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Abstract. In this paper we considera canonical compacti�cation of M , the moduli
spaceof stableHiggs bundleswith �xed determinantof odd degreeover a Riemann surface
&, producing a projective variety M
 ^ M 4 Z. Wegivea detailedstudy of the spacesM
, Z
and M . In doing so wereprovesomeassertionsof Laumon and Thaddeuson the nilpotent
cone.

1. Introduction

Magnetic monopoles,thesolutionsof Bogomolny equationsof mathematicalphysics,
can be interpreted as solutions of the self-dual Yang-Mills equations on R4 which are
translation invariant in one direction. Motivated by this interpretation, Hitchin in GHit 1H
addressedthe problem of �nding solutions to the SU(2) self-dual Yang-Mills equations
on R4, which are translation invariant in two directions. Although suchsolutions of �nite
energydo not exist, due to the conformal invariance of the equations, it was possibleto
�nd solutions of the correspondingSU(2) self-duality equationsover a Riemann surface
&. In the samepaperHitchin gavean extensivedescription of the spaceof thesesolutions.

Oneimportant result showshow to assignin a certain one-to-onemanneran algebro-
geometricobject to a solution of Hitchin's self-duality equations.This algebro-geometric
object is called a stable Higgs bundle, which consistsof a pair of a rank 2 holomorphic
vector bundle E on & and a section ' ` H 0(&, End

0
(E) � K

D
). The latter is called the

Higgs �eld, after the analogousobject in the monopole case.

In GHit 1H, in thesealgebro-geometricterms, Hitchin investigatesthe moduli space
M of stable Higgs bundles with �xed determinant of degree1. This notion and the cor-
respondingmoduli spacehasbecomeimportant from a purely algebro-geometricpoint of
view, too. The main reasonis that the cotangentbundle of N , the moduli spaceof stable
rank 2 vector bundles with �xed determinant of odd degree,which is a well researched
object in the algebraicgeometryof vector bundles,sits inside M asan open densesubset.
Namely, (T <

N
)
E

is canonically isomorphic to H 0(&, End
0
(E) � K

D
) thus the points of T <

Nare Higgs bundles.

Among other resultsHitchin proved that M is a non-compactcompletehyperk{hler
manifold. De�ned as above, in purely algebro-geometricterms, it was not surprising that
M turned out to be quasi-projectiveas Nitsure has shown in GNit H.



The main aim of this paper is to investigate a canonical compacti�cation of M :
among other things we show that the compacti�cation is projective, calculate its Picard
group, and calculate the Poincare>polynomial for the cohomology.

In this paper we usea simple method to compactify non-compactK{hler manifolds
with a nice proper Hamiltonian S1 action via Lerman's construction of symplecticcutting
GLerH. We use this method to compactify M . Our approach is symplectic in nature and
eventually producessomefundamental resultsabout the spacesoccurring, using existing
techniquesfrom the theory of symplecticquotients.

Weshowthat the compacti�cation describedin this paper is a good exampleof Yau's
problem of �nding a completeRicci �at metric on the complementof a nef anticanonical
divisor in a projective variety.

Many of the results of this paper can be easily generalizedto other Higgs bundle
moduli spaces,which have beenextensivelyinvestigated(seee.g. GNit Hand GSim1H). As
a matter of fact Simpson gave a de�nition of a similar compacti�cation for thesemore
generalHiggsbundlemoduli spacesin Theorems11.2and11.1of GSim2Handin Proposition
17 of GSim3H, without investigating it in detail. For example, the projectivenessof the
compacti�cation is not clear from thesede�nitions. One novelty of our paper is the proof
of the projectivenessof the compacti�cation in our case.

Sincethe compacti�cation method used in this paper is fairly general it is possible
to apply it to other K{hler manifolds with the above properties. It could be interesting
for instanceto seehow this method works for the toric hyperk{hler manifolds of Goto
GGotoHand Bielawski and Dancer GBi,DaH.

Finally, as a conclusion, we note that the compacti�cation of this paper solvesone
half of the problem of compactifying the moduli spaceM , namely the "outer' half, i.e.
showswhat the resulting spaceslook like; while the other half of the problem the "inner'
part, i.e. how this �ts into the moduli spacedescription of M , is treated in the recentpaper
of Schmitt GSchmH. Schmitt'sapproachisalgebro-geometricin nature,and concernsmainly
theconstruction of the right notion for moduli to produceM
, thuscomplementsthe present
paper. The relation betweenthe two approachesdeservesfurther investigation.

Acknowledgements. First of all I would like to thank my supervisorNigel Hitchin
for fruitful supervisions.The compatibility with Yau's problem wassuggestedby Michael
Atiyah, while Lerman's symplecticcutting wassuggestedby Michael Thaddeus.With both
of them I had very inspiring conversations.I also thank Bala>zs Szendro�i and the referee
for helpful comments.Finally, I thank Trinity College,Cambridge for �nancial support.

2. Statementof results

In this sectionwe describethe structure of the paper and list the results.

In Section 3 we collect the existing results about C< actions on K{hler manifolds
and subsequentlyon K{hler quotients from the literature. We explain a generalmethod
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of compactifying K{hler manifolds with a nice, proper, Hamiltonian S1 action. The rest
of the paper follows the structure of Section3.

In Section 4 we de�ne the basic notions and restatesomeresults of Hitchin about
M . Here we learn that the results of Section 3 apply to M . We describehere our toy
example M

toy
, the moduli spaceof parabolic Higgs bundles on P1

4
, which servesas an

examplethroughout the paper.

In Section5 (following ideasof Subsection3.1) we describethe nilpotent coneafter
ThaddeusGTha1Hand show that it coincideswith the downward Morse �ow (Theorem
5.2). We reprove Laumon's theorem in our case,that the nilpotent cone is Lagrangian
(Corollary 5.3).

In Section 6 we describeZ, the highest level K{hler quotient of M , while in 7 we
analyseM
 ^ M 4 Z. Here we follow the approachesof Subsection3.2and Subsection3.3,
respectively.Among others, we prove the following statements:

. M
 is a compacti�cation of M , the moduli spaceof stableHiggs bundleswith �xed
determinant and degree1 (Theorem 7.2).

. Z is a symplectic quotient of M by the circle action (E, ' ) ) (E, eiH' ). M
 is a
symplecticquotient of M ^ C with respectto the circle action, which is the usual one on
M and multiplication on C.

. While M is a smooth manifold, Z is an orbifold, with only Z
2

singularitiescorres-
ponding to the �xed point set of the map (E, ' ) ) (E,^ ' ) on M (Theorem 6.2), while
similarly M
 is an orbifold with only Z

2
singularities,and the singular locusof M
 coincides

with that of Z (Theorem 7.3).

. The Hitchin map

s : M 1 C3g+3

extendsto a map

s� : M
 1 P3g+3

which when restricted to Z givesa map

s� : Z 1 P3g+4

whosegeneric�bre is a Kummer variety correspondingto the Prym variety of the generic
�bre of the Hitchin map (Theorem 6.10, Theorem 7.8).

. M
 is a projective variety (Theorem 7.11), with divisor Z such that

(3g^ 2)Z ^ ^ K
M� ,

the anticanonical divisor of M
 (Corollary 7.7).
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. Moreover, Z itself is a projective variety (Theorem 6.16) with an inherited holo-
morphic contact structure with contact line bundle L

Z
(Theorem6.9) and a one-parameter

family of K{hler forms u
t
(Z ) (Theorem 6.15). The Picard group of Z is described in

Corollary 6.7.Moreover, thenormal bundleof Z in M
 is L
Z

which is nef by Corollary 6.14.

