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1 Outline

Many physical problems can be formulated as partial difféa¢ equations (PDES)
on certain geometric domains. For some of them, the PDEsegfirmulated using
the so-called boundary integral equations (BIEs). Thesé#egral equations which
only involve quantities on the domain boundary. Some acged of working with
the BIEs are automatic treatments of boundary condition@unity, better condition
numbers, and fewer numbers of unknowns in the numericatisaluOn the other
hand, one of the major dif®culties of the BIEs is that theltiegulinear systems are
dense, which is in direct contrast to the sparse systemsed?IiESs. For large scale
problems, direct solution of these dense linear systemsnhes@xtremely time-
consuming. Hence, how to solve these dense linear syst&ageafly has become
one of the central questions. Many methods have been dekioplee last twenty
years to address this question. In this article, we reviawesof these results.

We start in Sect. 2 with a brief introduction of the boundamggral formulation
with the Laplace and Helmholtz equations as our examplesamndifference be-
tween these two equations is that the kernel of the Laplagaten is non-oscillatory
while the one of the Helmholtz equation is oscillatory. Foe hon-oscillatory ker-
nels, we discuss the fast multipole method (FMM) in Sect. @itmkernel indepen-
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dent variant in Sect. 4, the hierarchical matrices framedant5, and the wavelet
based methods in Sect. 6. For the oscillatory kernels, wiewethe high frequency
fast multipole method (HF-FMM) in Sect. 7 and the recentlyeleped multidirec-

tional method in Sect. 8.

The purpose of this article is to provide an introductionhiese methods for
advanced undergraduate and graduate students. Themfotdscussion mainly fo-
cuses on algorithmic ideas rather than theoretical estisn&or the same reason, we
mostly refer only to the original papers of these methodslkeep the size of the
reference list to a minimum. Many important results are nstwussed here due to
various limitations and we apologize for that.

2 Boundary Integral Formulation

Many linear partial differential equation problems haveihdary integral equation
formulations. In this section, we focus on two of the mostamant examples and
demonstrate how to transform the PDE formulations into trEefBrmLHations. Our
discussion mostly follows the presentation in [11, 18, 20 denote | 1 with i
and assume that all functions are suf®ciently smooth.

2.1 Laplace equation

Let D be a bounded domain with smooth boundarRff{d = 2;3). nis the exterior
normal toD. The Laplace equation dd with Dirichlet boundary condition is

i Du=0 inD (2)

u=f on{yD 2

wheref is de®ned offD. The geometry of the problem is shown in Fig. 1. We seek
to representi(x) for x 2 D in an integral form which uses only quantities on the

boundaryfD.
The Green's function for the Laplace equation is
(4
£in—L- (d=2
G(xy)= P iy ( B ) 3)
wpxy (@73

Some of the important propertiesG{x;y) are

G(x;y) is symmetric inx andy,
G(x;y) is non-oscillatory, and
i DG(xy) = dy(x) andj DyG(x;y) = ak(y)

where Dy and D, take the derivatives with respectandy, respectively, andk is
the Dirac function located & The following theorem is a simple consequence of
Stokes' theorem.
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Fig. 1. Domain of the Dirichlet boundary value problem of the Laplaguation.

Theorem 1.Let u and v to be two suf®ciently smooth functionBonhen

z z M 1
. _ ™y) - Tu(y)
pUPVEVDUAX= ) T VG

A simple application of the previous theorem gives the fwilg result.

dg(y):

Theorem 2.Let u be a suf®ciently smooth functionBrsuch thati Du= 0in D.
Forany xin D,
VA

N
0% = TG(xy)

m(y)

H Tu(y)
n(y)

G(xy)i u(y) ag(y):

Proof. Pick a small ballB at x that is contained irD (see Fig. 2). From the last
theorem, we have
R
anB(U(vY) DG(xy)i G(x;y)Du(y))dsy) =
gomg UM TS 1 Gy T dg(y):
Sincej Du(y) = 0 andj DG(x;y) = 0 fory 2 DnB, the left hand side is equal to
zero. Therefore, 3 .
o YW Ie i Geoy) o dsty) =
i ge U T GOy T dsty)

wheren points towardx on B. Now let the radius of the baB go to zero. The ®rst
term of the right hand side goesitai(x) while the second term approaches 0.

