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Representation theory and hyperkähler
varieties

• [Grojnowski 1996, Nakajima 1997] Repre-
sentation of the Heisenberg algebra on⊕∞

n=1 H∗((C2)[n]) the cohomology of Hilbert
schemes of n points on C2

• [Nakajima 1995,1998] Representations of a
Kac-Moody algebra on

⊕
v,w H∗(M(v,w)) the

cohomology of Nakajima quiver varieties

• [Nakajima 2001] Representations of quantum
affine algebras on

⊕
v,w K∗(M(v,w)) the K-

theory of Nakajima quiver varieties

• [Haiman 2002] Representation theory of Sn

in K∗((C2)[n] the K-theory of Hilbert scheme
of n points on C2 =⇒ Macdonald polynomials

• [Beilinson, Drinfeld ∼1995-] Geometric Lang-
lands programme =⇒ representation theory of
G(FC), a reductive group over the function
field of a complex curve, in the non-commutative
geometry of hyperkähler moduli spaces in the
non-abelian Hodge theory of C for GL.
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Motivation: mirror symmetry

• A pair of n dimensional Calabi-Yau manifolds

(X, Y ) satisfy the topological mirror test if

Hp,q(X) = Hn−p,q(Y )

• A pair of n dimensional Calabi-Yau manifolds

(X, Y ) are Strominger-Yau-Zaslow mirror pairs

if they map to the same real n-dimensional

manifold B, so that the generic fibers are dual

special Lagrangian tori
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Diffeomorphic spaces in the non-Abelian
Hodge theory of a genus g curve C:

Md
Dol(GL(n, C)) :={

moduli space of semistable rank n
degree d Higgs bundles on C

}

Md
DR(GL(n, C)) :={
moduli space of flat GL(n, C)-connections

on C \ {p}, with holonomy e
2πid

n Id around p

}

Md
B(GL(n, C)) := {A1, B1, . . . , Ag, Bg ∈ GL(n, C)|

A−1
1 B−1

1 A1B1 . . . A−1
g B−1

g AgBg = ξnId}/GL(n, C)
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Theorem 1 (Hausel–Thaddeus 2003). In the

following diagram

Md
Dol(PGL(n)) −→ Md

Dol(SL(n))
↓χPGL(n) ↓χSL(n)

HPGL(n)
∼= HSL(n).

the generic fibers of the Hitchin maps χPGL(n) and

χSL(n) are dual Abelian varieties.

⇓

Md
DR(PGL(n)) and Md

DR(SL(n)) satisfy the SYZ

construction for a pair of mirror symmetric Calabi-

Yau manifolds.
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Topological Mirror Test

Conjecture 1 (Hausel–Thaddeus 2003). For all

d, e ∈ Z, satisfying (d, n) = (e, n) = 1, we have

EBe

st (x, y;Md
DR(SL(n, C))) =

EB̂d

st (x, y;Me
DR(PGL(n, C))).

Conjecture 2 (Hausel–R-Villegas 2004).

EBe

st (x, y,Md
B(SL(n, C))) =

EB̂d

st (x, y,Me
B(PGL(n, C))).
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Holomorphic symplectic quotients

• V finite dimensional complex vector space, G

complex reductive group

• representation ρ : G → GL(V) of G on V, in-

ducing % : g → gl(V).

• inducing an action of G on V × V∗, preserving

the natural symplectic structure, with moment

map: µ : V× V∗ → g∗ defined by µ(v, w)(X) =

〈%(X)v, w〉

• for ξ ∈ (g∗)G the holomorphic symplectic quo-

tient: V × V∗////ξG := (µ−1(ξ))//G carries a

natural hyperkähler metric at its smooth points

• Examples: affine toric hyperkähler varieties when

G abelian; Nakajima’s quiver varieties, when ρ

is constructed from a quiver, e.g. semisimple

adjoint orbits in gl(n, C)
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Group-valued symplectic quotients

G = GL(n); C = P1 is a genus 0 curve with generic

semisimple conjugacy classes C̃1, . . . , C̃k ⊂ GL(n, C)

at punctures p1, . . . , pk ∈ C. The character variety

is

MB = {(A1, . . . , Ak)Ai ∈ C̃i|A1 . . . Ak = Id}//G(C)

Riemann-Hilbert monodromy map∼=

MDR :=
moduli space of flat

GL(n, C)-connections on C \ {p1, . . . , pk}
with holonomy around pi lying in C̃i


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Mixed Hodge Structure of Deligne