. Furthermore, M
 hasa one-parameterfamily of K{hler forms u
t
(M
 ), which when

restricted Z givesthe above u
t
(Z ).

. Z is birationally equivalent to P(T <
N

) the projectivized cotangent bundle of the
moduli spaceof rank 2 stable bundleswith �xed determinant and odd degree(Corollary
6.4). M
 is birationally equivalent to P(T <

N
� O

N
), the canonical compacti�cation of T <

N(Corollary 7.4).

. We calculate certain sheaf cohomology groups in Corollary 6.12 and Corollary
6.13and interpret someof theseresultsasthe equality of certain in�nitesimal deformation
spaces.

. ThePoincare>polynomial of Z isdescribedin Corollary 6.5,thePoincare>polynomial
of M
 is describedin Theorem 7.12.

. We �nish Section 7 by showing an interesting isomorphism betweentwo vector
spaces:onecontainsinformation about the intersectionof the componentsof the nilpotent
cone, the other sayssomethingabout the contact line bundle L

Z
on Z.

3. Compacti�cation by symplecticcutting

In this section we collect the results from the literature concerning C< actions on
K{hler manifolds. At the sametime we sketch the structure of the rest of the paper.

3.1. Strati�cations. Supposethat we are given a K{hler manifold (M , I , u ) with
complex structure I and K{hler form u . Supposealso that C< acts on M biholomorphi-
cally with respectto I and suchthat the K{hler form is invariant under the inducedaction
of S1! C<.Supposefurthermore that this latter action is Hamiltonian with proper moment
map k : M 1 R, with �nitely many critical points and 0 being the absolute minimum of
k. Let JN

A
K
À A

be the set of the componentsof the �xed point set of the C< action.

We list some results of GKir Hextendedto our case.Namely, Kirwan's results are
statedfor compactK{hler manifolds,but onecanalwaysmodify theproof for non-compact
manifolds as above (cf. Chapter 9 in GKir H).

There exist two strati�cations in such a situation. The �rst one is called the Morse
strati�cation and can be de�ned as follows. The stratum SM

A
is the set of points of M

whosepath of steepestdescentfor the Morse function k and the K{hler metric havelimit
points in N

A
. One can also de�ne the setsT M

A
as the points of M whosepath of steepest

descentfor the Morse function ^ k and the K{hler metric have limit points in N
A
. SM

Agivesa strati�cation evenin the non-compactcase,howeverthe setT
A

T M
A

is not the whole

spacebut a deformation retract of it. The set T
A

T M
A

is called the downwardMorse �ow .
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The other strati�cation is the Bialynicki-Birula strati�cation , where the stratum SB
Ais the set of points p ` M for which lim

tU0
t p ` N

A
. Similarly, as above, we can de�ne T B

A
as

the points p ` M for which lim
tU'

t p ` N
A
.

One of Kirwan's important results in GKir H, Theorem 6.16 assertsthat the strati�-
cationsSM

A
and SB

A
coincide,and similarly T M

A
^ T B

A
^ T

A
. This result is important because

it showsthat the strata S
A
^ SM

A
^ SB

A
of the strati�cations aretotal spacesof a�ine bundles

(so-calledb-�brations) on N
A
(this follows from theBialynicki-Birula picture) and moreover

this strati�cation is responsiblefor the topology of the spaceM (this follows from the
Morse picture). Thus we have the following theorem (cf. Theorem 4.1 of GBiaHand also
Theorem 1.12 of GTha3H):

Theorem3.1. S
A

andT
A

are complexsubmanifoldsof M. They are isomorphicto total
spacesof someb-�brations over N

A
, suchthat the normal bundleof N

A
in theseb-�brations

are E;
A

and E+
A

, respectively, whereE;
A

is the positiveand E+
A

is the negativesubbundleof
T
M

�
Na

with respectto the S1 action.

Moreover, the downwardMorse �ow T
A

T
A

is a deformationretract of M.

Recall that a b-�bration in our caseis a �bration E 1 Bn with a C< action on the
total spacewhich is locally like Cn̂ V, whereV is the C< module b : C< 1 GL (V ). Note
that sucha �bration is not a vector bundle in general,but it is if b is the sumof isomorphic,
one-dimensionalnon-trivial C< modules.

3.2. K{hler quotients. We de�ne an action to be semi-freeif the stabilizer of any
point is �nite or the whole group itself.

Whenever we are given a Hamiltonian, proper, semi-free S1 action on a K{hler
manifold, we can form the K{hler quotients Q

t
^ k+1(t)•S1, which are compact K{hler

orbifolds at a regular value t of k.

If this S1 action is induced from an action of C< on M asabove, then we can relate
the K{hler quotients to the quotients M •C< as follows. First we de�ne M min

t
! M as the

setof points in M whoseC< orbit intersectsk+1(t). Now a theorem of Kirwan states(see
Theorem 7.4 in GKir H) that it is possibleto de�ne a complex structure on the orbit space
M min

t
•C<, and shealsoprovesthat this spaceis homeomorphic to Q

t
, de�ning the complex

structure for the K{hler quotient Q
t
. (Here again we used the results of Kirwan for

non-compactmanifolds, but asabove,theseresultscanbeeasilymodi�ed for our situation.)
It now simply follows that M min

t
only dependson that connectedcomponentof the regular

values of k in which t lies, and as a consequenceof this we can seethat the complex
structure on Q

t
is the sameas on Q

tD
if the interval Gt, tFHdoes not contain any critical

value of k. We have as a conclusion the following theorem:

Theorem 3.2. At a regular level t ` R of the moment map k, we have the K{hler
quotientQ

t
^ k+1(t)•S1 whichis a compactK{hler orbifold with M min

t
asa holomorphicC<

principal orbibundleon it. Moreover M min
t

and the complexstructureon Q
t
only dependon

that connectedcomponentof the regular valuesof k wheret lies.
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It follows from the abovetheoremthat there is a discretefamily of complexorbifolds
which arise from the above construction. Moreover, at each level we get a K{hler form
on the corresponding complex orbifold. The evolution of the di�erent K{hler quotients
has been well investigated (e.g. in the papers GDu,HeH, GGu,StH, cf. also GTha3H and
GBr,PrH). We can summarizetheseresults in the following theorem:

Theorem3.3. The K{hler quotientsQ
t
andQ

tD
are biholomorphicif the interval Gt, tFH

doesnot containa critical valueof the momentmap.They are relatedby a blowupfollowed
by a blow-downif the interval Gt, tFHcontainsexactly onecritical point c di�erent from the
endpoints.To be more precise, Q

t
blown up along the union of submanifolds T

K(Na): c
P
w

(E+
A

)

is isomorphicto Q
tD

blownup along T
K(Na): c

P
w

(E;
A

) and in both casesthe exceptionaldivisor

is T
K(Na): c

P
w

(E;
A

)^
Na

P
w

(E+
A

) the �bre product of weightedprojectivebundlesover N
A
.

Moreover, in a connectedcomponentof the regular valuesof k the cohomologyclasses
of the K{hler forms u

t
(Q

t
) dependlinearly on t accordingto the formula:

Gu
t
(Q

t
)Ĥ Gu

tD
(Q

tD
)Ĥ (t ^ tF)c

1
(M min

t
) ^ (t ^ tF)c

1
(M min

tD
) ,

wherec
1

is the �rst Chern classof the C< principal bundle.