From the last theorem, we see thiék) for x in D can be represented as a sum of
two boundary integrals. In the boundary integral formwalatiwe seek to represent
u(x) using only one of them. This degree of freedom gives rise@dalowing two
approaches.
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Fig. 2. Proof of Theorem 2.

Method 1

We represent(x) for x 2 D using the integral that contail®(x; y)
Z
u(x) = 7,Dj ()G(xy)dg(y) 4

wherej is an unknown density offD. This formulation is called thsingle layer
formandj is often called thaingle layer densityOne can show that any suf®ciently
niceu(x) can be represented using the single layer form (see [20Efaild). Letting
x approactz2 D, we get

z

f(9=u@= 77D] (Y)G(zy)ddy);

which is an integral equation that involves only boundargigtitiesj andf. There-
fore, the steps to solve the Laplace equation using theeslagér form are:

1. Findj (2) on D such that
z
f(9= ﬁDj (Y)G(zy)dgy): ®)

This equation is &redholm equation of the ®rst kigske [20]).
2. Forxin D, computeu(x) by
VA
u(x) = ﬁDl' (V)G(xy)dgy): (6)
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Method 2

We can also represenfx) for x 2 D using the integral that contai n(();;l)

z

W= j(y) o)
D

n(y)

wherej is again an unknown density dfD. This formulation is called thdouble
layer formand; is thedouble layer densityin fact, the double layer form is capable
of representing any suf®ciently nig&) in D [20]. If we now letx approactz2 1D,
we obtain the following equation on the boundary:

1G(zy) . .
o T0) J (y)ds(y):

The extra%j (2) term comes up because the integral (7) is not uniformly natieig
nearz2 1D. Hence, one cannot simply exchange the limit and integgaissiSince

the boundanyD is smooth, the integral operator with the kerrﬂ%ﬂ) is a compact
operator. The steps to solve the Laplace equation using thiglelayer form are:

1. Findj (2) on 1D such that

agy) (7

1 Z
f@=u@= 5/ @i

1G(zy) . .
> 1) J (y)dgy): (8)

This equation is &redholm equation of the second kind
2. Forxin D, computeu(x) with

Z
(2= 5 @i

z

P (C )

o) J (Y)ds(y): )

Between these two approaches, we often prefer to work wehdthuble layer
form (Method 2). The main reason is that the Fredholm eqoatidhe second kind
has a much better condition number, thus dramatically riedube number of itera-
tions required in a typical iterative solver.

2.2 Helmholtz equation

We now turn to the Helmholtz equation. LBtbe a bounded domain with smooth
boundary inRY(d = 2;3) and n be the exterior normal t®. The unbounded
Helmholtz equation oR? nlﬁ\(d = 2;3) with Dirichlet boundary condition describes
the scattering ®eld of a sound soft object:

i Duj Ku=0 inRYnB (10)

ux) =i u"(x) forx2 ID (11)
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Fig. 3. Domain of the Dirichlet boundary value problem of the Hellthequation.

limy r %2 %i iku =0 (12)

wherek is the wave number/™ is the incoming ®eld and is the scattering ®eld.
The last equation is called tlB®mmerfeld radiation conditiomhich guarantees that
the scattering ®eld propagates to in®nity. The geomethegbtoblem is described
in Fig. 3. Our goal is again to represei(k) for x2 R nB\in an integral form which
uses quantities de®ned on the bounddy
The Green's function of the Helmholtz equation is
Gl
aHo(kixi vi) (d=2)
G(xy) = ‘ gx ikixi yj _
=D 0-9

(13)

Some of the important properties@{x;y) are

G(x;y) is symmetric,

G(x;y) is oscillatory,

(i Di K)G(xy)= dy(¥) and(i Byi K)G(xy)= dk(y).
Theorem 3.Let C be a bounded domain with smooth boundary. Suppose tisat u
suf®ciently smooth @and satis®e§ Dj k¥)u= 0inC. Then for any x inC

zZ M f

fu(y) 1G(x;y)
= G : P

u(x) finty) SOV UO) ~g

Proof. Pick a small balB centered ax. Then we have

zCnB(u("y)DG(X;Y)i G(xy) Du(y))dy =

gcmy U T Goy) T ds(y):

dgy):

The left hand side is equal to
Z

(UDG+ K*G) i G(Du+ K2u))dy= O:
CnB

The rest of the proof is the same as the one of Theorem 2.
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oD

Fig. 4. Proof of Theorem 4.

