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Character spaces

2 closed Riemann surface of genus g

G a (compact Lie, quantum or finite) group

M(Z,G):

Hom(m1(X), G)/G
{Al,Bl,...,Ag,BQE G|
[A1,B1] -+ [Ag, Bg] = 1}/G

measure on M(X, Q) is

— the Liouville measure of the Atiyah-Bott
symplectic form, when G is a compact group

— IS @ non-commutative quantization of this
when G is a quantum group,

— by measuring a representation P with weight
1/|Aut(P)| for a finite group G.



Partition function of Riemann surfaces

e when G compact group (Witten 1991)

(=, G) ME,G) = 3 ( G| >2g2
Zf(5,G) = Vol(M(Z,G)) = ,
o x<lrr(G) dlm(X)

e.g. Zyy(X,SU(2)) Riemann zeta function

e when G quantum group (Rouchet-Szenes 2000)

Glg \*7°
Zya(T,6) = VollM(Z,6) = ¥ (dim( ))
x€Ilrr(QG) g\X
is the Verlinde formula
e when G finite group (Freed-Quinn 1993)
|G| 2g—2
Zos(5,G) = Vol(M(Z,G)) = Y ( | )
x€lrr(G) dlfT](X)

M(XZ, Sp) ~ Hurwitz spaces, Zog(X, Spn) ~ Gromov-
Witten theory.
What is the geometrical meaning of Zog(%, GL,(Fy))7
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Mixed Hodge Structure of Deligne

D, HPTF (M) is the associated graded to the
weight and Hodge filtrations on the compactly
supported cohomology H%(M,C) of a complex
algebraic variety M

RPUF — dim(HPYF(M)), the compactly sup-
ported mixed Hodge numbers

He(M; @, y,t) = X o 1 B2TF(M)aPyitk, the mixed
Hodge polynomial

P.(M;t) = H.(M;1,1,t), the Poincaré polyno-
mial

E(M;xz,y) = H(x,y,—1), the E-polynomial of
a smooth variety M.



Arithmetic and topological content of
the E-polynomial

Theorem 1 (Katz 2006). If M is a variety defined
over Z and

#{M(Fq)} = E(q)

is a polynomial in q, then

E(M;z,y) = E(zy).

e MHS on H*(M,C) is pure if 2% = 0 unless
p+q =k H(M,z,y,t) = E(—xt,—yt) =
P.(M;t) = Ho(M;1,1,t) = E(—t,—t); exam-
ples of varieties with pure MHS: smooth pro-
jective varieties, Mpq, Mpgr, quiver varieties

e in general the pure part of Ho.(M; x,y,t) is
PH.(M;x,y) = Coeffr (H(M; «T,yT, tT—l));
which, for a smooth M, is always the surviving
part in the cohomology of a smooth compact-
ification



First approximation

Let G = GL,(C), and consider the character stack

M(5,G) = {A1,By,..., A, By€G
[A17Bl] """ [AgyBg] — 1}/6

First approximation

EM(X,G);q) = #M(XZ,GLa(Fy))
— y |GLp (Fg)|2972

VeI (GLn(Fq)) dIM(X)2972
= Zos(X, GLnp(Fyg)).




Smooth character varieties

Coloured Riemann surface: aq,...,ar € >; put
k > 0 partitions u € P(n)ll-k} at the punc-
tures; C; C GL,(C) semisimple conjugacy classes
of type u* € P(n); denote such coloured X by
> .

M(XZ,, GLy) =
= {(A1,B1,...,Ag,Bg,C1,...,C) C; € G
AT'BTYA1By .. A B Y AGByCY L. Oy = 1d}//GLy
Taking generic eigenvalues for C; the charac-

ter variety can always be made smooth with a
given g and u

For example, when k = 1 and u! = (n), the
generic character variety is smooth:

M(Z(n)7 Gl—n) — {(A17 Bl7 SRR A97 BQ) |
AT'BTYAIBy .. Ay B Y AgBy = ¢uld}//GLa,

where (¢, is a primitive nth root of unity.



Second Approximation

HC(M(Z,UJ?GI—R);qa_]-) E(M(ZuaGLn);Q)

#M(Z,u, Gl—n(FQ))

29—2
= (¢—1) Z |GLn(FQ)| I~ HX(C)

eI (GLn(Fg)) dIM()2972 x(1)

Character formula for H.(M(X,, GLyn); q,t) 7



Quiver varieties
C; semisimple adjoint orbit in gl (C) of type u’
{(Ala B17 AN 7Ag7 B97 Cla IR Ck) CZ S CZl
>9_1AjB; — BjA; + Y81 C; = 0}//GLn(C),
IS @ crab-shaped quiver variety

it ged(pn) =1 M(Xy,gl,) is generically smooth

when g = 0 a point in M(P.,gl,) gives the
meromorphic flat GL,(C)-connection ZCizd_Za,
on the trivial bundle on P1.

C; = exp(27iC;) C G(C) is the corresponding
conjugacy class

the Riemann-Hilbert monodromy map
v M(Zy, al,) — M(Z,, GLy)

IS given by sending the flat connection to its
holonomy.