3.3. Symplecticcuts. Now let us recall the construction of the symplectic cut we
need(seeGLerHand alsoGEd,GrHfor the algebraiccase),�rst in the symplecticand second
in the K{hler category.

If (M , u ) is a symplecticmanifold with a Hamiltonian and semi-freeS1 action and
proper moment map k with absolute minimum 0, then we can de�ne the symplectic cut
of M at the regular t by a symplecticquotient construction as follows.

We let S1 act on the symplectic manifold M ^ C (where the symplectic structure is
the product of the symplecticstructure on M and the standard symplecticstructure on C)
by acting on the �rst factor according to the above S1 action and on the secondfactor
by the standard multiplication. This action is clearly Hamiltonian with proper moment
map k ^ k

C
, where k

C
is the standard moment map on C : k

C
(z) ^ �z�2.

Now if t is a regular value of the moment map k ^ k
C
, such that S1 actswith �nite

stabilizers on M
t
^ k+1(t) (i.e. M

t
•S1 gives a symplectic orbifold), then the symplectic

quotient M

K" t

de�ned by

M

K" t

^ J(m, w) ` M ^ C : k (m)^ �w�2^ tK

will be a symplecticcompacti�cation of the symplecticmanifold M
K" t

in the sensethat

M

K" t

^ M
K" t

4 Q
t
,

and the inherited symplecticstructureon M

K" t

restrictedto M
K" t

coincideswith its original
symplectic structure. Moreover, if we restrict this structure onto Q

t
it coincideswith its

quotient symplecticstructure.
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Now supposethat we are given a K{hler manifold (M , I , u ) and a holomorphic C<
action on it, suchthat the inducedS1! C<action preservestheK{hler form and issemi-free
and Hamiltonian with proper moment map. With theseextra structuresthe symplecticcut
construction will give us M


K" t
a compact K{hler orbifold with a C< action, such that

M

K" t

] Q
t

is symplectomorphic to M
K" t

as above and furthermore is biholomorphic to
C<(M

K" t
), the union of C<-orbits intersectingM

K" t
. (This is actually an important point,

as it showsthat M
K" t

is not K{hler isomorphic to M

K" t

] Q
t
, cf. GLerH.) We can collect all

theseresults into the next theorem:

Theorem3.4. The symplecticcut M

K" t

^ M
K" t

4 Q
t

as a symplecticmanifold com-
pacti�es the symplecticmanifold M

K" t
, suchthat the restricted symplecticstructure on Q

tcoincideswith the quotient symplecticstructure.

Furthermoreif M is a K{hler manifold with a C< action as above, then M

K" t

will be
a K{hler orbifold with a C< action, such that Q

t
with its quotient complex structure is a

codimension1 complexsuborbifoldof M

K" t

whosecomplementis equivariantlybiholomorphic
to C<(M

K" t
) with its canonicalC< action.

Remark. Note that if t is higher than the highest critical value (this implies that
we have �nitely many of them), then C<(M

K" t
) ^ M is the whole space,therefore the

symplectic cutting in this casegives a holomorphic compacti�cation of M itself. The
compacti�cation is M


K" t
, which is equalto the quotient of (M ^ C^ N^ J0K) by the action

of C<, whereN is the downward Morse �ow. This is the compacti�cation weshall examine
here for the caseof M , the moduli spaceof stable Higgs bundles with �xed determinant
of degree1.

4. The moduli of Higgs bundlesM

Notation 4.1. Let

. & be a closedRiemann surfaceof genusg~ 1,

. + a �xed line bundle on & of degree1,

. N the moduli spaceof rank 2 stable bundleswith determinant + ,

. M denotethe moduli spaceof stableHiggs pairs (E, ' ), whereE is a rank 2 vector
bundle on & with detE ^ + and ' ` H 0(&, End

0
E � K

D
).

Remark. For the terms usedabove we refer the reader to GHit 1Hand GSim1H.

After introducing the spaceM , Hitchin gave its extensivedescription in GHit 1H,
GHit 2H. Here we restatesomeof his results.

. M is a noncompact, smooth manifold of dimension 12g^ 12 containing T <
N

as a
denseopen set.

. Furthermore M is canonically a Riemann manifold with a completehyperk{hler
metric.Thus M hascomplexstructuresparameterizedby S2. Oneof thecomplexstructures,
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for which T <
N

is a complexsubmanifold, is distinguished,call it I . Wewill only beconcerned
with this complex structure here.The others (apart from ^ I ) are biholomorphic to each
other and give M the structure of a Stein manifold. From theseK{hler forms one can
build up a holomorphic symplectic form u

h
on (M , I ).

. There is a map, called the Hitchin map

s : M 1 H 0(&, K 2
D

) ^ C3g+3

de�ned by

(E, ' ) ) det ' .

The Hitchin map is proper and an algebraicallycompletelyintegrableHamiltonian system
with respectto the holomorphic symplectic form u

h
, with generic �bre a Prym variety

correspondingto the spectral cover of & at the image point.

. Let u denote the K{hler form correspondingto the complex structure I . There is
a holomorphic C< action on M de�ned by (E, ' ) ) (E, z' ). The restricted action of S1
de�ned by (E, ' ) 1 (E, eiH' ) is isometric and indeed Hamiltonian with proper moment
map k. The function k is a perfect Morse function, moreover:

k has g critical values: an absolute minimum c
0

^ 0 and c
d
^ �d^

1
2�n, where

d^ 1, . . . , g^ 1.

k+1(c
0
) ^ k+1(0)^ N

0
^ N is a non-degeneratecritical manifold of index 0.

k+1(c
d
) ^ N

d
is a non-degeneratecritical manifold of index 2(g^ 2d^ 2) and is

di�eomorphic to a 22g-fold cover of the (2g^ 2d^ 1)-fold symmetric product
S2g+2d+1(&).

. The �xed point setS of the involution p(E, ' ) ^ (E,^ ' ) is the union of g complex
submanifolds of M namely,

S^ N 4
g+1
T
d:1

F
d

,

where F
d

is the total spaceof a vector bundle F
d

over Z
d
. Moreover F

d
is a complex

submanifold of dimension 3g^ 3.

Using an algebraicpoint of view Nitsure in GNit Hcould prove:

Theorem4.2 (Nitsure). M is a quasi-projectivevariety.

The main aim of this paper is to examinein certain sensethe canonical compacti�-
cation of M .

Example. Unfortunately, evenwheng^ 2 the moduli spaceM is already 6 dimen-
sional, too big to serveasan instructive example.We rather chooseM

toy
, the moduli space

of stableparabolic Higgs bundleson P1, with four marked points, in order to show how
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our later constructionswork. (Thesemoduli spaceswereconsideredby YokogawaGYokoH.)
We choosethis examplebecauseit is a complexsurface,and can be constructedexplicitly.

We �x four distinct points on P1 and denote by P1
4

the corresponding complex
orbifold. Let P be the elliptic curve corresponding to P1

4
. Let p

P
be the involution

p
P
(x) ^ ^ x on P. Thus, P•p

P
is just the complex orbifold P1

4
. The four �xed points of

the involution x
1
, x

2
, x

3
, x

4
` P correspondto the four markedpoints on P1

4
. Furthermore,

let q be the involution q(z) ^ ^ z on C.