The above theorem addresses a bounded dotailowever, what we are really
interested in is the unbounded dom&#n Iﬂ

Theorem 4. Suppose that u is suf®ciently smooth and sati§®B5 k¥)u= 0in
RYnD. Then for any x irR4nD,

Z M)

1
_ 1G(x;y)
ui9 = n(y)

m(y)

G(xy)i u(y) as(y):

Proof. Pick a large ballG that containd. Consider the domaid;nlﬂ(see Fig. 4).
Lett be the exterior normal direction &@n® From the previous theorem, we have

zZ M T
= Ty up T gy«
u
TUY) 4y - TG(xy) .
o ey un TR asy:

Using the Sommerfeld condition at in®nity, one can showttiaintegral ove G
goes to zero as one pushes the radiu§€ad in®nity [11].Noting thatt = j non

9D, we have z M 160¢y)  Tuw)
XY, uly,
u(x) = u i
09 1D » inly) ' n(y)
From the last theorem, we see thik) for x in RY nB can be represented as a

sum of two integrals. In the boundary integral formulatiéthe Helmholtz equation,
one option is to representx) by thedouble layer form

Z
1G(x;y) .
) J (y)ds(y)

1
G(xy) dgy):

u(x) =
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Different from the double layer form of the Laplace equatitre double layer form
of the Helmholtz equation is not capable of representingramy ®eldu(x) for x 2
RInB\ I k is one of the internal resonant numbers such that the irltileizmann
problem with zero boundary condition has non-trivial simint then this double layer
form is singular (see [11]). In practice, we use

Z M i 1
o TGk ()

whereh is a real number (for examplé, = k). As we letx approactz on 1D, we
get z M

)= U= 5 ()

u(x) =

i 1
o i iha(Ey) ] ()ds)

where the extra terréj (2) is due to the fact that the integral is impropeeat D.
The steps to solve the Helmholtz equation using this dowatylerlform are:

1. Find a functiorj (2) on 1D such that
Z M 1

W= 5@ TN ihe@y) | wedy: 09
2. For pointxin R®nD, computeu(x) with
o oY e s (15)
T Iny) V) ESY:

We have seen the derivations of the BIEs for the interior ae@Dirichlet bound-
ary value problem and the exterior Helmholtz Dirichlet bdary value problem.
Though both cases use the Green's functions of the undgriguation and the
Stokes' theorem, the derivation for the Helmholtz equaisoromplicated by the ex-
istence of the internal resonant numbers. For other elliiuindary value problems,
the derivations of the BIE formulations often differ from ede case.

2.3 Discretization

In both BIEs discussed so far, we need to solve a problem dbétlosving form: ®nd
j (X) on D such that
Z

f)=7 9+ WDK(X:V)] (ddy); e f=(1+K)j

or Z
f(x) = ﬁDK(X;Y)I (dgy); e f=Kj:

whereK(x;y) is either the Green's function or its derivative of the urgieg PDE.
In order to solve these equations numerically, we often use af the following
three discretization methods: the NystrEJm method, thecetion method, and the
Galerkin method. Let us discuss these methods brie y usied-tedholm equation
of the second kind.
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Fig. 5. Nystr®&m method

Nysti&m method

The idea of the NystrBm method is to approximate integeabbprs with quadrature
operators. The steps are:

R
1. Approximate the integral operatfj )(x) := K(x;y)j (y)dywith the quadra-
ture operator
N
(Knj )(®) = @& KOx))! j ()
=1
wheref xjg are the quadrature points ahf;g are the quadrature weights (see
Fig. 5). Here we make the assumption thiajg are independent of In practice,
f1jg often depend or whenx; is in the neighborhood ofif the kernelK(x;y)
has a singularity at=vy.
2. Findj (X) suchthay + Kyj = f. We write down the equation &k;g:

n
jit & KOGx)jjj=fi; 1= LEeem (16)
=1

and solve foff j jg. Heref; = f(x).
3. The value of (x) atx2 1D is computed using

= fi & Keex)I i) 17)
j=1

Collocation method

The idea of the collocation method is to use subspace appetidin. The steps are:

