NOTES ON HODGE THEORY ON KAHLER MANIFOLDS

BENNI GOETZ

1. INTRODUCTION

Differentiable manifolds are familiar objects, defined as topological spaces locally
diffeomorphic with R™. A natural extension of the concept is to define a complex
manifold to be a topological space locally diffeomorphic with C™. The transition
functions of coordinate charts determine the local properties of the manifold. In
the case of a real differentiable manifold, we required the local diffeomorphisms to
admit smooth transition functions. In the case of complex manifolds, we ask that
the transition functions be holomorphic.

In the course of analyzing the structure of a complex manifold, we notice that the
complex coordinate maps define an action of the imaginary numbers on each tangent
space. The complex structure of the complex manifold induces endomorphisms on
the real tangent spaces of the underlying real differentiable manifold. For each point
x € M, we write the induced endormorphism on 7, M as J,. If J, varies smoothly
along the manifold, we can define J to be a (1,1)-tensor field on M which acts as
J at each point x € M. This tensor field has the crucial property that J2 = —1,
and is called an almost complex structure.

Given a complex manifold, we get an almost complex structure on the underlying
real manifold, as above. We ask the converse question: given a real manifold, does
it admit an almost complex structure .J, and is it the underlying manifold for a
complex manifold that induces J. The answer in general is no, but easily checked
conditions allow us to determine when this is the case.

Every real manifold admits a Riemannian metric, and a unique connection which
is compatible with this metric. Given a manifold with an almost complex structure,
we can ask how the extra structure of the J tensor field interacts with a metric
and connection. Exploring the dependencies leads us to the definition of a Kdhler
metric and Kdhler manifolds. A Ké&hler metric on a complex manifold is roughly
analogous to a Riemannian metric on a real manifold: a Kéahler holonomy group is
a subgroup of the unitary group, the ”complex version” of the orthogonal holonomy
group of a Riemannian metric. Kahler metrics are pretty restrictive, and impose a
rigid local structure on the manifold.

The rigidity of a Kéahler metric gives us extra identities in Hodge theory, and
gives us two useful decompositions of the comohomology of a Kahler manifold: the
Hodge and Lefschetz decompositions. Both of these depend on the class of harmonic
forms, the kernel of the Laplace-Beltrami operator.

These introductory notes were written for my own benefit, and to satisfy a class
requirement. The theorems, proofs and explanations are taken liberally from Bryant
[1], Griffiths & Harris [2], Joyce [3] and Kobayashi & Nomizu [4]. Some paragraphs
and sections are lifted verbatim. Neither the math nor the presentation are new.
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2. ALMOST COMPLEX STRUCTURES ON DIFFERENTIABLE MANIFOLDS

2.1. Coordinates And Cotangent Space On C". Let (z1,...,2,) be a coordi-
nate system on C". Then we can write z; = z; +/—1 y; for each i. The cotangent
space to a point in C" is spanned by {dz;,dy;}, but we’ll find it more convenient
to work with the following change of basis

dz; = dw; +V-1dy;,  dz =dx; —V/—1dy;.

The dual basis for the tangent space becomes

(1) 0 1(8 \/—18>7 0 1<8+\/—18>.

0z; - 5 ox; B Ay; 0z; - 5 ox; y;

In terms of these bases, the formula for the total differential of a complex-valued

function is 5 9
df = Z 8—Zidzi + Z a—gidzi.

We write the first term as 0f and the second as df. For a function f : C* — C",
the Cauchy-Riemann equations are equivalent to % = 0, as you can check directly

from (1). This is equivalent to the statement that df = 0.

2.2. Manifolds And Their Tangent Spaces. An n-dimensional real manifold
is a topological space that is locally homeomorphic with R™. We define complex
manifolds by analogy.

Definition 2.1. An n-dimensional complex manifold is a 2n-dimensional differ-
ential manifold together with an open cover U, and coordinate maps ¢ : U, — C"
such that the maps ¢, © qﬁgl are holomorphic on ¢g(Uy NUg) C C™.