Consider now the quotient space(P^ C)•(p
P
^ q). This is a complex orbifold of

dimension 2 with four isolated Z
2

quotient singularities at the points x
i
^ 0. Blowing up

thesesingularities we get a smooth complex surface M
toy

with four exceptional divisors
D

1
, D

2
, D

3
and D

4
. Moreover the map s : (P^ C) 1 C sending(z, x) ) z2, descendsto the

quotient (P^ C)•(p
P
^ q) and sendingthe exceptionaldivisors to zero one obtains a map

s
toy

: M
toy

1 C, with generic�bre P. The map s
toy

will serveas our toy Hitchin map.

Moreover there is a C< action on M
toy

, coming from the standard action on C. The
�xed point set of S1! C< has �ve components:one is N

toy
! M

toy
(the moduli spaceof

stable parabolic bundleson P1
4
) which is the proper transform of

(P^ 0)•(q^ p
P
) ^ P1

4
! (P^ C)•(p

P
^ q)

in M
toy

. The other four componentsconsist of singlepoints x�
i
` D

i
, i ^ 1, 2, 3, 4.

The �xed point set of the involution p : M
toy

1 M
toy

has �ve components, one of
which is N

toy
, the other F

i
are the proper transforms of the sets

(x
i
^ C)•(p

P
^ q) ! (P^ C)•(p

P
^ q) .

5. The nilpotent coneN

Theresultsin theprevioussectionshowthat theK{hler manifold (M , I , u ) isequipped
with a C< action which restricts to an S1! C< action which is semi-freeand Hamiltonian
with proper moment map k. Moreover, 0 is an absolute minimum for k. Therefore we
are in the situation describedin Section3. In the following sectionswewill apply the ideas
developedthereto our situation anddeduceimportant propertiesof thespacesM , Z andM
.

We saw in Theorem 3.1 that the downward Morse �ow is a deformation retract of
M , so it is responsiblefor the topology, and assuchit is an important object. On the other
hand we will prove that the downward Morse �ow coincideswith the nilpotent cone.

De�nition 5.1. The nilpotent cone is the preimage of zero of the Hitchin map
N ^ s+1(0).

The name"nilpotent cone' wasgiven by Laumon, to emphasizethe analogy with the
nilpotent cone in a Lie algebra.
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In our context this is the most important �bre of the Hitchin map, and the most
singular one at the sametime. We will show below that the nilpotent cone is a central
notion in our considerations.

Laumon in GLauHinvestigated the nilpotent cone in a much more general context
and showed its importance in the Geometric Langlands Correspondence.Thaddeus in
GTha1Hconcentratedon our case,and gavethe exactdescription of the nilpotent cone.In
what follows we will reprove someof their results.

The following assertionwasalreadystatedin GTha1Hwhich will turn out to becrucial
in someof our considerations.

Theorem5.2. The downwardMorse �ow coincideswith the nilpotent cone.

Proof. As we sawin Theorem3.1 the downward Morse �ow can be identi�ed with
the set of points in M whoseC< orbit is relatively compact in M .

Sincethe nilpotent cone is invariant under the C< action and compact (s is proper)
we immediately get that the nilpotent cone is a subsetof the downward Morse �ow.

On the other hand if a point in M is not in the nilpotent conethen the imageof its
C< orbit by the Hitchin map is a line in C3g+3, thereforecannot berelatively compact. ;

Laumon's main result is the following assertion(cf. Theorem 3.1 in GLauH), which
we prove in our case:

Corollary 5.3 (Laumon). The nilpotent coneis a Lagrangian subvarietyof M with
respectto the holomorphicsymplecticform u

h
.

Proof. The Hitchin map is a completely integrable Hamiltonian system,and the
nilpotent coneis a �bre of this map, so it is coisotropic. Therefore it is Lagrangian if and
only if its dimension is 3g^ 3.

On the other hand the nilpotent cone is exactly the downward Morse �ow and we
can useHitchin's description of the critical submanifolds in GHit 1H, giving that the sum
of the index and the real dimension of any critical submanifold is 6g^ 6. We therefore
concludethat the complexdimensionof the downward Morse �ow (i.e. the nilpotent cone)
is 3g^ 3. ;

Remark. Nakajima's Proposition 7.1 in GNakHstatesthat if X is a K{hler manifold
with a C< action and a holomorphic symplectic form u

h
of homogeneity 1 then the

downward Morse �ow of X is Lagrangian with respectto u
h
. Thus Nakajima's result and

Theorem5.2 together give an alternative proof of the theorem.We preferedthe one above
for it concentrateson the speci�c properties of M .
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From the above proof we can seethat for higher rank Higgs bundles Laumon's
theorem is equivalent to the assertion that every critical submanifold contributes to the
middle dimensional cohomology, i.e. the sum of the index and the real dimension of any
critical submanifold should always be half of the real dimension of the corresponding
moduli space.

Using the results of GGoth1Hone easily showsthat the above statementalso holds
for the rank 3 case.Gothen could show directly the above statement for any rank and
therefore gavean alternative proof of Laumon's theorem in thesecasesGGoth2H.

Corollary 5.4. ThemiddledimensionalhomologyH
6g+6

(M ) of M is freely generated
by the homologyclassesof componentsof the nilpotent coneand thereforehasdimensiong.

Proof. We know that each component of N is a projective variety of dimension
3g^ 3. N is a deformation retract of M , therefore the middle dimensional homology of
M is generatedby the homology classesof the componentsof N. Furthermore, from the
Morse picture, components of N are in a one-to-one correspondencewith the critical
manifolds of M , so there are g of them. The result follows. ;

We �nish this sectionwith Thaddeus'sdescription of the nilpotent cone(seeGTha1H,
cf. GLauH).

Theorem5.5. The nilpotent cone is the union of N and the total spacesof vector
bundlesE+

d
over N

d
, whereE+

d
is the negativesubbundleof T

M
�
Nd

.

Moreover, therestrictedactionof C<onN is just theinversemultiplication onthe�bres.

Proof. This follows directly from Theorem 3.1 and Theorem 5.2, with noting that
by Hitchin's description of the weights of the circle action on T

M
�N

d
in the proof of

Proposition 7.1 of GHit 1H, we have that there is only one negativeweight. Therefore the
b-�bration of Theorem 3.1 is a vector bundle in this case.The result follows. ;

Remark. From the description of E+
d

in GTha1Hand that of F
d
, a componentof the

�xed point setof the involution p(E, ' ) ^ (E,^ ' ), in GHit 1H, one obtains the remarkable
fact that the vector bundle E+

d
is actually dual to F

d
.

Example. In our toy examplewe havethe elliptic �bration s
toy

: M
toy

1 C, with the
only singular �bre N

toy
^ s+1

toy
(0), the toy nilpotent cone.We havenow the decomposition

N
toy

^ N
toy

4
4
T
i:1

D
i
,

wherewe think of D
i

as the closureof E
i
, the total spaceof the trivial line bundle on x�

i
.

The possiblesingular �bres of elliptic �brations havebeenclassi�ed by Kodaira (cf.
GB,P,VH, p. 150). According to this classi�cation N

toy
is of type I <

0
(D�

4
).

H ausel, Compacti�cation of moduli of Higgs bundles 179



6. The highestlevelK{hler quotient Z

In this sectionwe apply the ideasof Subsection3.2 to our situation.

De�nition 6.1. De�ne for every non-negativet the K{hler quotient

Q
t
^ k+1(t)•S1.