1. Approximatej (X) by &=, cjj j(x) wherefj j(X) g are basis functions ofiD.
Let f xjg be a set of points off D (see Fig. 6), wherg; is often the center of

supgj j).
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P

Fig. 6. Collocation and Galerkin methods
2. Findfcjgsuchthaj + Kj = f is satis®ed dtx;g, i.e.,

N
cij j00)+(K(A ¢jj )(x)= f(x); i=1¢emN (18)
=1 j=1

T Qo=

Galerkin method

The idea of the Galerkin method is to use space approximatitnorthogonaliza-
tion. The steps are:

1. Approximatej (X) by éj:j_ij i(x) wherefj j(x)g are often localized basis
functions onfD.
2. Findfcjgsuchthaj + Kj j f is orthogonalto all the subspace generated by

J (x).

Qoz

N
hisdcjj+K@cijji fi=0; i=1¢¢mN (19)
=1

=1

2.4 lterative solution

The following discussion is in the setting of the Nystr Bnthme. The situations for
the other methods are similar. In the matrix form, the lirgestem that one needs to
solve is

(I+KL)j = f

wherel is the identity matrixK is the matrix with entrie&(x;; %), L is the diagonal
matrix with the diagonal entries equalftb;g, j is the vector of j jg, andf is the
vector off f;g.
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SinceK is a dense matrix, the direct solution of this equation tak@s®) steps.
For largeN, this becomes extremely time-consuming and solving thetesy directly
is not feasible. Therefore, we need to resort to iterativecss.

Since the integral operatét is compact, its eigenvalues decay to zero. This is
also true for the discretized version, the maKixTherefore, the condition number of
I + KL is small and independent of the number of quadrature pbinfs a result,
the number of iterations is also independeniNofin each iteration, one computes
Ky for a given vectoly . SinceK is dense, a naive implementation of this matrix-
vector multiplication take®(N?) steps, which can be still quite expensive for large
values ofN. How to compute the produ#ty is the question that we will address in
the following sections.

Before we move on, let us compare the PDE and BIE formulatibps the
PDE formulations, a numerical solution often requie§1=h)) unknowns for a
given discretization sizé. Special care is necessary for unbounded exterior prob-
lems. Since the resulting linear system is sparse, eactiaarof the iterative solver
is quite fast though the number of iterations might be lafgeally, the PDE for-
mulations work for domains with arbitrary geometry and peats with variable
coef®cients.

For the BIE formulations, a numerical solution involvesyo@l((1=h)% 1) un-
knowns on the domain boundary for a given discretizatior kizZNo special care
is needed for exterior domains. The resulting system isysviense, so fast algo-
rithms are necessary for ef®cient iterative solutions @Bt formulations. As we
have seen already, the Green's functions are fundamenti¢rining the integral
equations. Since the Green's functions are often unknowprfoeblems with vari-
able coef®cients, most applications of the BIE formulatiare for problems with
constant coef®cient.

3 Fast Multipole Method
In each step of the iterative solution of a BIE formulatiore face the following
problem. Given a set of chargési;1- i- Ng located at point$p;;1- i - Ng

(see Fig. 7) and the Green's functi@tx;y) of the underlying equation, we want to
compute at each; the potential

G(pi; p;) fj: (20)

Qoz

U =
j=1

As we pointed earlier, a naive algorithm takegN?) steps, which can be quite ex-
pensive for large values ®f. In this section, we introduce the fast multipole method
by Greengard and Rokhlin [15, 16] for the Green's functiotthef Laplace equation.
This remarkable algorithm reduces the complexity flo(2) to O(N) for any ®xed
accuracye.
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Fig. 7. Distribution of quadrature poinfsp;g on the boundary of the domain.

3.1 Geometric part

Two setsA andB are said to bevell-separatedf the distance betweeA andB are
greater than their diameters. Let us consider the intenaétom a set of pointy;g
in B to a set of point§ x;g in A, where bothf y;g andf xg are subsets dfpig. The
geometry is shown in Fig. 8.

.« ulh) -
® [ ] .
O(n?)
° & >
en . ca®
[ ) [ ] [ )
® °

B A

Fig. 8. Two boxesA andB are well-separated. Direct computation tak¥dl?) steps.