•
⊕

p,q Hp,q;k(M) is the associated graded to the

weight and Hodge filtrations on the cohomol-

ogy Hk(M, C) of a complex algebraic variety

M

• hp,q;k = dim(Hp,q;k(M)), the mixed Hodge num-

bers

• H(M ;x, y, t) =
∑

p,q,k hp,q;k(M)xpyqtk, the mixed

Hodge polynomial

• P (M ; t) = H(M ; 1,1, t), the Poincaré polyno-

mial

• E(M ;x, y) = xnynH(1/x,1/y,−1), the E-polynomial

of a smooth variety M .
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Arithmetic and topological content of
the E-polynomial

Theorem 2 (...,Ito 2004, Katz 2005). If M is a
smooth quasi-projective variety defined over Z and

#{M(Fq)} = E(q)

is a polynomial in q, then

E(M ;x, y) = E(xy).

• MHS on H∗(M, C) is pure if hp,q;k = 0 unless
p + q = k ⇔ H(M ;x, y, t) = (xyt2)nE(−1

xt , −1
yt )

⇒ P (M ; t) = H(M ; 1,1, t) = t2nE(−1
t , −1

t ); ex-
amples of varieties with pure MHS: smooth
projective varieties, MDol, MDR, Nakajima’s
quiver varieties

• in general the pure part of H(M ;x, y, t) is
PH(M ;x, y) = CoeffT0

(
H(M ;xT, yT, tT−1)

)
; which,

for a smooth M , is always the image of the co-
homology of a smooth compactification
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Fourier Transform on finite groups

• Γ finite group; the convolution of the functions
f1, . . . , fk : Γ → C is defined as

f1 ? f2 ? · · · ? fk(h) =

|Γ|(1−k)/2 ∑
g1,g2,...,gk∈Γ
g1g2...gk=h

f1(g1)f2(g2) . . . fk(gk)

• Fourier transform of function f : Γ → C at
ρ : Γ → End(Vρ) irrep.:

F(f, ρ) = |Γ|−1/2 ∑
g∈Γ

f(g)ρ(g) ∈ End(Vρ),

• F(f1 ? f2, ρ) = F(f1, ρ) ◦ F(f2, ρ)

• Fourier inversion formula:

|Γ|−1/2 ∑
ρ∈Irr(Γ)

dim(Vρ)tr
(
F(f, ρ) ◦ ρ(h−1)

)
= f(h)
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Fourier Transform for MB

Setup:

• G = GL(n)

• C = P1, with punctures a1, . . . , ak ∈ P1

• C̃i ⊂ GL(n) fixed semisimple conjugacy classes

• MB =

{(A1, A2, . . . , Ak)Ai ∈ C̃i|A1 · · · · ·Ak = 1}//G(C)

Theorem 3 (Frobenius 1896, Hausel–Villegas

2004).

#{MB(Fq)} =
|Z(G(Fq))|
|G(Fq)|

1C̃1
? · · · ? 1C̃k

(1) =

∑
χ∈Irr(G(Fq))

χ(1)2|Z(G(Fq))|
|G(Fq)|2

∏
i

χ(C̃i(Fq))

χ(1)
|C̃i(Fq)|

is a polynomial E(q) in q ⇒

E(MB, x, y) = E(xy)

.
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Example Assume n = 3, and all the conjugacy

classes C̃i are regular semisimple:

E(MB; q) =(
(q + 1)

(
q2 + q + 1

))k

(
q3 − 1

)2 (
q2 − 1

)2 −

(
3 q2 (q + 1)

)k

q4
(
q2 − 1

)2
(q − 1)2

+ 1/3

(
6 q3

)k

q6 (q − 1)4
+

(
2 q2

(
q2 + q + 1

))k

q4
(
q3 − 1

)2
(q − 1)2

+

(
q3 (q + 1)

(
q2 + q + 1

))k

q6
(
q3 − 1

)2 (
q2 − 1

)2 −

(
3 q3 (q + 1)

)k

q6
(
q2 − 1

)2
(q − 1)2

.
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Conjecture 3 (Hausel 2004). When n = 3, C̃i

are regular semisimple, h
i−j
N−j = h

i+j
N+j for

H(MB, q, t) =
∑

hi
jq

jti =((
qt2 + 1

) (
q2t4 + qt2 + 1

))k(
q3t6 − 1

) (
q3t4 − 1

) (
q2t4 − 1

) (
q2t2 − 1

)
−

(
3 q2t4

(
qt2 + 1

))k

q4t8
(
q2t4 − 1

) (
q2t2 − 1

) (
qt2 − 1

)
(q − 1)

