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Motivation: mirror symmetry

e A pair of n dimensional Calabi-Yau mani-
folds (X,Y) satisfy the topological mirror
test if HP9(X) = H" P4(Y)

e A pair of n dimensional Calabi-Yau mani-
folds (X,Y) are Strominger-Yau-Zaslow mir-
ror pairs if they map to the same real n-
dimensional manifold B, so that the generic
fibers are dual special Lagrangian tori



Diffeomorphic spaces in the non-Abelian
Hodge theory of a genus g curve C-

ML (GL(n,C)) =

moduli space of semistable rank n
degree d Higgs bundles on C

ML (GL(n,C)) =
{ moduli space of flat GL(n,C)-connections }

2mid
on C\ {p}, with holonomy e » Id around p

ME(GL(n,C)) :=={A1,B1,...,Aq, By € GL(n,C)|
AT'BTYALBy .. A B YAy By = €,1d}/GL(n,C)



Theorem 1 (Hausel—Thaddeus 2003). In the
following diagram

ML (PGL(n)) — MEL_ (SL(n))
IxXpParLm) IXsL(n)

Hparn) = Hsr(n):

the generic fibers of the Hitchin maps X pgr,(n)
and xgy,n) are dual Abelian varieties.

U

ML (PGL(n)) and M%L(SL(n)) satisfy the
SYZ construction for a pair of mirror symmet-
ric Calabi-Yau manifolds.



Topological Mirror Test

Conjecture 1 (Hausel—-Thaddeus 2003). For
all d,e € 7, satisfying (d,n) = (e,n) = 1, we
have

ES (z,y; Mbr(SL(n,C))) =
pd
ES (z,y; Mbr(PGL(n,C))).

Conjecture 2 (Hausel—R-Villegas 2004).

ES (z,y, ME(SL(n,0))) =
pd
Eg (z,y, Mg(PGL(n,C))).



Mixed Hodge Structure of Deligne

o @, ,HPTF(M) is the associated graded to
the weight and Hodge filtrations on the co-
homology H*(M,C) of a complex algebraic
variety M

o W4k = dim(HPT%(M)), the mixed Hodge
numbers

o H(M;z,y,t) = > p qk WP TR (M) 2Pydtk, the mixed
Hodge polynomial

e P(M;t)=H(M;1,1,t), the Poincaré poly-
nomial

e F(M;xz,y) = «2"y"H(1/x,1/y,—1), the E-
polynomial of a smooth variety M.



Topological content of the E-polynomial
o K(M,1,1) = x(M), the Euler characteristic

o ifH(M;xz,y,t) = E(xt,yt), & MHS on H*(M, C)
is pure = P(M;t) = H(M;1,1,t) = E(t,t);
examples of varieties with pure MHS: smooth
projective varieties, Mpg;, Mpr, Nakajima’'s
quiver varieties

e in general the pure part of H(M; z,y,t) is
PH(M;z,y) = Coeffo (H(M; 2T, yT, tT—l));
which, for a smooth M, is always the image
of the cohomology of a smooth compacti-
fication



Connection to Arithmetic

Theorem 2 (...,Ito 2004, Katz 2005). If
M is a smooth quasi-projective variety defined
over Z and

#{M(Fq)} = E(q)

is a polynomial in q, then

E(M;z,y) = E(zy).

Example

#{P"(Fy)} = #{P" 1 (F)} + #{A"(F} =
"+ 4 g+

J
EP", z,y) = (zy)" + (zy)" '+ +ay + 1
4
PP ¢) =2 2" 2 4. 4241
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Fourier Transform for T*CP"

e Calabi's hyperkahler manifold: T*CP" =
{(v,w) € CPFixCr "y, = 1}//GL(1)

e f(§) =qo+ (¢—1)1=

2¢q—1 if £€=0
g—1 if €£0

Zy#{(v,w) € By X S8 vy = 1} =

(0, w) € FyxFolow = £} = {

S xfrex f(1) =
n/2 n/2
Y FHE)Mw() =
9 XeIFq —1
> (997 Y21(X) + (¢ — 1)g"/ 250(X>)”+1 W(X)
X€F,
q2n—|—1 . qn

= =q¢"(q"+ ¢4+ 1)
q—1
o = P(T*CP™;t) =14 t24+t* 4 ... Ft2n
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Fourier Transform for Mg

Setup:
o G=GL(n)
e C =P! with punctures aq,...,a; € P1
e C; C GL(n) fixed semisimple conjugacy classes
o Mp =

{(A1,Az,..., Ap) A; € CilAr--- A = 1}//G(C)

Theorem 3 (Hausel—R-Villegas 2004).

#{Mg(Fy} =
X(12Z(GEN| 1 x(C(F) ~
XEITT%(FC])) |G(Fg)|? 1 (1) Ci(Fg)]

is a polynomial E(q) in q =

E(M87 €L, y) — E($y)
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Example Assume n = 3, and all the conjugacy
classes C; are regular semisimple:

E(Mg; q) =
((q-l-l)(qQ—I-q-I-l))k_ (3q2(q+1))k
(q3—1)2(q —1)2 7* (¢? —1)2(q—1)2
k
cus (67) (et )
q (q_1)4 q (q —1) q—l)2

