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Hyperkahler quotients

Construction of (Hitchin-Karlhede-Lindstrom-
Rocek, 1987):

V is a real vector space with an Euclidean
pairing

an affine space M modeled on the quater-
nionic vector space (left module) V x IV x
JV x KV, has a natural hyperkahler metric,

G Lie group, G CM preserving the hyperkahler
structure

hyperkahler moment map:

pr = (ur, g, i) M —R3@ g
For £ e R3®(g*)% the hyperkidhler quotient

M////eG = pg (€)/G,
has a natural hyperkahler metric at its smooth
points



Moduli of Yang-Mills instantons on R#
e P — R* a U(n)-principal bundle over R*

o M =
{A connection on P; | [patr(FaA*F4)| < oo}

e A = Aidxr1 + Axdxro + Azdxrz 4+ Aszdxy in a
fixed gauge, where 4; € V = QY,(R*,adP)

o = M is modelled on V xV xV xV = has
a natural hyperkahler structure

e g€ G = Ad(P) acts on A € M by g(A) =
g YAg + g~ 1dg, preserving the hyperkihler
structure

e ug(A) = 0 & Fy4 = xFy, self-dual Yang-
Mills equation

e M(R* P) = uﬁl(O)/g, the moduli space
of finite energy self-dual Yang-Mills instan-
tons on P, has a natural hyperkahler metric

e same story for X%, . gravitational instan-
ton = M(X%; 5, P) Nakajima quiver variety
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Moduli space of magnetic monopoles
e Assume that A; are independent of x4

o A= Aidzr1+Ardro+Azdrs connection on R3
o Ay = ¢ € QO(R3,adP) the Higgs field

e gauge group now G = Q(R3,AdP) acts
on M = {(A, ¢) of finite energy } preserv-
ing the natural hyperkahler metric on M

o ug(A,¢) = 0 & Fy = xdy¢ Bogomolny
equation

e M(R3, P)= ,uﬁl(O)/Q, the moduli space of
magnetic monopoles on IR%3, has a natural
hyperkahler metric

e Atiyah-Hitchin 1985 finds the metric ex-
plicitly on M?2(R3, Pgr(2y) = describe scat-
tering of two monopoles



Moduli space of Higgs bundles
Assume that A; are independent of z3, x4
A= Aidz1+ Ardx> connection on R?

® = (A3 —Ayi)dz € Q1O(R?,adP®C) com-
plex Higgs field

gauge group now G = Q(R?, AdP) acts on
M = {(A,®) of finite energy } preserving
the natural hyperkahler metric on M

the moment map equations

F(A) = —[P, 7],

dfﬁfb = 0.
equivalent with Hitchin’'s self-duality equa-
tions

pa(A, P) =0 &

replacing R? with a genus g compact Rie-
mann surface C; M(C,P) = uﬁl(O)/g has
a natural hyperkahler metric



Spaces diffeomorphic to M(C, P (,))

ML (GL(n,C)) :=

moduli space of semistable rank n
degree d Higgs bundles on C

MER(GL(n,C)) 1=
{ moduli space of flat GL(n,C)-connections }

2mid
on C'\ {p}, with holonomy e » Id around p

ME(GL(n,C)) :={A1,B1,...,Aq, By € GL(n,C)|
AT'BTYA1By .. A B YAy By = €,1d}/GL(n,C)



L2 harmonic forms on complete
manifolds

M complete Riemannian manifold, a € QF(M)
is harmonic iff do = d* o = 0; it is L2 iff
[y Axa < oco; H*(M) is the space of L2
harmonic forms

Hodge (orthogonal) decomposition: €27, =
d(Qcpt) s> H* S¥ 5(Qcpt)

Hpy (M) — H*(M) — H*(M) is the forget-
ful map

H;‘;pt(M) — H*(M) is equivalent with the
intersection pairing on H* (M), by Poincaré
duality

cpt



S-duality conjectures on L2 harmonic
forms

Conjecture 1 (Sen,1994). There are no non-
trivial L2 harmonic d forms on ME(R3, Py (2y)
unless d = N/2, when

dim(HUME(R3, Pgyy(2)))) = $(k)

Conjecture 2 (Vafa-Witten,1994). There are
no non-trivial L? harmonic d forms on
M = M*(X%, g Pu(ny) unless d= N/2, when

dim(HA(M)) = dim(im(HL,,(M) — HI(M)))



Results on L2 harmonic forms

Sen 1994, produced an L2 harmonic form
on the Atiyah-Hitchin manifold M3(R3, Pgr(2))

Segal-Selby 1996, proves for M = ME(R3, Pgyr2))

dim@im(HL1 (M) S HN2(M))) = ¢(k)

Hausel 1998, proves for M = Mg, (SL(2,C))

dim(im(HL, 2 (M)—HN/2(M))) = 0

Hitchin 2000, proves for a complete hy-
perkahler manifold of linear growth: Hd(M) =
O unless d = N/2; and proves Sen’s conjec-
ture for k=2

