (k) and p € H™ (—n) we have
pev € RNHomp, (DM"*®, M" F*(=1/2,—k) Qpn F>(1/2,k))
= RVHomp, (DM" @0 M*,ex" Cilye) ) -

where the map m : F>(=1/2,-r) Qo F>(1/2,r) — ex"CL; ) is the pairing

map (2.4). Applying m o (p ® v) to the Green class Goq we obtain an honest
cohomology class

mop®@v(Gym) € HY (Lag (R) x V (R),C) = HY(Lag (R),C).
We define
B'y(%’/) = (moso®z/(GM),’y>,
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where (-,-) is the pairing between homology and cohomology. The Heisenberg
invariance is shown using the same argument as in the proof of Theorem 13. The
proof is concluded.

A.2.3. Proof of Theorem 15. Let us denote by X = Lag x V. Recall T+ =
(Detli/Q, ai) € Der/? (Ux) and we have an isomorphism of square roots

0 T, ov. — Tio,ov
Write
¥i (k) = Sol(M", Fyi(1/2,r)),
MY (—k) = Sol (M~ Far (1/2, k).
Since

D(M")[-N]
PriagDet ®o DM"[-N],

M*I‘&

R

we can write HY™ (—r) as follows

HYY (—R) = RNHodefi (pr7agDet @ DM", F™ (1/2, —k))
RNHomD;CT (DM”,przagDefl Qo FFE(1/2,—K))

o N Kk Tan (__ _
= RYHomy_. (]D)M L FE (~1/2, H))
where Y~ is the dual of T~. Given v € HYL (k) and ¢ € HYY (—k), we have

p®v € RMHomp, (]D)M" Qo M"™, FL(-1/2, —k) Qo Fyi (1/2, ’f))
LN RNHomDX (HDMH Ro anj*OaUZﬂU, X ?/T(LC)) )
where the map
m: F(=1/2,-K) Qo F*"(1/2,k) = j.OF qy_ KOV

is the canonical pairing and we used the isomorphism 6 in order to identify T-
with the dual of T* on the intersection U, NU_.

Applying m o (p ® v) to the Green class Gaq we obtain an honest cohomology
class

mop@v(Gym) € HN (U, NU_ xV,C) = HY(U,.NU_,C).
We define
B’Y(chp) = <m080®V(GM)a’Y>a

where (-,-) is the pairing between homology and cohomology. The fact that B, is
H (C)-invariant is proved in the same manner as for the proof of Theorem 13.
which concludes the proof of the theorem.
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