Suppose thédtf;g are the charges &y;g. Let us consider the following approx-
imation for the potential; at eachx;

Ui Yau(ca) = & G(cary;) fj % G(casca) § fj: (21)
j j

This approximation is quite accurate wh&iandB are far away from each other and
is in fact used quite often in computational astrophysicsampute the interaction
between distant galaxies. However, for two s&tand B which are merely well-
separated (the distance between them is comparable taltasieters), this approx-
imation introduces signi®cant error. Let us not worry toamabout the accuracy
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o yilf5) | B A o zius)
® ..
0(n?)
L o . > cx°
° e o
® °
O<”ﬂf3 = Zj I u; = u/\ﬁ O(n)
o(1)
o > o
fB ua = G(ca,cB)fB UA

Fig. 9. The three steps of the approximate procedure. The total euogerations i©(N).

at this moment and we will come back to this point later. A getito description of
this approximation is given in Fig. 9.
We have introduced two representations in this simple agpipration:

fg, thefar ®eld representatioof B that allows one to approximately reproduce
in the far ®eld oB the potential generated by the source charges irf&ide

Ua, thelocal ®eld representatiant A that allows one to approximately reproduce
insideA the potential generated by the source charges in the fao®ald

The computation ofis from fg
ua = G(ca;cg) g

is called afar-to-local translation. Assuming botliy;g andfxg contain O(n)
points, the naive direct computation of the interactioreta®(n?) steps. The pro-
posed approximation is much more ef®cient:

fg = &; fj takesO(n) steps.
ua = G(ca;cp) fg takesO(1) steps.
Ui = ua for all x; 2 A takesO(n) steps as well.

Hence, the complexity of this three step procedui®(is). Viewing the interaction
betweerA andB in a matrix form, we see that this interaction is approxiryaiew
rank if A andB are well-separated. In fact, in the above approximatiorgrk+1
approximation is used.

However, in the problem we want to address, all the pdiptg are mixed to-
gether and each; is both a source and a target. Therefore, one cannot apply the
above procedure directly. The solution is to use an adaptesstructure, namely
the octree in 3D or the quadtree in 2D (see Fig. 10). We ®rsiseha box that con-
tains all the point$ p;g. Starting from this top level box, each box of the quadtree is
recursively partitioned unless the number of points indlidkeless than a prescribed
constant (in practice this number can vary from 50 to 2003uAsng that the points
f pig are distributed quite uniformly ofiD, the number of levels of the quadtree is
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o SIED ]

Fig. 10.The quadtree generated from the domain in Fig. 7. Differerels of the quadtree are
shown from left to right.

O(logN). For a given boxB in the quadtree, all the adjacent boxes are said to be in
thenear ®eldvhile the rest are in thiar ®eld Theinteraction listof B contains the
boxes on the same level that aneB's far ®eld but not the far ®eld of B's paretit

is not dif®cult to see that the size of the interaction listeaysO(1).

No computation is necessary at the zeroth and the ®rst.|édle second level
(see Fig. 11), each bd& hasO(1) well-separated boxes (e.8). These boxes are
colored in gray and iB's interaction list. The interaction betwe@&and each box
in its interaction list can be approximated using the thtep procedure described
above. The same computation is repeated over all the boximssdevel.

To address the interaction betweRrand its adjacent boxes, we go to the next
level (see Fig. 12). Suppose tt&ftis a child ofB. Since the interaction betwe@&
andB's far ®eld has already been taken care of in the previous lereeconly need

=

.

Fig. 11. Computation at the second level.
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BI

Fig. 12. Computation at the third level.

to address the interaction betweBhand the boxes iB’s interaction list (e.gA9.
These boxes are also colored in gray and the interactiondes®? and each one of
them can be approximated again using the three step pracddscribed above.

To address the interaction betweBhand its adjacent boxes, we again go to
the next level (see Fig. 13R%(a child ofBY hasO(1) boxes in its interaction list.
The interaction betweeB%®and each one of them (e &% is once again computed
using the three step procedure described above. SupposthatB?’s also a leaf
box. We then need to address the interaction betvg®@and its adjacent boxes.
Since the number of points in each leaf box is quite small, wiply use the direct
computation for this.

Fig. 13.Computation at the fourth (last) level.
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The algorithm is summarized as follows:

1. At each level, for each bd&, computefg = é,psz fj.

2. Ateachlevel, for each pafrandBin each other's interaction list, adél ca; cg) fg
to ua. This is the far-to-local translation.