Note the important fact that an n-dimensional complex manifold M is simulta-
neously a 2n-dimensional real manifold.

Definition 2.2. An almost complex structure is a (1, 1)-tensor field on a differen-
tial manifold where J is an endomorphism of T, M for eachp € M and J? = —1. An
almost complex manifold is a differential manifold together with an almost complex
structure.

A short argument shows that an almost complex manifold is orientable and must
have even dimension.

Every complex manifold M has a natural almost complex structure. Suppose
p € M and (z,...,2,) is a local complex coordinate system for p, where z; =
z; + v/—1 y;. Then {%, %} is a basis for T, M, and we define

0 0 0 0

We're left with an obvious question: when is a manifold M with an almost complex
structure J actually a complex manifold? The answer lies in a (1,2)-tensor on M
called the torsion of J, also called the Nijnhuis tensor. We define the torsion by

N(X,Y) = 2{[JX, JY] - [X,Y] - JIX,JY] - J[JX, Y]}.

A theorem by Newlander and Nirenberg shows that J actually defines a complex
structure on M iff the torsion is 0.
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We turn now to the tangent spaces of an almost complex manifold. For real man-
ifolds we have one commonly encountered tangent space, but for complex manifolds
we have three.

(i) Since an almost complex manifold M is an even-dimensional real manifold,
we can choose coordinates (z1,y1, ..., Zn, Yn) around a point p € M. Then
{ Bim’ Biyi} is a basis for the usual tangent space T, M, and we can write

o 0
=R { g )

This is the real tangent space, so-called because it is a real vector space,
and when we want to distinguish it from the other tangent spaces we will
write it as TEM .

(ii) Working with complex manifolds, it will sometimes be convenient to have
tangent spaces that are complex vector spaces. To obtain them, we simply
complexify the real tangent spaces, so T, EM = TSM ®r C. With a change
of basis for T* M from {8%1_, 91 to {2, -2} we can write

Jy; 0z’ 0z;
o 0
TEM =C{ —, —

g 0
_C{azl’az}

Notice that if the underlying real manifold of M is 2n-dimensional, then
the underlying real vector space of TfM is 4n-dimensional.

(iii) Since J? = —1, J is nondegenerate and its eigenvalues are {—/—1 ,v/—1 }.
Thus we can split TZ(EM = Tpl’OM @ TS’IM, where Tpl’OM is the v/—1 -
eigenspace and TI?’IM is the —/—1 -eigenspace. A proposition tells us that
TZ}’OM = {X — \/leX} and TIEMM = {X+\/T1JX} for X a real
tangent vector, t.e. X € TEM . Thus we can also write our new tangent
spaces as

0 0
1,0 0,1

TI}*OM is called the holomorphic tangent space and TZ?’IM is called the
antiholomorphic tangent space.

The spaces T,° M and T3"' M are isomorphic, and the isomorphism between them

is called conjugation. Thus Tp)"' M is sometimes written T, M. We therefore know
that both the holomorphic and antiholomorphic tangent spaces are 2n-dimensional
as real vector spaces, and thus we have an R-linear isomorphism between TEM and
THOM
p ’ . .
We call a map f : M — N between almost complex manifolds a holomorphic
map if it maps the holomorphic tangent space at p € M into the holomorphic

tangent space at f(p) € N, i.e. f.(T)°M) C T;ig)N for all p € M. If f is just a
map from C to C, then the holomorphic tangent space at any point zg is C {a%|20}

and
L of . of
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so mapping the source holomorphic tangent space into the target holomorphic tan-
gent space is equivalent to % = 0, which is the usual condition that f be holomor-

phic.

2.3. Differential Forms And Cohomology. We want to understand differential
forms on complex manifolds. We’ll be looking at complex-valued forms on complex
manifolds, and they will take vectors from the complexified tangent space TS M.
Since we can split the tangent space as TSM = THOM © T2, our complex differ-
ential forms will reflect this structure. First, de Rham cohomology.