Hausel-Hunsicker-Mazzeo 2002 proves for
fibered boundary manifolds M (like ALE,
ALF or ALG gravitational instantons)
HN/2(M) = im(THYN 2 (51— THY/?(51))

Carron 2005 proves for a QALE space M:

HN/2(M) = im(HL,? (31)—HN/2(5T))



Intersection numbers on circle
compact manifolds

Definition 1. M oriented, smooth with U(1) CM
is called circle-compact iff the MY js com-
pact. For o € H;}(l)(M) we define

[ =% [, oy € @

Proposition 2 (Hausel-Proudfoot 2003). The
pairing on H(*](l)(M) given by

fyons

IS nhon-degenarate.
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Intersection numbers on M%

Theorem 3 (Hausel-Szenes 2003). Let M =
Mpy(SL(2,0))

2\9 ((1—5/@2 + ’“)g

—1
BAG) = () ,
(y) » (eyz_—l-gy/ B e_yg——?;) y29—2(u2 — y2)9-1

(@8 —_
/ ue = 5:68 BA(y) + yF;e_su BA(y) + Res BA(y)

= — Z Res BA(y),
p Y=
where the sum is taken over the solutions of
the Bethe-Ansatz equations:

bu—l—b _bu—b
(& — €
u—>b u-+0b

Corollary 4 (Hausel-Thaddeus 2000). The
Newstead relation 89 = 0 holds in H*(M%,_,(SL(2,C)))
with 8 € H%.
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Conjecture 3 (Nekrasov—Shatasvili—Moore
1998, Hausel-Szenes 2004). The equivari-
ant volume of M% _(SL(n,C)):

//\/l = ; J; E(Q;F)

can be calculated as an iterated residue of a
certain expression

BA(y17y27 s 7yn)

Some of the poles of the expression BA are in
one-to-one correspondence with ordered par-
titions of n, and the rest are the solutions of
certain Bethe Ansatz equations. The iterated
residue taken at a pole corresponding to the
ordered partition n = A\ +-- -+ A\, agrees with
the contribution to the equivariant volume by
the components of type (A1, Ao, ..., Ar). More-
over minus of the sum of the residues at the
Bethe poles give the equivariant volume of the
Higgs moduli space.
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Mixed Hodge Structure of Deligne

o @, ,HPTF(M) is the associated graded to
the weight and Hodge filtrations on the co-
homology H*(M,C) of a complex algebraic
variety M

o W4k = dim(HPT%(M)), the mixed Hodge
numbers

o H(M;z,y,t) = > p qk WP TR (M) 2Pydtk, the mixed
Hodge polynomial

e P(M;t)=H(M;1,1,t), the Poincaré poly-
nomial

e F(M;xz,y) = «2"y"H(1/x,1/y,—1), the E-
polynomial of a smooth variety M.
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Topological Mirror Test

Conjecture 4 (Hausel—-Thaddeus 2002). For
all d,e € 7Z, satisfying (d,n) = (e,n) = 1, we
have

Est”" (2, y; MBR(SL(n,C))) =
nd
Est” (z,y; MHr(PGL(n,C))).

Conjecture 5 (Hausel—R-Villegas 2004).

Est” (z,y, ME(SL(n,C))) =
ESth (xa Y, eB(PGL(na C))) .
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Connection to Arithmetic

Theorem 5 (...,Ito 2004, Katz 2005). If
M is a smooth quasi-projective variety defined
over Z and

#{M(Fq)} = E(q)

is a polynomial in q, then

E(M;z,y) = E(zy).

Example

#{P"(Fy)} = #{P" 1 (F)} + #{A"(F} =
"+ 4 g+

J
EP", z,y) = (zy)" + (zy)" '+ +ay + 1
4
PP ¢) =2 2" 2 4. 4241
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Theorem 6 (Hausel—R-Villegas, 2004).
E(q) = #{MpB(GL(n,Fq))} =

GL(n,F,)|2972
— ZxEIrr(GL(n,Fq)) | X((l)qu)ll X(gn)

It follows from (Hausel—Thaddeus 2000):

H(Mp(PGL(2,C)); /a,+/q,t) =

B (q2t3 + 1)29 q29—2t4g_4(q2t—|— 1)29

T @PP-D@F 1) (@-D@PP-1)
1q29—2t4g_4(qt + 1)29 1q29—2t4g_4(qt _ 1)29

2 (¢2-1)(g—1) 2 (¢+1)(g2+1)

when g = 3 this equals:

(12412 4 412,10 4 411,10 4 4128 4 410,104
4641148416 1104846 19¢B 41104641848 4+26 1940+
+16°¢°46t"¢°+°¢*+°¢°4+-6 t'¢* 416 1°* +-
+6t°¢* +t*q* + t*¢% + 6 7¢% + t%¢° + 1.
Corollary 7 (Hausel, 2005 & 2000 =1998).

No pure cohomology in the middle dimension
= trivial intersection form on H} ,(MpE(PGL(2,C))).
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