3. Ateach level, for each boX, addua to uj for eachp; 2 A.

4. Atthe ®nal level, for each leaf b&® compute the interaction with its adjacent
boxes directly.

The complexity of this algorithm i©(NlogN) based on the following considera-
tions.

1. Each point belongs to one box in eaclagfogN) levels. The complexity of the
®rst step i©(NIogN).

2. There ar®©(N) boxes in the octree. Each box hagl) boxes in the interaction
list. Since each far-to-local translation takegl) operations, the complexity of
the second step B(N).

3. Each point belongs to one box in each@{iogN) levels. The complexity is
O(NlogN).

4. There ar®(N) leaf boxes in total. Each one h@gl) neighbors. Since each leaf
box contains onlyD(1) points, the direct computation cos%N) steps.

As we have mentioned earlier, the goab@\). Can we do better? The answer is
yes. Let us take a look at a b&and its childrerB,; ¢ ¢ §B4. Based on the de®nition
of fg, we have

o o [} o o
fe=a fi= a fi+ a fi+ a fi+ a fi="fe+ s+ fo, + fi,:
pj2B pj2B1 pj2B2 pj2B3 pj2B4

Therefore, oncé fg g are all known fg can be computed using on@¥(1) operations.
This step is called &ar-to-far translation The dependence betwedg andf fg,g
suggests that we traverse the quadtree bottom-up duringptisruction of the far
®eld representations.

Similarly, instead of puttingia to each of its points, it is suf®cient to adgd
to fua,g wheref Aig are the children ofA. The reason is thaity will eventually
be added to the individual points. This step of addingo f us g obviously takes
O(1) operations as well and it is calledacal-to-local translation Sincef ua g now
depend omp, we need to traverse the octree top-down during the conipntaftthe
local ®eld representations.

Combining the far-to-far and local-to-local translatiovith the above algorithm,
we have the complete the description of the geometric stredf the FMM.

1. Bottom-up traversal of the octree. At each level, for damhB,
if leaf, computefg from the points irB,
if non-leaf, computefg from the far ®eld representations of its children.
2. Ateachlevel, for each pafrandBin each other's interaction list, ad&{ca; cg) fs
to ua.
3. Top-down traversal of the octree. At each level, for eamhA
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if leaf, addup to u; for each poinp;j in A,
if non-leaf, addua to the local ®eld representations of its children.
4. At the ®nal level, for each leaf b& compute the interaction with its adjacent
boxes directly.

Compared with the previous version, the only changes aresrimathe ®rst and the
third steps, while the second and the fourth steps remaisetime. Let us estimate its
complexity. It is obvious that we perform one far-to-fantséation and one local-to-
local translation to each of tH@(N) boxes in the octree. Since each of the far-to-far
and local-to-local translations takes oid1) operations, the complexity of the ®rst
and the third steps is cleart®(N). Therefore, the overall complexity of the algorithm
is O(N).

3.2 Analytic part

In the discussion of the geometric part of the FMM, we did notny too much
about the accuracy. In fact, simply taking the far ®eld regmeationfs = & 25 fj
and the local ®eld representation= G(ca;cg) fg gives very low accuracy. Next,
we discuss the analytic part of the FMM, which provides ef®cirepresentations
and translations that achieve any prescribed accueaty fact one can view the
fg = & 28 fj to be the zeroth moment of the charge distribufidyg atf p;gin B.
The idea behind the analytic part of the FMM is simply to aglithe higher order
moments and represent them compactly using the properteafriderlying PDE.

2D case

In the two dimensional case, we can regapy to be points in the complex plane.
Up to a constant,

G(xy) = Injxj yj= Re(In(xj y))
for x;y 2 C. Therefore, we will regard the kernel to B¢x;y) = In(xj y) and throw
away the imaginary part at the end of the computation.

Far ®eld representation

Suppose thdty;g are source points inside a box (see Fig. 14) fifid are charges
located afy;g.
Since
3

y s 1
G(xy) = In(xj y)= Inx+1In 1; " Inx+ q i P
k=

1
¥
XK’

we have for any in the far ®eld of this box
! !