As the complexstructureof the K{hler quotient dependsonly on the connectedcomponent
of the regular valuesof k, we can de�ne Z

d
^ Q

t
for c

d
~ t ~ c

d;1
as a complex orbifold

(we take c
g
^ 8 ). Similarly, we de�ne X

Zd
to be M min

t
for c

d
~ t ~ c

d;1
.

For simplicity let the highest level quotient Z
g+1

be denoted by Z and the corres-
ponding C< principal bundle X

Zg�1
by X

Z
.

In the spirit of Theorem 3.3 we have the following

Theorem6.2. Z
d

is a complexorbifold with only Z
2
-singularities, wherethe singular

locusis di�eomorphic to someunion of projectivizedvector bundlesP(F
i
):

sing(Z
d
) ^ T

0" i� d
P(F

i
) ,

whereF
i
! M is the total spaceof a vector bundleover N

i
and is a componentof the �xed

point set of the involution p(E, ' ) ^ (E,^ ' ).

Proof. The inducedaction of S1 on C3g+3 by the Hitchin map is multiplication by
e2iHso an orbit of S1 on M ] N is a non trivial double cover of the imageorbit on C3g+3.
On the other hand by Thaddeus'description of N (Theorem 5.5) it is clear that if a point
of N is not a �xed point of the circle action, then the stabilizer is trivial at that point.

Summarizing thesetwo observationswe obtain that if a point of M is not �xed by
S1, then its stabilizer is either trivial or Z

2
. The latter caseoccursexactlyat the �xed point

set of the involution p. The statementnow follows from Theorem 3.3. ;

Proposition 6.3. Z
d

and Z
d;1

are relatedby a blowupfollowing by a blowdown.

Namely, Z
d

blown up along P(E+
d

) is the sameas the singular quotient Q
cd

blown up
along N

d
(its singular locus), which in turn givesZ

d;1
blown up at P(E;

d
).

Moreover, this birational equivalenceis an isomorphismoutside an analytic set of
codimensionat least 3.

Proof. The �rst bit is just the restatementof Theorem 3.3 in our setting.

The second part follows because dim (P(E+
d

)) ^ 3g^ 3^ 1~ 6g^ 6^ 2 and
dim (P(E;

d
)) ^ 3g^ 3^ 2g^ 2d^ 1^ 1~ 6g^ 6^ 2 for g~ 1. ;
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Corollary 6.4. Z ^ Z
g+1

is birationally equivalentto P(T <
N

) ^ Z
0
. Moreover this

givesan isomorphismin codimension~ 2.

Proof. Obviously X
Z0

is T <
N

, and therefore by Theorem 3.2, Z
0

is isomorphic to
the projectivized cotangent bundle P(T <

N
). The statement follows from the previous the-

orem. ;

Corollary 6.5. Z hasPoincare! polynomial

P
t
(Z ) ^

t6g+6^ 1
t 2^ 1

P
t
(N )^

g+1
\
i:1

t6g+6^ t 2g+4; 4i
t 2^ 1

P
t
(N

i
) ,

whereN
i
is a 22g-fold coverof S2i+1&.

Proof. One way to derive this formula is through Kirwan's formula in GKir H. We
usethe above blowup, blowdown picture instead.This approach is due to Thaddeus,see
GTha2H.

Applying the formula in GGr,HaH, p. 605 twice we get that

P
t
(Z

d;1
)^ P

t
(Z

d
) ^ P

t
(PE;

d
)^ P

t
(PE+

d
) .

On the other hand for a projective bundle on a manifold P 1 M with �ber Pnone
has (cf. GGr, HaH, p. 606)

P
t
(P) ^

t2n; 2^ 1
t 2^ 1

P
t
(M ) .

Hence the formula follows. ;

Remark. All the Poincare>polynomials on the right hand sideof the aboveformula
have beencalculated.For P

t
(N ) seee.g. GAt, BoHfor P

t
(N

d
) seeGHit 1H.

We will determinethe Picard group of Z exactly. First we de�ne someline bundles
on severalspaces.

Notation 6.6. Let

. L
N

denote the ample generator of the Picard group of N (cf. GDr, NaH),

. L
PT�N

be its pullback to PT <
N

,

. L
Z

denote the corresponding line bundle on Z (cf. Corollary 6.4),

. L
PT�N

be the dual of the tautological line bundle on PT <
N

,

. L
Z

^ X <
Z

^
C�

C denote the correspondingline orbibundle on Z.
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Corollary 6.7. Pic(Z ), thePicardgroupof Z, isof rank 2 overZ andis freelygenerated
by L

Z
and L

Z
.

Remark. The Picard group of Z is the group of invertible sheaveson Z. As the
singular locus of Z has codimension ~ 2, this group can be thought of as the group of
holomorphic line orbibundles on Z. Namely, in this casethe restriction of a holomorphic
line orbibundle to Z ] sing(Z ) gives a one-to-one correspondencebetweenholomorphic
line orbibundles on Z and holomorphic line bundles on Z ] sing(Z ), by the appropriate
version of Hartog's theorem.

Proof. It is well known that Pic(N ) is freely generatedby one ample line bundle
L

N
therefore is of rank 1 (cf. GDr, NaH). Thus Pic(P(T <

N
)) is of rank 2 and freely generated

by L
PT�N

the pullback of L
N

and the dual of the tautological line bundle L
PT�N

. From
Corollary 6.4, Pic(Z ) is isomorphic with Pic(P(T <

N
)) therefore is of rank 2, and freely

generatedby L
Z

and L
Z
, where L

Z
is isomorphic to L

PT�N
and L

Z
is isomorphic to L

PT�Noutside the codimension2 subsetof Corollary 6.4. ;

De�nition 6.8. A contact structure on a compact complex orbifold Z of complex
dimension 2n^ 1 is given by the following data:

1. a contact line orbibundle L
Z

suchthat Ln
Z

^ K+1
Z

, whereK
Z

is the line orbibundle
of the canonical divisor of Z,

2. a complexcontact form h ` H 0(Z, : 1(Z ) � L
Z
) a holomorphic L

Z
valued1-form,

such that

(1) 0@ h) (dh)n+1 ` H 0(Z, : 2n+1(Z ) � K +1
Z

) ^ H 0(Z, O
Z
) ^ C

is a nonzero constant.

Theorem6.9. There is a canonicalholomorphiccontact structure on Z with contact
line orbibundleL

Z
.

Proof. This contact structure can be createdby the construction of Lebrun as in
GLebH, Remark 2.2. We only have to note that the holomorphic symplectic form u

h
on

M is of homogeneity1.

The construction goesas follows. If n : X <
Z

1 Z denotesthe canonical projection of
the C< principal orbibundle X <

Z
the dual of X

Z
, then n<(L

Z
) is canonically trivial with the

canonical section having homogeneity 1. Thus in order to give a complex contact form
h ` H 0(Z, : 1(Z ) � L

Z
) it is su�icient to give a 1-form n<h on X < of homogeneity1. This

can be de�ned by n<h^ i (m)u
h
, where m` H 0(M , T

M
) is the holomorphic vector �eld

generatedby the C< action. The non-degeneracycondition (1) is exactly equivalent to
requiring that the closedholomorphic 2 form u

h
satisfy u n

h
@ 0. This is the caseas u

h
is

a holomorphic symplectic form.