+ 1/3
6k

(
qt2

)3 k

q6t12
(
qt2 − 1

)2
(q − 1)2

+

(
q2t4

(
2 q2t2 + qt2 + q + 2

))k

q4t8
(
q3t4 − 1

) (
q3t2 − 1

) (
qt2 − 1

)
(q − 1)

+

(
q3t6 (q + 1)

(
q2 + q + 1

))k

q6t12
(
q3t2 − 1

) (
q3 − 1

) (
q2t2 − 1

) (
q2 − 1

)
−

(
3 q3t6 (q + 1)

)k

q6t12
(
q2t2 − 1

) (
q2 − 1

) (
qt2 − 1

)
(q − 1)

,
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The Riemann-Hilbert map

• g = gl(n)

• C = P1 with punctures a1, . . . , ak ∈ P1

• Ci semisimple adjoint orbit in g(C)

• Q =

{(A1, . . . , Ak)Ai ∈ Ci|A1 + · · ·+ Ak = 0}//G(C),

Nakajima’s star-shaped quiver variety

• Q is smooth when Ci are generic

• “Q ⊂MDR”, a point in Q gives the meromor-

phic flat GL(n, C)-connection
∑

Ai
dz

z−ai
on the

trivial bundle on C.

• C̃i = exp(2πiCi) ⊂ G(C) is the corresponding

conjugacy class

• the Riemann-Hilbert monodromy map

νa : Q →MB

is given by sending the flat connection to its

holonomy.
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The purity conjecture

Conjecture 4. If Ci are generic, then

ν∗a : PH∗(MB)
∼=−→ H∗(Q)

Example

• n = 3, k = 3, Ci regular semisimple

• Q is ∼= to an E6 ALE space,

• MB
∼= MDol an elliptic fibration with singular

fibre of type Ê6.

• Pt(Q) = 1 + 6t2

• H(MB; q, t) = 1 + 6qt2 + q2t2

⇓

Conjecture is true in this case
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Fourier transform for Q

• Ψ : Fq → C non-trivial additive character

• f : g(Fq) → C its Fourier transform F(f) :

g∗(Fq) → C at a Y ∈ g∗(Fq)

F(f)(Y ) := |g(Fq)|−1/2 ∑
X∈g(Fq)

f(X)Ψ(〈X, Y 〉).

• δCi
: g(Fq) → C characteristic function of Ci ⊂

g(Fq)

Theorem 4 (Hausel–Villegas 2004).

#{Q(Fq)} =
|Z(G(Fq))||g(Fq)|

k−2
2

|G(Fq)|∑
X∈g(Fq)

F(δC1)(X) · · · · · F(δCk
)(X)
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Theorem 5.Letellier’s character table for gl(3, Fq)

implies that when n = 3 and all adjoint orbits Ci

are regular semi-simple

P (Q; t) =

((
t2 + 1

) (
t4 + t2 + 1

))k(
t6 − 1

) (
t4 − 1

)
−

(
3 t4

(
t2 + 1

))k

t8
(
t4 − 1

) (
t2 − 1

) + 1/3
6k

(
t2

)3 k

t12
(
t2 − 1

)2

−

(
t4

(
t2 + 2

))k

t8
(
t2 − 1

) + t6k−12 +
(3 t6)k

t12
(
t2 − 1

).
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Conjecture 5 (Hausel–Letellier–Villegas 2005).
g ≥ 0, k > 0, µ = {µ1, . . . , µk} ∈ P(n){1,...,k},
X1 = {x1,1, x1,2, . . . }, . . . , Xk = {xk,1, xk,2, . . . },

V n
µ := H(MB(Cµ); q,−t)

(qt2)(2−2g−k)n(n−1)
2 (1− qt)2g

(1− q)(1− qt2)

(qt2)
∑k

i n(µ̄i)mµ1(X1) . . . mµk(Xk),

Zn(q, t) = exp

 ∞∑
d=1

∑
µ

1

d
V n

µ (qd, td, Xd
1, . . . , Xd

k)

 ,

Hg
λ(q, t) =

∏
x∈d(λ)

(qt2)(2−2g)l(x)(1− qh(x)t2l(x)+1)2g

(1− qh(x)t2l(x)+2)(1− qh(x)t2l(x))
.

Hλ(X; q, t) =
∑

|ρ|=|λ|
Kρλ(q, t)sρ(X),

Macdonald (q, t)-symmetric functions, Kρλ(q, t) (q, t)-
Kostka polynomials, sρ(X) Schur and mµ(X) mono-
mial symmetric functions

∏∞
n=1 Zn(q, t) =

∑
λ∈P

(∏k
i=1 Hλ(Xi; q, qt2)

)
Hg

λ(q, t)
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Theorem 6 (Hausel–Letellier–Villegas 2005).