Definition 2.3. If M is a differential manifold, let A™(M) denote the complez-
valued n-forms on M, and let Z™(M) denote the complex-valued closed n-forms on
M. Then the nth de Rham cohomology group is
Z" (M)

~ dAY (M)’

If H}};,(M,R) denotes the usual real-valued de Rham cohomology, then H}, (M) =
H}p(M,R)® C.

Now we assume that M is a complex manifold. The holomorphic and antiholo-
morphic tangent spaces give us a decomposition of the complex n-forms. We write
TE" (M) for the complex cotangent bundle. With some linear algebra,

N TE o) = N (T2 ) @ TV (00 )

B (N ane N0 ().

p+g=n

H{p(M)

This gives us a decomposition at each individual tangent space. We define
APIM) = {¢ € A"(M): ¢(=) € \ T2 (M) @ \' TV (M) for all z € M}

SO

AMM) = @ AP (M).

If ¢ € AP9(M), we say ¢ is of type (p, giqand then
dg e (N1 ()@ N T () A TE" ()
€ APTLI(M) @ AP T (M).

We define operators

d: API(M) — APTLI(M)
d: APY(M) — AP (M)
by projection, so -

d=0+0.

If ¢ = Z{I:p“}:q} drydz’ Adz7, where I and J are multi-indices, then writing out
0¢ and ¢ explicitly,

B
9p="> (gi" dz; Adzp A dZy
1,7

o= ag;, dz; Adzr Ndzy.
1,J,5
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Note that since partial derivatives commute, 0% = 0. Thus we have a d-cohomology
theory. Let Z2'Y(M) be the d-closed (p, ¢)-forms.

Definition 2.4. The (p, q) Dolbeault cohomology group is the quotient

_Zon
dAva—1(M)’

3. METRICS AND KAHLER MANIFOLDS

3.1. Hermitian Metrics. Let M be a complex manifold of dimension n.

Definition 3.1. A hermitian metric on M is a positive definite hermitian inner
product at each point of M, which also varies smoothly over M.

An inner product h on a complex vector space V' is hermitian if it is linear in the
first term, and conjugate linear in the second, so h(ax, By) = a3 h(x,y). Another
way of looking at this is to say that h : V@&V — C is linear on each factor of V@V,
where V is the conjugate vector space.

If (z1,...,2n) is a local coordinate system around z € M, and h is a hermitian
metric on M, we can write it as

h = Z h”le X de
where hi;(z) = (32,52 ). is a smooth function, ( , ). is a hermitian inner
%i - OZj
product, and h;; = hj;. By the Gram-Schmidt process, at each z € M we can find

an orthonormal basis {p1(2)...¢n(2)} on THO(M) for the inner product ( , ),.
With this orthonormal basis we can rewrite the metric as

:Z@i®¢j'

A hermitian metric is complex-valued. Looking at its real and imaginary parts
splits the metric into a symmetric and antisymmetric part. Restricting our metric to
the holomorphic tangent space (which is isomorphic to the underlying real tangent
space), we get a Riemannian metric and a special differential form on the underlying
manifold. Explicity, if {¢1,...,9,} is a unitary coframe for ds®> and if we write
©0; = a; + /—1 3; where oy, 3; are real differential forms, then

ds® = Z(Oéi +V=18) ® (s = V=113)
= Z(ai @i+ 6 ®B)+ V-1 Z(—Oéi ® Bi + Bi ® o).

The first term is a symmetric, nondegenerate bilinear form, so Re(ds?) is a Rie-
mannian metric on the holomorphic tangent space. The second term is an alternat-
ing bilinear form, i.e. a real differential 2-form. We can consider these as bilinear
forms on the underlying real manifold, using the isomorphism between T%(M) and
THO(M). We call w = —+Im(ds2) the associated (1,1)-form of the metric. In terms
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of the above,

w = _%Z(_ai ® Bi + fi ® o)

=Y A

Conversely, given an associated (1,1)-form w we can reconstruct the original her-
mitian metric.

Example 3.2. On C", the standard hermitian metric is the usual one given by
ds?® = Zdzl ® dz;.