The result follows. ;
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We will be able to determinethe line orbibundle L
Z

explicitly. For this, considerthe
Hitchin map s : M 1 C3g+3. As it is equivariant with respectto the C< action, s induces
a map

s� : Z 1 P3g+4

on Z. The generic�bre of this map is easilyseento be the Kummer variety corresponding
to the Prym variety (the Kummer variety of an Abelian variety is the quotient of the
Abelian variety by the involution x 1 ^ x), the generic�bre of the Hitchin map. Thus we
have proved

Lemma 6.10. There exists a map s : Z 1 P3g+4 the reduction of the Hitchin map
onto Z, for which the generic�bre is a Kummervariety.

Remark. This observation was already implicit in Oxbury's thesis (cf. 2.17a of
GOxbH).

The following theorem determinesthe line bundle L
Z

in terms of the Hitchin map.

Theorem6.11. L2
Z

^ s�<H
3g+4

whereH
3g+4

is the hyperplanebundleon P3g+4.

Proof. We understand from Corollary 6.7 that s�<H
3g+4

^ L k
Z

� L l
Z

for somein-
tegersk and l.

We show that k ^ 0. For this considerthe pullback of L
Z

onto M ] N the total space
of the C< principal orbibundle X <

Z
. This line orbibundle extendsto M asL

M
and restricts

to T <
N

as the pullback of L
PT�N

by construction. c
1
(L

M
) is not trivial when restricted to N

(namely it is c
1
(L

N
), sincethis bundle is ample) therefore is not trivial when restricted to

a generic�bre of the Hitchin map. We can deducethat c
1
(L

Z
) is not trivial on the generic

�bre of s�.

However L
Z

restricted to a generic �bre of s� can be describedas follows. Let this
Kummer variety be denotedby K, the correspondingPrym variety by P. Form the space
P^ C<, the trivial C< principal bundle on P and quotient it out by the involution
q(p, z) ^ (^ p,^ z). The resulting spaceis easily seento be the C< orbit of the Prym P
in M , therefore the total spaceof the C< principal orbibundle L<

Z
] (L<

Z
)
0

on K. HenceL2
Zis the trivial line orbibundle on K. Thus c

1
(L

Z
�
K
) ^ 0.

Now s�<H
3g+4

is trivial on the Kummer variety. Hence the assertionk ^ 0.

The restof the proof will follow the linesof Hitchin's proof of Theorem6.2 in GHit 2H.
We show that l ^ 2.

The sectionsof L
Z

can be identi�ed with holomorphic functions homogeneousof
degree2 on the C< principal orbibundle X

Z
^ L<

Z
] (L<

Z
)
0
. As N is of codimension~ 2 such

functions extend to M . Sincethe Hitchin map is proper, thesefunctions are constant on
the �bers of the Hitchin map, therefore are the pullbacks of holomorphic functions on
C3g+3 of homogeneity 1 which can be identi�ed with the holomorphic sectionsof the
hyperplanebundle H

3g+4
on P(C3g+3) ^ P3g+4. ;
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Corollary 6.12. If n is odd, there are natural isomorphisms

H 0(Z, Ln
Z
) � H 0(N , SnT

N
) � 0 ,

whereasif n is even, then

H 0(Z, Ln
Z
) � H 0(N , SnT

N
) � H 0(P3g+4, H n

23g+4
) .

Proof. We show that H 0(Z, L
Z
) � H 0(N , Sn(T

N
)) for everyn, the rest of the the-

orem will follow from Theorem 6.2 of GHit 2H.

By Proposition 6.3 we get that H 0(Z, Ln
Z
) � H 0(PT <

N
, Ln

PT�N
). Let n : PT <

N
1 N de-

note the projection. It is well known that the Leray spectral sequencefor n degenerates
at the E2 term. Moreover, we have that Rin

<
(Ln

PT�N
) ^ 0 if 0~ i ~ 3g^ 4 (cf. GHarH,

Theorem5.1b). ThereforeH 0(PT <
N

, Ln
PT�N

) � H 0(N , n
<

(Ln
PT�N

)). Finally thesheafn
<

(Ln
PT�N

)
is Sn(T

N
), which proves the statement. ;

We can moreover determine the �rst cohomology group corresponding to the in�-
nitesimal deformations of the holomorphic contact structure on Z and can interpret it in
a nice way.

Corollary 6.13. There are canonicalisomorphisms

H 1(Z, L
Z
) � (H 1(M , O

M
))

1
� H 1(N , T

N
) � H 1(&, K +1

D
) ,

where(H 1(M , O
M

))
1
! H 1(M , O

M
) is thevectorspaceof elementsof H 1(M , O

M
) homogeneous

of degree1.

Proof. We may usethe cohomological version of Hartog's theorem (cf. GScheH) to
show that H 1(Z, L

Z
) � H 1(PT <

N
, L

PT�N
), as Z and PT <

N
are isomorphic on an analytic set

of codimension~ 3 (cf. Proposition 6.3).

The proof of the other isomorphismscan be found in GHit 3H. ;

Remark. We can interpret this result assayingthat the deformation of the complex
structure on & correspondsto the deformation of complex structure on N , to the defor-
mation of holomorphic contact structure on Z (cf. GLebH) and to the deformation of the
holomorphic symplecticstructure of homogeneity1 on M .

As an easycorollary of the above we note the following

Corollary 6.14. The line orbibundleL
Z

is nef but neither trivial nor ample.

Proof. L
Z

is certainly not ample sincec
1
(L

Z
) is trivial on the Kummer variety.

On the other hand L2
Z

being the pullback of an ample bundle is not trivial and is nef
itself, hencethe result. ;
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The next theorem will describethe inherited K{hler structuresof Z. Considering the
one-parameterfamily of K{hler quotients Q

t
, t ~ c

g+1
we get a one-parameterfamily of

K{hler forms u
t
on Z. Theorem 1.1 from GDu,HeHgivesthe following result for our case

(cf. Theorem 3.3).

Theorem6.15(Duistermaat, Heckman). Thecomplexorbifold Z hasa one-parameter
family of K{hler forms u

t
, t ~ c

g+1
suchthat

Gu
t1

(Z )Ĥ Gu
t2

(Z )Ĥ (t
1
^ t

2
)c

1
(L

Z
)

wheret
1
, t

2
~ c

g+1
and Gu

t
H` H 2(Z, R) is the cohomologyclassof u

t
.

Many of the above resultswill help us to prove the following theorem.

Theorem6.16. Z is a projectivealgebraicvariety.

Proof. By the Kodaira embeddingtheorem for orbifolds (cf. GBaiH) we have only
to show that Z with a suitable K{hler form is a Hodge orbifold, i.e. the K{hler form is
integer. For this to seewe show that the K{hler cone of Z contains a subcone,which is
open in H 2(Z, R). This is su�icient sincesuchan open subconeshould contain an integer
K{hler form i.e. a Hodge form.

Since Corollary 6.7 shows that Pic
0
(Z ) is trivial, by Corollary 6.14 we seethat

c
1
(L

Z
) @ 0. Therefore the previous theorem exhibited a half line in the K{hler coneof Z.

Thus to �nd an open subconein the 2 dimensionalvector spaceH 2(Z, R) (Corollary 6.7)
it is su�icient to show that this line doesnot go through the origin or in other words c

1
(L)

is not on the line. But this follows from Corollary 6.14, becauseL being not ample c
1
(L)

cannot contain a K{hler form. Hence the result. ;

Remark. We seefrom this proof that c
1
(L

Z
) lies on the closureof the K{hler cone,

thus L
Z

is nef. This reprovesa statementof Corollary 6.14.