0 ° & 1, 1
U= dGyNf= &f Inx+a i Ayt x+ 0
j j k= j
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Fig. 14.Far ®eld representation.

wherep = O(log(1=e)) becausgy;=xj < P 2=3. We de®ne the far ®eld representa-
tion to be the coef®cientsy;0- k- pggiven by

o 1 [}

a=4f and a=i 4y @ k p: (22)
j i

It is obvious that fronf ayg we can approximate the potential for any poirih the

far ®eld ef®ciently within accura€y(e). This representation clearly has complexity

O(log(1=€)) and is also named thaultipole expansion

Local ®eld representation

Suppose thaty;g are source points in the far ®eld of a box (see Fig. 15)fdngl
are charges located &y;g.
From the Taylor expansion of the kernel

H xﬂ x M lﬂ XK
G(xy)= In(xi y)=In(i y)+ In 1j y In(i y)+ kz:al iy
we have, for anxinside the box,
!
2 ~fy 2 £ 1o f 4
ux)=acxypfi=alniy)fi+a ipa v X'+ O(e)
j j k=1 i 7

wherep = O(log(1=e)) becausgx=y;j < P 2=3. We de®ne the local ®eld represen-
tation to be the coef®ciehty;0- k- pg given by
o 1 o f
=@ (i y)f; and ac=i &5 (1 k- p): (23)
i i Y
Based onf axg, we can approximate the potential for any poininside the box

ef®ciently within accurac@(e). This representation has complext®flog(1=e))
and is also named tHecal expansion
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Yj o

°
x

L'

Fig. 15.Local ®eld representation.

Far-to-far translation

Let us now consider the far-to-far translation which transfs the far ®eld represen-
tation of a child boxB°to the far ®eld representation of its parent Basee Fig. 16).
We assume thaBlis centered at a poiry while B is centered the origin. Suppose
that the far ®eld representation of cHifisfa;0- k- pg, i.e.,

p
u(2 = aoln(zi 20)+ a &

———+0(e
o1 (2i 2)* ()
for any z in the far ®eld oB® The far ®eld representatiéiy;0- | - pg of Bis
given by
| (O |
o e i1
bo=a and b|=ia'%z‘°+aak2'dkk'il 11 p (24)

and for anyzin the far ®eld oB

S o1
u(2 = bolnz+ g b'§+ O(e):
=1

From the de®nition dfbyg, it is clear that each far-to-far translation takag?) =
O(log?(1=€)) operations.

B'|0
20

Fig. 16. Far-to-far translation.
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Far-to-local translation

The far-to-local translation transforms the far ®eld repn¢ation of a boB to the
local ®eld representation of a béxin B's interaction list. We assume th&t is
centered a¥y while A is centered at the origin (see Fig. 17). Suppose that the far

20 0

Fig. 17.Far-to-local translation.
®eld representation &isfag;0- k- pg,i.e.,

p
U2 = a0ln(zi Z)+ & A + O(6)

k=1 (ZI ZO)k
for anyzin the far ®eld oB. The local ®eld representatibh;;0- | - pgof Ais
given by
bo= aoIn(i 20)+ &-,(i D*¥ and
. 2 H+ki 17/, .
b= %"'ia&l% qul (I l)k (1' I - p)

and for anyzin A

u(2) = ép bZ + O(e):
=0

It is clear that each far-to-local translation tak®g?) = O(log?(1=€)) operations
as well.

Local-to-local translation

The local-to-local translation transforms the local ®aldresentation of a parent
box A to the local ®eld representation of its chifl We assume that the center of
A'is 7o while the center oAlis the origin (see Fig. 18). Suppose that the local ®eld
representation oisfag;0- k- pg,i.e.,

p
u@= a azi )"+ O(e)
k=0

for anyzin A. Then the local ®eld representatfdn;0- | - pgatALis given by
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z 20

Fig. 18.Local-to-local translation.

o W
b=&a | (29" (01 p)
k=1

and for anyzin A°

p
u= g bz + ofe):
1=0

The complexity of a local-to-local translation is ag&dip?) = O(log?(1=€)). To
summarize the 2D case, both the far and local ®eld repréieastare of siz€©(p) =
O(log(1=¢€)) for a prescribed accuraay. All three translations are of complexity
O(p?) = O(log?(1=e€)). Therefore, the complexity of the FMM algorithm based on
these representations and translatior(id) where the constant dependsem a
logarithmic way.