We call a hermitian metric a Kdhler metric if dw = 0, in which case w is called
a Kdhler form. A complex manifold with a Kéahler metric is called (unsurprisingly)
a Kdhler manifold. Note that since w must be nondegenerate, a Kahler manifold
must also be symplectic. The Kéahler condition may seem somewhat random, and
it certainly doesn’t give much geometrical insight, but it is very powerful and very
common. To give some better motivation and geometrical insight on it, I'll digress
from the main development here and give some alternative formulations. We’ll start
with the holonomy of a Riemannian manifold.

3.2. Kahler Metrics From The Holonomy Classification. The fundamental
theorem of Riemannian geometry is that on any Riemannian manifold M we have
a canonical connection: the Levi-Civita connection. This connection defines the
parallel transport of a vector v along a piecewise-smooth curve v : [0,1] — M.
If we fix x € M and let v be a loop at = so 7(0) = (1) = z, then the parallel
transport of v € T,,(M) defines an endomorphism on 7, M, which we denote P,. The
composition of two endomorphisms P, o Pg = P, is defined by reparametrizing 43
so that its domain is [0, 1]. If we define y=1 : [0,1] — M by v~ 1(¢) = (1 — t), then
one can check that P,-1 is an inverse for P,. Thus the collection of endomorphisms
P, is a group. Since P, is invertible, P, € GL(T,;M).

Definition 3.3. Let (M, g) be a Riemannian manifold, and fix x € M. Define a
loop at x to be a piecewise-smooth curve v : [0,1] — M such that v(0) = (1) =
x. The Levi-Civita connection defines an invertible endomorphism P, on T, M by
parallel transport. We define the holonomy group of g at x to be

Hol,(g) = {P, : v is a loop based at z} C GL(T,M).

If M is connected, then there exists a path 7 between any two points x,y €
M. Taking P; to be the isomorphism between T, M and T, M given by parallel
translation, it’s clear that if v is a loop at y, then 7y7~! is a loop at z. Thus
if P, € Holy,(g), then P.,,-» = P o P o P,—x € Hol, (M), and in particular
P, Hol,(g) P,-1 = Hol,(g). Thus, up to conjugacy in GL(n,R) (n is the complex
dimension), the holonomy of a Riemannian manifold is independent of basepoint.
Therefore we can define Hol(g) to be the conjugacy class of Hol,(g) in GL(n,R) for
any z € M.

There is a subgroup Hol’(g) of the general holonomy group Hol(g) called the
restricted holonomy group which is the holonomy group generated by null-homotopic
loops. There is a surjective group homomorphism ¢ : w1 (M) — Hol(g)/Hol’(g), so
if M is simply-connected, Hol’(g) = Hol(g). From here on I will concentrate on
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simply-connected manifolds when talking about holonomy groups, in order to avoid
global topological issues and to concentrate on local properties of the metric.

It is a fact (which I won’t prove here) that if (M, g) is a simply-connected Rie-
mannian manifold which can be written as a product (M1, g1) x (Ma, g2), then the
holonomy group Hol(g) = Hol(g1) x Hol(gz2). So in studying Riemannian holonomy
groups, we can concentrate on those manifolds which are irreducible—those that
can’t be decomposed as a product.

Now in order to classify Riemannian manifolds by their holonomy groups, we
just need to introduce the notion of symmetric spaces.

Definition 3.4. A Riemannian manifold (M, g) is a Riemannian symmetric space
if for every p € M, there exists an (involutive) isometry s, : M — M such that
5123 is the identity and such that p is an isolated fized point of s,. We say (M, g) is
locally symmetric if for every p € M there exists an open neighborhood U, and an
involutive isometry s, : U, — U, with fized point p. (M, g) is nonsymmetric if it is
not locally symmetric.

Elie Cartan introduced and classified Riemannian symmetric spaces (and their
holonomies) in 1925. Thus we're left to classify the nonsymmmetric Riemannian
manifolds. This was first accomplished by Berger in 1955, who provided a list of
the possible holonomies, which was later refined by Alekseevskii and also by Brown
and Gray.