Example. In the caseof the toy examplethe lowest level K{hler quotient Z
0

is the
projectivized cotangentbundle PT <

Ntoy
of N

toy
which is isomorphic to N

toy
^ P1, and the

blowups and blowdowns add the four marked points to P1. Therefore Z
toy

is isomorphic
to the orbifold P1

4
, where the marked points correspond to the �xed point set of the

involution p, namely theseare the projectivized bundlesPF
i
, i.e. points.

Moreover the C< principal orbibundle X
Ztoy

on P1
4

has the form

X
Ztoy

^ (P^ C<)•(p
P
^ q) .

Thus in the toy example,not like in the ordinary Higgs case,we havec
1
(L

Ztoy
) ^ 0.

This latter assertioncan be seenusing 6.11 and noting that the target of the reducedtoy
Hitchin map s�

toy
: Z

toy
1 P0 is a point.
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There is an other di�erence, namely the Picard group of Z
toy

is of rank 1, because
L2

Ztoy
is the trivial bundle on Z

toy
.

In the next sectionwe show how to compactify M by sewingin Z at in�nity.

7. The compacti�cation M


In this sectionwe compactify M by adding to eachnon-relatively compact C< orbit
an extra point i.e. sewing in Z at in�nity. Another way of saying the same is to glue
togetherM and E total spaceof L

Z
alongtheC<principal orbibundle X <

Z
^ E ] E

0
^ M ] N.

To be more precise we use the construction of Lerman, called the symplectic cut (cf.
Subsection3.3 and GLerH).

Sincethe complex structure on the K{hler quotients dependsonly on the connected
component of the level, we can make the following de�nition.

De�nition 7.1. Let M

d

denote the compact complex orbifold corresponding to the
K{hler quotients of M ^ C by the product S1 action

M

K" t

^ (k ^ k
C
)+1(t)•S1,

with c
d
~ t ~ c

d;1
.

Let X
M�d

denote the correspondingC< principal bundle on M

d
. For simplicity we let

M
 denote M

g+1

and X
M� denoteX

M�g�1
.

As a consequenceof the construction of symplectic cutting we have the following
theorem (cf. Theorem 3.4):

Theorem7.2. Thecompactorbifold M
 ^ M 4 Z is a compacti�cation of M suchthat
M is an opencomplexsubmanifoldand Z is a codimensiononesuborbifold, i.e. a divisor.

Moreover C< acts on M
 extendingthe action on M with the points of Z being�xed.

In addition to the above we seethat we have another decomposition M
 ^ N 4 E of
M
 into the nilpotent coneand the total spaceE of the contact line bundle L

Z
on Z. Thus

the compacti�cation by symplectic cutting produced the sameorbifold as the two con-
structions we started this sectionwith.

Westart to list thepropertiesof M
. Wewill mention propertiesanalogousto properties
of Z (thesecorrespondto the fact that both spaceswereconstructedby a K{hler quotient
procedure)and we will clarify the relation betweenZ and M
.

Theorem 3.4 and Theorem 3.3 give the following result in our case.

Theorem7.3. M

d

is a compactorbifold. It hasa decompositionM

d
^ M

d
4 Z

d
into

an opencomplexsuborbifoldM
d

(which is actually a complexmanifold) and a codimension
onesuborbifoldZ

d
, i.e. a divisor. The singular locusof M


d
coincideswith that of Z

d
:
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sing(M

d
) ^ sing(Z

d
) ^ T

0" i� d
P(F

i
)

whereF
i
is a componentof the �xed point set of the involution p(E, ' ) ^ (E,^ ' ).

Furthermore, the C< action on M
d

extendsonto M

d

with an extra componentZ
d

of the
�xed point set.

We have the correspondingstatementof Theorem 6.4.

Theorem7.4. M
 ^ M

g+1

isbirationally isomorphicto M

0

^ P(T <
N

� O
N

). Moreover,
they are isomorphicoutsidean analytic subsetof codimensionat least 3.

Proof. In a similar manner to the proof of Corollary 6.4 we can argue by noting
that X

M�0
is obviously isomorphic to T <

N
� O

N
with the standardaction of C<. Henceindeed

M
0

^ P(T <
N

� O
N

).

By Theorem 3.3 it is clear that M
 and M

0

are related by a sequenceof blowups and
blowdowns. The codimensionsof the submanifolds we apply the blowups are at least 3
by a calculation analogousto the one in the proof of Proposition 6.3. ;

Notation 7.5. Let

. L
P(T�N� ON)

denote the pull back of L
N

to P(T <
N

� O
N

),

. L
M� be the corresponding line bundle on M
,

. L
P(T�N� ON)

be the dual of the tautological line bundle on the projective bundle
P(T <

N
� O

N
),

. L
M�^ X

M�^ C�
C be the correspondngline orbibundle on M
.

Corollary 7.6. PicM
 is isomorphicto Pic(P(T <
N

� O
N

)) and therefore is of rank 2
and freely generatedby L

M� and L
M�.

Proof. Theprevioustheoremshowsthat M
 and P(T <
N

� O
N

) areisomorphic outside
an analytic subsetof codimension at least 2, thus their Picard groups are naturally iso-
morphic.

However, Pic(P(T <
N

� O
N

)) is freely generatedby L
P(T�N� ON)

and L
P(T�N� ON)

. The
result follows. ;

Corollary 7.7. Thecanonicalline orbibundleK
M� of M
 coincideswith L+(3g+2)

M� . More-
over, L

M� is the line bundleof the divisor Z, therefore(3g^ 2)Z is the anticanonicaldivisor
of M
. Finally, L

M� restricts to L
Z

on Z.

Proof. L
M� by its construction clearly restricts to L

Z
on Z and it is the line bundle

of Z, as the correspondingstatementis obviously true for P(T <
N

� O
N

).
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The restriction of K
M� to M hasa non-zerosection,namelythe holomorphic Liouville

form u 3g+3
h

, thus trivial. HenceK
M�^ Lk

M� for somek ` Z.

By the secondadjunction formula K
Z

^ (K
M� � GZ H) �

Z
. The right hand side equals

L+(3g+3)
Z

as L
Z

is a contact line bundle (cf. 6.9). The left hand side can be written as
(Lk

M� � L
M�) �

Z
^ Lk;1

Z
, therefore k ^ ^ (3g^ 2). ;

Lemma 7.8. s hasan extensionto M
,

s� : M
 1 P3g+3

suchthat s� restricted to Z givesthe map of Lemma 6.10.

Proof. Welet C<act on C3g+3^ C by j (x, z) ^ (j 2x, j z). With respectto this action
the map (s, id

C
) : M ^ C 1 C3g+3^ C is equivariant. Thereforemaking the symplecticcut

it reducesto amaps� : M
 1 P3g+3sincethequotient space(C3g+3] 0)^ C•C<is isomorphic
to P3g+3.

The result follows. ;

Remark. In the higher rank casewhere C< acts on the target spaceof the Hitchin
map with di�erent weightsthe target spaceof the compacti�ed Hitchin map is a weighted
projective space.

Corollary 7.9. L2
M� ^ s�<H

3g+3
.

Proof. Obviously, s�<H
3g+3

�
M

is trivial, therefore s�<H
3g+3

is somepower of L
M�.

By 6.11 this power is 2. ;

Theorem7.10 (Duistermaat, Heckman). M
 has a one-parameterfamily of K{hler
forms u

t
(M
 ), t ~ c

g+1
suchthat

Gu
t1

(M
 )Ĥ Gu
t2

(M
 )Ĥ (t
1
^ t

2
)c

1
(L

M�) .