(® (g +1) (q + g+ 1)) (3¢ (q-l—l))k

q6(q3—1) (2 —1>2 q <q2_1)2(q_1)2'
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Conjecture 3 (Hausel 2004). When n = 3,
C; are regular semisimple, hy’ = hé\}"_ij_ ; for
H(Mpg,q,t) = Zhg-qjti =
((qt?+1) (¢t + gt + 1))]C
(q3t6 — 1) (q3t4 — 1) (q2t4 — 1) (q2t2 — 1)
(32 (a2 + 1))
qg4t8 <q2t4 — 1) <q2t2 — 1) (qt2 — 1) (¢g—1)
6k (qt2>3k‘
q6t12 (gt2 — 1>2 (¢ —1)°
(¢®t* (2422 + g2 + ¢ + 2))k
q4t8 (q3t4 — 1) (q3t2 — 1) (qt2 — 1) (g—1)
(®° (g + 1) (P +aq+ 1))]~C
¢6112 <q3t2 _ 1) (q3 _ 1) <q2t2 _ 1) (qz _ 1)
(3¢36 (¢ + 1))"
qOt12 (q2t2 — 1) (q2 — 1) (qt2 — 1) (g—1)
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Conjecture 4 (Hausel 2005). If Mg is the
GL(n,C) character variety of P! punctured with
k generic regular semisimple conjugacy classes:

H(Mqu7t)= Z A()‘17°°'7>\l)7
A2 A
AL+ [N =n
where
A(A17 . Al) —

; k
(! (@) T Ty X (@) )

(—1)r=trytrpl . el (gt2) O A T eyi(g, )€ (a, 1)

Here X, is Macdonald’s (q,t) Green polyno-
mial, which is defined as

||=n
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The Riemann-Hilbert map

g = gl(n)

C = P! with punctures aq,...,a; € P®
C; semisimple adjoint orbit in g(C)
Q=

{(A1,..., Ag) A; € C|A1+- -+ A, = 0}//G(C),
Nakajima's star-saped quiver variety
@ is smooth when C; are generic

“"Q C MpRr', a point in Q gives the mero-
morphic flat GL(n,C)-connection ZAizd_Zi
on the trivial bundle on C.

C; = exp(27iC;) C G(C) is the correspond-
ing conjugacy class

the Riemann-Hilbert monodromy map

IS given by sending the flat connection to
its holonomy.
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The purity conjecture

Conjecture 5. IfC; are generic, then the Riemann-
Hilbert map v, preserves mixed Hodge struc-
tures. Moreover it induces an isomorphism on
the pure parts. As the mixed Hodge structure
of Q is known to be pure, it follows, that the
pure part of the cohomology of Mpg is isomor-
phic with the full cohomology of Q).

Example
e n =3, k= 3, C; regular semisimple
e (Q is = to an Eg ALE space,
e Mg = Mpg an elliptic fibration with sin-
gular fibre of type F.

o P(Q) =1+ 6t
o H(Mpg;q,t) =1+ 6qt° + ¢t

U

Conjecture is true in this case
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Fourier transform for @

o W :F, — C non-trivial additive character

o f:g(F,) — C its Fourier transform F(f) :
g*(Fy) - CatayY e g*(Fy)

FHE) =[gF)I"H2 > XWX, Y)).
Xeg(Fq)
e ic. 1 9g(Fg) — C characteristic function of
C; C g(Fg)

Theorem 4 (Hausel—R-Villegas 2004).

Z(GEN|la(F)| 2
G(Fy)

> F(e)(X) - F(6¢,)(X)
Xeg(Fqg)

#{Q(Fy} =
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Theorem 5 (Hausel—Letellier 2005). When
all C; are generic regular semisimple then the
pure part of the conjectured H(Mg; q,t) poly-
nomial agrees with the actual P(Q;t).

Example When n = 3:

(P+1) (¢ +2+1))
G 1k) (t*—1)
B (3t* (2 +1))
t8 (¢4 — 1) (2 1)

(t4 <t2 + 2>)k 6k—12 (3t0)F
N t8(t2—1) i +t12<t2—1)'

P(Q;t) =

6k <t2)3/<;

t12 (12 — 1)2

+1/3
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Purity conjecture for g > 0O

Setup

e ( genus g curve, punctures aq,...,a € C

e C; C G semisimple conjugacy classes

e Mg =1{(A1,B1,...,A4,Bgy,C1,...,C}) C; € C}
AT'BTYAI1By . AJTB Y AGBCy ... Oy = 1d}//G(C

e C;, C g semisimple adjoint orbit
o QQ={(A1,B1,...,A44,Bg,Cq,...,C) C; c G
A1B1 — B1A1 + -+ AgBg — BgAy
+C1+---+C.=0}//G(C)

Conjecture 6. The pure part of the cohomol-
ogy of Mg is isomorphic with the cohomology
of QQ, in particular: PH(Mg; q,t) = P(Q);1t)
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Fourier transform for (C2)[

eg—=1and k=1, and C;{ C GL(n) is a
smallest non-central semisimple orbit
o MB —

{(A1,B1,C)C € C1|AT "B *A1B1C = Id}//GL(n)

e Q= (C2)N
e Conjecture = PH*(Mpg) = H*((C2)I" ).
e | Nevins-Stafford 2003 | =

Mg 2 (C* x Cx)ln]

Conjecture 7 (Hausel 2005). In this case:

©@,

n=1
00 (1 _I_qthm—le)Q
H (1 _ qm—thm—QTm)(l _ qm—l—thme)

m=1
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Questions: What about Mirror
symmetry?

Conjecture 8 (Hausel 2004).d,e € Z, (d,n) =
(e,n) = 1:

HE (z,y,t; Mg(SL(n,C))) =
Hgd(xv Y, t; MGB(PGL(?’L, (C))),

where HZ is the stringy mixed Hodge poly-
nomial twisted with a B-field, which can be
defined identically as EZ.

e Is there Arithmetic Fourier Transform method
for E¢t? And for EZ7?

e Is there a larger representation theory pic-
ture, from which all the formulas would
come naturally?

e Is there a Betti-version of the Geometric
Langlands Program??

e Does understanding of the action of the
mapping class group on our formulas lead
to 3-manifold or knot invariants?
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