Theorem 3.5 (Berger). Suppose M is a simply-connected manifold of dimension
n, and g is a Riemannian metric on M that is irreducible and nonsymmetric. Then
exactly one of the following seven cases holds.

(i) Hol(g) = SO(n)
(ii) n =2m,Hol(g) = U(m) (Kdhler)
(iii) n =2m,Hol(g) =SU(m) (Calabi-Yau)
(iv) n =4m,Hol(g) = Sp(m)  (Hyperkdhler)
(v) n=4m,Hol(g) = Sp(m)Sp(1)  (Quaternionic Kdihler)
(vi) n="7,Hol(g) = G2

(vii) m = 8,Hol(g) = Spin(7)

Metrics g with Hol(g) € SU(m) are called Kdhler metrics. This definition is
equivalent to our earlier definition, although showing this requires some work. This
formulation makes the Kéahler condition a little less random. Kéhler manifolds are
simply a particular class of Riemannian manifolds given by the holonomy clas-

sification. Note that Calabi-Yau and hyperkéhler metrics are also Kahler, since
Sp(m) C SU(2m) C U(2m).

3.3. Other Forms Of The Kahler Condition. The holonomy classification
gives us a natural way of seeing where Kéahler manifolds come from, and the defi-
nition of a Kéhler manifold as a hermitian manifold with a closed associated (1, 1)-
form gives us a relatively easy way of checking if a metric is Kéhler. But there are
additional equivalent conditions that are sometimes useful.

Another useful way of looking at Kéhler metrics is to view them as metrics which
locally look like the Euclidean metric, up to order 2.

Definition 3.6. A metric ds?> on M osculates! to order k to the Euclidean metric
on C™ if for every zg € M we can find a holomorphic coordinate system (z1,. .., zn)

LOsculate comes from Latin for “to kiss”!
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around zg such that
ds® = Z((S” + gij)dzi ® dij,
where g;; vanishes up to order k.

In this terminology, a Kahler metric is a metric which osculates to the Euclidean
metric to order 2. The proof isn’t too difficult, but I won’t go into it here; it’s
covered in Griffiths & Harris [2]. This is an extremely useful condition. Anything
that can be proven for C" with the standard hermitian metric and doesn’t depend
on derivatives of order higher than 1 will also hold for any Kéahler manifold.

There are two convenient equivalent descriptions of a Kéahler metric. If A is a
hermitian metric and V is the associated Levi-Civita connection, then

(i) VJ =0
(ii) Vw = 0.
In other words, J and w are parallel with respect to the Levi-Civita connection.

4. THE HODGE DECOMPOSITION AND THE HARD LEFSCHETZ THEOREM

The Hodge Theorem for a compact complex manifold is a cornerstone of modern
differential geometry. It allows us to identify a unique representative for each co-
homology class, with the special property that this unique representative is in the
kernel of the Laplacian (which we will define). The extra structure of a Kéhler man-
ifold gives us extra symmetries in the Hodge structure of the manifold, and leads
to the powerful Lefschetz decomposition. But before we tackle the Hodge theory, 1
need to introduce the Hodge star operator and the Laplacian.

4.1. The Laplacian. Suppose we have an n-dimensional compact complex mani-
fold M with a hermitian metric h. The metric h induces a metric on every vector
bundle 7 : E — M; in particular we have a metric on each fiber of AP7(M), which
we’ll denote (, ), at the fiber E,. The metric varies smoothly between fibers, so we
can extend it to a global metric on AP¢(M) by integration:

(0, ) = /M<a<z>,ﬂ<z>>z<1><z>,

where ® = “T’TT,L is the volume form (remember w is the associated (1, 1)-form for h).
Notice that this integral is always defined on a compact manifold. If we venture
away from compact manifolds, we need to put restrictions on the forms, such as
considering only forms with compact support, or more generally forms for which
the integral is finite (these are called L?-forms). We define the Hodge star operator
to be the map * : AP9(M) — A" P"~9(M) such that

a(z) A #B(2) = (a(2), 5(2))2(2)

for all a € AP2(M). This gives us a compact way of writing the metric as

(o, B) = /MaA *03.