Let Hµ(q, t)
?
= H(MB(Cµ), q, t) the conjectured mixed

Hodge polynomial. Then

Hµ(q,−1) = E(MB(Cµ), q)

from the character table of GL(n, Fq) and the pure

part

PHµ(t
2) = P (Qµ, t)

from the character table of gl(n, Fq).
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Purity conjecture for g > 0

Setup

• C genus g curve, punctures a1, . . . , ak ∈ C

• C̃i ⊂ G semisimple conjugacy classes

• MB = {(A1, B1, . . . , Ag, Bg, C1, . . . , Ck)Ci ∈ C̃i|
A−1

1 B−1
1 A1B1 . . . A−1

g B−1
g AgBgC1 . . . Ck = Id}//G(C)

• Ci ⊂ g semisimple adjoint orbit

• Q = {(A1, B1, . . . , Ag, Bg, C1, . . . , Ck)Ci ∈ C̃i|
A1B1 −B1A1 + · · ·+ AgBg −BgAg

+ C1 + · · ·+ Ck = 0}//G(C)

Conjecture 6. The pure part of the cohomology

of MB is isomorphic with the cohomology of Q, in

particular: PH(MB; q, t) = P (Q; t)
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Fourier transform for (C2)[n]

• g = 1 and k = 1, and C1 ⊂ GL(n) is a smallest

non-central semisimple orbit

• MB =

{(A1, B1, C)C ∈ C1|A−1
1 B−1

1 A1B1C = Id}//GL(n)

• Q ∼= (C2)[n]

• Conjecture ⇒ PH∗(MB) ∼= H∗((C2)[n], C).

• [ Nevins-Stafford 2003 ] ⇒

MB
∼= (C× × C×)[n]

Conjecture 7 (Hausel 2005). In this case:

∞∑
n=1

H(MB; q, t)Tn =

∞∏
m=1

(1 + qmt2m−1Tm)2

(1− qm−1t2m−2Tm)(1− qm+1t2mTm)
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Fourier transform for V× V∗////ξG

• representation ρ : G → GL(V) of G on V, in-

ducing % : g → gl(V).

• inducing an action of G on V × V∗, preserving

the natural symplectic structure, with moment

map: µ : V× V∗ → g∗ defined by µ(v, w)(X) =

〈%(X)v, w〉

Proposition 7 (Hausel 2005). Let ξ ∈ g(Fq)∗.
The number of solutions of the equation µ(x) = ξ

over the finite field Fq is given by the formula:

#{(v, w) ∈ V(Fq)× V(Fq)
∗|µ(v, w) = ξ} =

|g(Fq)|−1|V(Fq)|
∑

X∈g(Fq)

C%(X)
(qδ0(〈X, ξ〉)− 1)

q − 1

= |g(Fq)|−1/2|V|F(C%)(ξ),

where C%(X) = | ker(%(X))|.
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Theorem 8 (Hausel 2005). Q = (V, E) quiver,

V = {1, . . . , n} vertices E ⊂ V × V edges, w ∈ NV

dimension vector, M(v,w) affine Nakajima quiver

variety.

∑
v∈VN

Pt(M(v,w))t−d(v,w)Tv =

=

∑
v∈NV

Tv
∑

λ∈P(v)

(∏
(i,j)∈E t−2n(λi,λj)

)(∏
i∈V t−2n(λi,(1wi))

)
∏

i∈V

(
t−2n(λi,λi))

∏
k

∏mk(λi)
j=1 (1−t2j)

)
∑

v∈NV
Tv

∑
λ∈P(v)

∏
(i,j)∈E t−2n(λi,λj))∏

i∈V

(
t−2n(λi,λi))

∏
k

∏mk(λi)
j=1 (1−t2j)

) ,

where d(v,w) = 2
∑

(i,j)∈E vivj + 2
∑

i∈V vi(wi − vi)

is the dimension of M(v,w), Tv =
∏

i∈V T
vi
i and

n(λ, µ) =
∑

i,j min(λi, µj)
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Example V = {1}, E = {(1,1)}, the twisted ADHM

space of U(k)Yang-Mills instantons of charge n on

R4 is then M(n, k) = µ−1(IdV )//G, where

µ(A, B, I, J) = [A, B] + IJ

is the ADHM equation. Theorem 7 then implies

the result of Nakajima-Yoshioka 2004:

∞∑
n=0

Pt(M(n, k))Tn =
∞∏

i=1

k∏
b=1

1

(1− t2(k(i−1)+b−1)T i)
.
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