Furthermore this one-parameterfamily of K{hler forms restricts to Z as the one-
parameterfamily of K{hler forms of Theorem6.15.

Proof. This is just the application of Theorem 3.3 and Theorem 3.4 to our situa-
tion. ;

Corollary 7.11. M
 is a projectivealgebraicvariety.

Proof. The argument is the sameasfor Theorem6.16,noting that by Corollary 7.6
H 2(M
, R) is two dimensional and L

M� is neither trivial nor ample sinceL
M��Z ^ L

Z
(by

Corollary 7.7) is neither trivial nor ample (by Corollary 6.14). ;

Remark. 1. The above proof yields that the cohomology classc
1
(L

M�) sits in the
closureof the K{hler cone of M
, henceL

M� is nef.
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2. From the previousremark and Corollary 7.9wecandeducethat thereis a complete
hyperk{hler (henceRicci �at) metric on M ^ M
 ] Z, the complementof a nef anticanonical
divisor of a compact orbifold.

Therefore our compacti�cation of M is compatible with Yau's problem, which ad-
dressesthe question: which non-compactcomplex manifolds possessa completeRicci �at
metric? Tian and Yau in GTi, YaHcould show that this is the casefor the complementof
an ampleanticanonical divisor in a compactcomplexmanifold. (Suchmanifolds arecalled
Fano manifolds.)

The similar statementwith ample replacedby nef is an unsolved problem.

Theorem7.12. M
 hasPoincare! polynomial

P
t
(M
 ) ^ P

t
(M )^ t2P

t
(Z ) .

Proof. We have three di�erent ways of calculating the Poincare>polynomial of M
.
The �rst is through Kirwan's formula in GKir H, the secondis due to Thaddeusin GTha3H,
which we usedto calculate the Poincare>polynomial of Z.

For M
 there is a third method, namely direct Morse theory. All we have to note is
that the S1 action M
 is Hamiltonian with respectto any K{hler form of Theorem 7.10,
and the critical submanifolds and corresponding indicesare the sameas for M with one
extra critical submanifold Z of index 2. Hence the result. ;

Example. We can describe M

toy

^ M
toy

4 Z
toy

as follows. As we saw above
M

toy
] N

toy
^ X

Ztoy
. Thus gluing togetherM

toy
and E

toy
, the total spaceof the line orbibundle

L
Ztoy

, along X
Ztoy

yields

M

toy

^ M
toy

4
XZtoy

E
toy

.

OnecanconstructM

toy

directly, asfollows. TakeP1^ C4 8 extendingthe involution
q from C to P1. Consider the quotient (P^ P1)•(p

P
^ q). This is a compact orbifold with

eight Z
2
-quotient singularities.Blow up four of them correspondingto 0 ` C. The resulting

spacewill be isomorphic to M

toy

. The remainedfour isolated Z
2

quotient singularitieswill
just be the four marked points of Z

toy
! M


toy
, the singular locus of M


toy
.

We �nish this section with a result which gives an interesting relation betweenthe
intersectionsof the componentof the nilpotent coneN in M (equivalently the intersection
form on the middle compact cohomology H 6g+6

cpt
(M ), cf. Corollary 5.4) and the contact

structure of Z.

Theorem7.13. There is a canonicalisomorphismbetweenthe cokernelof j
M

and the
cokernelof L , where

j
M

: H 6g+6
cpt

(M ) 1 H 6g+6(M )

is the canonicalmap and

L : H 6g+8(Z ) 1 H 6g+6(Z )

is multiplication with c
1
(L

Z
).
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Proof. We will read o� the statementfrom the following diagram.

0

�
H 6g+8(Z )

�
0 1 H 6g+6

cpt
(M ) 1 H 6g+6(M
 ) 1 H 6g+6(Z ) 1 0

�
H 6g+6(M )

�
0

L

j
M

We show that both the vertical and horizontal sequencesare exact and the two
triangles commute.

From the Bialynicki-Birula decomposition of M
 we get the short exact sequenceof
middle dimensional cohomology groups (recall that E! M
 denotesthe total spaceof the
contact line bundle L

Z
on Z ):

0 1 H 6g+6
cpt

(E ) 1 H 6g+6(M
 ) 1 H 6g+6(M ) 1 0 .

Applying the Thom isomorphism (which also existsin the orbifold category)we can
identify H 6g+6

cpt
(E ) with H 6g+8(Z ), this gives the vertical short exact sequenceof the

diagram. The horizontal one is just its dual short exact sequence.

Finally, the left triangle clearly commutesasall the mapsare natural, while the right
triangle commutes becausethe original triangle commuted as above and the canonical
map j

E
: H 6g+6

cpt
(E) 1 H 6g+6(E) transforms to L : H 6g+8(Z ) 1 H 6g+6(Z ) by the Thom

isomorphism.

Now the theorem is the consequenceof the Butter�y lemma (cf. GLanH, IV.4, p. 102),
or can be proved by an easydiagram chasing.

Hence the result follows. ;

Remark. 1. If the line bundle L
Z

was ample then the map L would just be the
Lefschetzisomorphism, and therefore the cokernel would be trivial. In our casewe have
L

Z
beingonly nefand themap isnot an isomorphism,the cohomologyclassof theKummer

variety lying in the kernel.Thereforethe cokernelmeasureshow far is L
Z

from beingample.

2. The cokernel of j
M

measuresthe degeneracyof the intersection form on the
compactly supportedmiddle dimensionalcohomology of M . In this casealso the cokernel
is not trivial as the compactly supported cohomology classof the Prym variety lies in the
kernel. This can be seenby thinking of the Hitchin map as a section of the trivial rank
3g^ 3 vector bundle on M and consideringthe ordinary cohomology classof the Prym
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variety asthe Euler classof this trivial vector bundle,and assuch,theordinary cohomology
classof the Prym variety is trivial indeed.

3. Notice that the proof did not use any particular property of M therefore the
statementis true in the generalsetting of Section3.

Example. 1. We determinethe dimensionof the cokernelsof the above theorem in
the casewhen g^ 2, by showing that the intersection form on the compactly supported
middle dimensional cohomology is 0, i.e. the map j

M
is zero. In the previous remark we

sawthat the compactly supportedcohomology classof the Prym variety P is in the kernel
of j

M
. It follows from GTha1Hthat the compactly supported cohomology of N and that

of P generatesthe 2-dimensional compactly supported middle cohomology of M (cf.
Theorem 5.4).

On the other hand the Euler characteristicof N is 0 (this can be checkedby substi-
tuting ^ 1 in the known Poincare>polynomial of N , seee.g. GAt, BoH), so the Euler class
of T <

N
vanishes.Therefore N has self intersection number 0 in T <

N
! M . This showsthat

the intersection form is zero.

2. We can also calculatethe dimensionof the cokernelsin our toy example.Namely,
the dimension of coker(L

toy
) is clearly 1, as the map L

toy
: H 0(Z

toy
) 1 H 2(Z

toy
) is the

multiplication with c
1
(L

Ztoy
) ^ 0 (cf. the exampleat the end of Section6).

Thus, by the above theorem, we have that coker( j
Mtoy

) is 1-dimensional. It can be
seendirectly, using Zariski's lemma (Lemma 8.2 in GB,P,VH, p. 90), that the kernel of the
map j

Mtoy
is generatedby the cohomology classof the elliptic curve P, the generic �bre

of the toy Hitchin map, henceit is 1 dimensional, indeed.
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