With the metric, AP?(M) is a Hilbert space (check or justify), and we can define
a formal adjoint for & which we denote 9* : AP9*tY(M) — AP9(M), so that if
a € AP9(M) and 3 € AP9FTL(M), then

(9o, B) = (a, 0" P3).

A form is coclosed if 8* = 0.
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We can now define the central operator in Hodge theory, the Laplacian (also
called the Laplace-Beltrami operator).

Definition 4.1. The Laplacian is an operator A : A*(M) — A*(M) defined by
A =00" + 0*0.

A form « is harmonic if Aa = 0, and we denote the space of harmonic (p, q)-forms
by HPY(M) = ker A : AP9(M) — APY(M).

Later, to avoid confusion, we may write this Laplacian as Az, and refer to the
O-Laplacian and O-harmonic forms. You can check that a form is harmonic iff it
is 0-closed and d-coclosed. These forms are also the forms of minimal norm in the
Dolbeault cohomology.

We are now ready to state the Hodge Theorem for an n-dimensional compact
complex manifold M.

Theorem 4.2 (Hodge Theorem). Suppose M is an n-dimensional compact complex
manifold. Then
(i) dim HP4(M) < o0
(ii) the orthogonal projection H : AP2(M) — HPU(M) is well-defined, and
there exists a unique operator G : API(M) — AP9(M) called the Green’s
operator such that G(HP4(M)) =0, G commutes with 0 and 9*, and

I =3+ AG.

One of the major implications of this theorem is that every Dolbeault cohomology
class is represented by a unique harmonic form (up to scaling), which we show on
page 12. Every harmonic form is automatically closed, so we have an isomorphism
between the space of (p,q) Dolbeault cohomology classes and the space of (p,q)
harmonic forms.

4.2. The Hodge Decomposition On A Kihler Manifold. The extra structure
of a Kéhler manifold tells us more about the harmonic forms on it. For this section
assume that M is an n-dimensional Kihler manifold with metric ds? and associated
Kéhler form w. We’ve defined a bunch of operators on M already. Now we’ll define
some more. Let d* be the adjoint of d, let 9* be the adjoint of 0, and let Ay =
dd* + d*d and Ay = 00* 4+ 0*9 be the respective Laplacians. As a convenience we

define
V=1 -
d°=——(0-0
e )
and write its associated adjoint as d°*. Note that d*d®* = —d°*d*. We also have

the projection operators
P9 A*(M) — AP9(M)
"= @ 0o : A" (M) — A"(M)
p+q=r

by type and degree.
The Hodge decomposition of a Kéahler manifold follows from a basic identity
involving the operator L : AP4(M) — APTLIHL(M)| which we define by

L(n) =nhw.
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Let
A=L": API(M) — AP~H7H (M)

be its adjoint. The basic identity we want to prove is

[A,d] = —4md®*
or equivalently,

[L,d"] = 4md".
I’ll call this the Kdhler identity. By decomposition of type, the identity is equivalent
to

[A,0] = —V/=10* and [A,0]=+-10".

Since A, d and d° are real operators, either of these implies the other. Proving
[A,0] = /=1 0* is not intrinsically difficult, but it is messy. We’ll leave the dirty
work to Griffiths & Harris [2]. They prove the identity on C™, and then argue that
since their proof didn’t use any derivatives of the metric of order greater than one,
the proof carries over to Kéhler manifolds. This identity has major consequences,
including the Hodge and Lefschetz decompositions. We lead off with two preliminary
consequences. The proofs aren’t important, but they’re short, so I’ll include them.

Proposition 4.3. [L,A;] =0
Proof. Note that since Ay is self-adjoint, this is equivalent to [A, A4] = 0. By our
assumption that M is Kahler,
dnAhw)=dnANwxnAdw
=dn Aw.
Now we can compute [L, d]:
[L,d]n = Ldn — dLn
=dnAw—d(nAw)
=0.
Taking the adjoint of both sides, [A,d*] = 0. Using the Kéhler identity,
A(dd* + d*d) = (dA — 4xd®*)d* + d*Ad
= dAd* — 4nd®*d* + d*Ad
= dAd* + (4wd*d®™ + d*Ad)
= dAd* + d*(47d°" + Ad)
= dAd" + d*(dA)
= (dd* + d*d)A.