Purity conjecture

Conjecture 1. (Hausel 2005) 1. If ¢ = 0 and
gced(a) = 1 and C; are generic, then

vyt Hy(M(Zy, 91,)) — PHE(M(Z,, Gly))

2. Forany g > 0 and ged(n) = 1 and C; are generic,
then

PH(M(XZy, Gla); q) = E(M(Zp, 81,): q)
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Third approximation

PH:(M(Xu, GLn); q) EM(Zy,60,)5 9)

#M(Z,U? g[n(FQ))

L, (F)|7 2 - :
= Car, (@17 [] F(1e) (@),
|PGLn(Fq)| ng[n(Fq)* g =1

where Cg[n(:c) is the centralizer of = under the
coadjoint action of gl, on gl*, and

F(le) (@) = 19|72 3 1c,(y)V({y, ),

yegl,
where W : F, — C* is a fixed non-trivial additive
Character.

Character formula for H.(M(X,, GLyn); q,t) 7
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Macdonald polynomials

e x ={x1,z0,...} and y ={y1,y>2,...}; N(x) and
A(y) rings of symmetric functions

e for a A\ € P partition, define Macdonald sym-
metric functions H,(x;q,t) € Q(q,t)[A(x)] by
the triangular property

Hy\[X(1—)] € Qg ) {sv[v > X}

and the Cauchy formula:

m(l)(X)m(l)(Y)>
EXD( (g - 1)(1 1)

= Z ﬁ)\(X; q, t)ﬁ)\(Yr q, t)H)\(Q7 t)7
AeEP

where

1
Ha(g,t) ==1]1] (goF+1 — ) (qo — t+1)
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Generalized Cauchy formula

® X1 — {xljl,xljz,...},...,xk — {:ck)l,:vka,...}
infinite sets of variables

o p=(ut,...,puk) € Pkt o H (2, w) € Q(z,w)
by the property that they satisfy the
k-point genus g Cauchy formula:

k
> (H Hy (x4, 22,w2)) Hy(z,w) =

AeP \i=1
H,(z,w)
Ex A X1)... X :
P\ g @D ey e D)
N
where

(220F1 _ 42141)2g
Ha(z,w) == ]] (2202 _ 4y20) (520 _ 4y21+2)
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Main conjecture

Conjecture 2 (Hausel-Letellier-Villegas, 2007). The
compactly supported mixed Hodge polynomial of
M, = M(XZ,,GLy) is given by

1
He(My; q,t) = (ty/Q)“H,, (——,t\/é> :
Va
where d;, = dim M,,.
Example. When ¢ =0,k = 2, and u = (ul,uz),

then M, is empty, unless u = ((1),(1)), when it
is a point. Then Conjecture 2 ~» Cauchy formula

for Macdonald polynomials.
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Main result
Theorem 2 (Hausel-Letellier-Villegas, 2007). Via
the character table of GL,(F,;) by (Green 1955)

the E-polynomial of the character variety M, =
M(XZ,, GLy) is

E(Myu;q) = He(My, q,—1) = qdu/QH/JJ (\/iaa \/6) —

29g—2
= (q—1) Z |GLn(FQ)| g HX(O)

YEIrr(GLn(Fg)) dim(x)=9—2 x(1)

Via character table of gl,,(F,) by (Letellier 2005)

the E-polynomial of the quiver variety Q,, = M(X,, gl,,)
for indivisible u is:

E(Qu; q) = ¢™/?H, (0, /q) =

gL, (Fg) |91 5 i
= Cyqr ()19 TT F(c) (@),
|PGLn(Fq)| :L'Eg[n(Fq)* g 1=1
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Main Problem

Is there a TQFT and a "group” GL, such that

Z2(Xpu,GLp) = He(Mpy; g, t) 7

The "group” GL,, should be a common deforma-
tion of GL, and gl,, in the sense that

Z?(ZM7 gcn)|t=—1 — ZCS(Z,uv GI—TL(FC]))
and the pure part

PZ7(Xu,GLn) = Zog2(Zu, 91, (Fy))
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Example. When n = 3, all C; are regular semisim-
ple, i.e. all u* = (1,1,1), main Conjecture says:

H(MM7 q,t) =
(a2 +1) (a2 + a2 +1))"
(q3t6 — 1) <q3t4 — 1) (q2t4 — 1> (q2t2 — 1)
(3¢2t4 (g2 4 1))
q4t8 (q2t4 — 1) (q2t2 — 1) (qt2 — 1) (g—1)
6 (qt2)3/€
q6t12 (gt2 — 1)2 (¢ —1)°
(®t* (2422 +qt2 4+ ¢ + 2))k
q4t8 <q3t4 — 1) (q3t2 — 1) (qt2 — 1) (¢g—1)
(3% @@+ 1) (2 +q+1))"
¢6112 (q3t2 _ 1) (q3 _ 1) (qztz _ 1) (qz _ 1)
(3¢%6 (¢ +1))"
qbt12 (q2t2 — 1) (q2 — 1) (qt2 — 1) (¢g—1)
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