Proposition 4.4. Ay =2A5 =24;
Proof. From part of the Kihler identity, AO — A = /—1 9*. We calculate
V=1 (00* — 0*0) = (MO — OA) — (A — ON)O
= 0AO — OAD
=0.
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So 99* = —0*0. From part of the Kihler identity,
Ag=(0+0)(0* +0%)+ (0" +0*)(0+9)
= (00" + 0%0) + (00* + 0*0) + (00" + 09* + 0*0 + 9*0)
= (90 +0%0) + (00" + 9*0)
=Ap+ Ay
We'll be done if we can show that Ay = Az. Examine
V=1 Ag = O(AD — A) + (A — A)D
= — (0AD — OOA + ADO — OAD)
— — (0(AD — BA) + (AD — BA))
=V/—1 (99" +079)
=vV-1Ay
since [A,J] = —/—1 9*. O
Note how both of these propositions rely on the Kéahler identities. The second
proposition tells us that—up to a factor of 2—on a Kéhler manifold the operators

Ag, Ag, Aj all coincide, and the corresponding harmonic forms are all the same.
Since Ay and Aj preserve type, so does Ay, i.e.

[Ag, TP = 0.
This commutativity is crucial to the Hodge and Lefschetz decompositions.
Define
_ zn
- dA*(M) N ZP9(M)
HPI(M) = {p € API(M) : Agp = 0}
H' (M)={pe A"(M) : Ayp = 0}.
AP2(M) and Ay commutes with TP, if o € A"(M),

HP(M)

Since A"(M) =P

ptg=r
Aga = Ag (00 + o™ M 4. 4 a07)
— Adar,o +Adar71,1 N +Ada0,r
where o7 = II"%q. Thus Aga = 0 iff Aga?? =0 for each (p, q), and

(2) H(M)= P HI(M).

ptg=r

The complex differential forms are the complexification of the real forms, which we
can write as A*(M) = A*(M;R) ® C. Since the differential d is defined on the real
forms, Ay can be considered as an operator on the real forms which is extended
to the complex forms by complex linearity. In the tensor product described above,
conjugation just acts on the factor of C. From this description it is clear that Ay
commutes with conjugation. Since conjugation is an isomorphism between AP:2(M)
and A?P(M), we obtain

(3) HPU(M) = Har(M).
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From the Hodge Theorem, we know that if ¢ € AP4(M) and dy = 0, then
¢ =H(p) + 2aG(p)
=H(p) + dd"G(p) + d"dG(p)
= H(p) + dd"G()
since d and G commute. H(p) is also of type (p, q), so
(4) HP (M) = HPI(M).

The Hodge Theorem for A, also tells us that Hj,(M) = H*(M). Putting this
together with (2), (3) and (4), we get

Theorem 4.5 (Hodge Decomposition). On a compact Kihler manifold M we have
H"(M)= &5 HP(M)

p+g=r

HP9(M) = How (M),

Since Ag = 24, we also have HP9(M) = HZ?(M), which means

HP9(M) = HP(M).

An immediate consequence of the Hodge theorem is a strong condition on the
Betti numbers of a Kéhler manifold.

Proposition 4.6. On a compact Kdhler manifold M the odd Betti numbers must
be even.

This gives us a topological obstruction to a complex manifold admitting a Kahler
structure. As an example, start with the usual complex structure on C2 — {0}, and
take the quotient by the group action z — 2z. The quotient inherits the com-
plex structure, and is a complex manifold. Topologically this space is equivalent to
S$3 x S1, and is called the Hopf surface. By the Kiinneth formula, H*(S3 x S1) =
H*(S83) @ H*(S'), so H1(S83 x S1) 2 C, and therefore the manifold can’t admit a
Kahler structure.

4.3. The Lefschetz Decomposition On A Kiahler Manifold. The operators
L, A and their commutativity with Az on a Kéhler manifold give us another de-
composition of the cohomology of the manifold. These operators generate a vector
space which we can identify with slo. With this identification we get the fantastic
fact that the cohomology is an sly-representation!

Here’s a blitzprimer2 on sly, the Lie algebra for SLs. sly can be written as the
vector space of traceless 2 x 2 complex matrices with commutator

[A,B] = AB — BA.

The standard basis for sl is given by
0 1 0 0 1 0
(o) =00) -6

[H,X]=2X [HY]=-2Y [X,Y]=H.

with relations

2blitz;om'mer: Lightning-fast primer
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A representation of sly is a complex vector space V and a Lie algebra homomorphism
p : slp — End(V). In this case V is called an sly-module. Unless there is some
possible confusion, I'll omit the p’s for the action of sly on V. A submodule is a
subspace of V fixed by the action of sly. V' is irreducible if V' has no nontrivial
submodules. Irreducible representations of sl have a particular structure given by
the eigenspaces of H, which are called weightspaces. If v is in a weightspace for H
with eigenvalue A, then Xv and Yv are also in weightspaces with eigenvalues A\ + 2
and A — 2, respectively. We'll do the calculation for Xv (which is very similar to
the case of Yv):
H(Xv)=[H,Xv+ X(Hv)

= (2X)v+ X ()

= (A +2)Xv.
Since V is finite-dimensional, H only has a finite number of eigenvalues. This implies
that X and Y are nilpotent. We call X primitive if v is an eigenvector for H and
Xv=0.

I’ll now list some important propositions without proof.

Proposition 4.7. If v is primitive, then V is generated by
v, Yu,Y?0,....
Since the nonzero elements of V' of the form Y"v all have different eigenvalues,
they are linearly independent. If we write the A-eigenspace of H as V) we have
H(Vy\) =V X(Vy) = Vayo Y(Vy) = Vo,
and

Proposition 4.8. All eigenvalues of H are integers and we can write
VZVn@Vn72@"'@V7n+2®an.

Now for any sla-module V' (not necessarily irreducible), if PV ={v e V : Xv =
0}, then we have the Lefschetz decomposition of V:

V=PV®YPVOY?PV®D---.

We also know that the maps Y™ : V,, - V_,, and X™ : V_,, — V,,, are isomor-
phisms.

We are close to our goal. We need to figure out how sls acts on the cohomology
ring of an n-dimensional compact Kahler manifold to make it an sls-module. The
relevant calculation (conveniently omitted here) is simple but tedious:

[A,Ll=n—r

on A"(M). Define

2n
h= Z(n —r)II".
r=0

Since [A, L] =n —r on A™(M), we know on A*(M):
2n

(A L] =) (n—rI"
r=0
= h.
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We perform similar calculations,

[h,L] = (Z(n - T)HT> L-L (Z(n - T)HT>

= (n: (r+2)L— L(nfr)_ on A"(M)
=-2L

and

[h,A] = (Z(n - T)HT> A—A <Z(n — r)nr>

= (n: (7’72))/\71\(7177’)_ on A"(M)
=2L.

The two calculations above extend linearly to A*(M). Pulling these calculations
together and restating them on A*(M) for succinctness, we have

A L] =h
[h, L] = —2L
[h, A] = 2A

Since the operators h, L, A commute with Ay, they act on the harmonic forms
H*(M). By the Hodge theorem, H*(M) = H*(M), so we can define an action of
slo on the cohomology of M by sending

X —=A

Y- L

H — h.
Define the primitive cohomology as

P F(M) = ker LF*1 - H"F(M) — H"*+2(Mr)
=ker A N H" k(M).
Together with the facts above about representations of sly, we obtain
Theorem 4.9 (Hard Lefschetz Theorem). The map
L¥: g F — gtk

is an isomorphism, and we have the Lefschetz decomposition:

H™(M) = @@ LFP™>H(M).
k

So the Kéahler condition imposes some strict requirements on the topology of the
manifold.
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