3D case

Up to a constant, the 3D Green's function of the Laplace equad

1
G(xy) = ix; yj:

For two pointsx=(r;q;j ) andx’= (r®g%j 9 in spherical coordinates, we have an
important identity

1 f—

xi x§ g

Qox

n

n
! 4 o 1 .
2 (r)™4 (%) ) V(@i )
I

forr, 0
Far ®eld representation
Suppose thaty; = (rj;q;;j j)g are source points with chargés;g inside a box

centered at the origin. Let us consider the potential geeéray fy;g at a point
x=(r;q;j ) inthe far ®eld (see Fig. 14). Using the given identity, we get
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|
n

o Op o o A . . l .
ux¥=acxy)fi=a a afirfa™a) @)+ ole)
]

n=0m=j n j

wherep = log(1=e) becausgy;=xj < P 3=3. We de®ne the far ®eld representation to
be the coef®cientsa;0- n- p;i n- m- nggiven by

an'= & firf¥i "(s):
j

From these coef®cients'g, one can approximate(x) for any x in the far ®eld
ef®ciently.

Local ®eld representation

Suppose thaty; = (rj;q;j;j j)g are source points with chargés$;g in the far ®eld
of a box. Let us consider the potential generatediyyyg at a pointx inside the box.
We assume that the box is centered at the origin (see FigFbdBdwing the above
identity, we have ax
|
o Ly o1 '
u=acky)=a a afi (@) ')+ o)
j

n=0m=in j K

wherep = log(1=¢e) becausgx=yjj < P 3=3. We de®ne the local ®eld representation
to be the coef®cienfd;0- n- p;i n- m- nggiven by

1
b= é fj —rn+1Ynm(Sj)Z
i k

It is clear that, from these coef®cielfitg'g, one can approximate(x) for any x
inside the box ef®ciently.

Far-to-far, far-to-local and local-to-local translatias

Similar to the 2D case, we have explicit formulas for the ¢htenslations. The
derivation of these formulas depend heavily on specialtfandheories. We point
to [16] for the details.

Since both the far ®eld and local ®eld representations®@/@ coef®cients, a
naive implementation of these translations requidés*) operations, which is quite
large even for moderate values jfIf we take a look at the FMM closely, we dis-
cover that the most time-consuming step is to perform thédfdocal translations.
This is due to the fact that for each bBxhere can be as many a%{63° = 189 boxes
in its interaction list. For each of these boxes, a far-waldranslation is required.
Therefore, computing the far-to-local translations wittnach lower complexity is
imperative for the success of a 3D FMM implementation.

In [9], Cheng et al. introduce highly ef®cient ways for comnpyithese transla-
tions. For the far-to-far and local-to-local translatipagpoint and shoot® method is
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used to reduce the complexity frod{ p*) to O(p3). Let us consider for example the
far-to-far translation between a child b8%and its parenB. The main idea is that
if the z axes of the spherical coordinate systemB%#ndB coincided, the transfor-
mation from the far ®eld representatiorB3to the ones oB would be computed in
O(pd) steps. Therefore, the far-to-far translation is partigidinto three steps:

aRotate® the coordinate system BP so that thez axis points to the center of
B. The far ®eld representationBfis transformed accordingly. This step takes
O(p3) operations.

Perform the far-to-far translation fro®°to B in the rotated coordinate system.
This step take®(p?) operation as well.

Finally, 2rotate® the coordinate system Btback to the original con®guration
and transform the far ®eld representatioB atcordingly. This step take(p®)
operations as well.

For the far-to-local translation, the main idea is to use fteme wave (expo-
nential) expansion, which diagonalizes the far-to-locahslation. Given two well-
separated boxesandB, the steps are

Transform the far ®eld representation to six plane waveresipas, one for each

of the six direction$ x; § y; § z. This step ha®(p3) complexity.

Depending on the location o4, use one of the six plane wave expansions to
compute the far-to-local translation froBito A. After this step, the local ®eld
representation & is stored in the plane wave form. Since the plane wave ex-
pansion diagonalizes the far-to-local translation, thenglexity of this step is
o(p?).

Transform the plane wave expansion®diack to the local ®eld representation.
Notice that atA there are also six plane wave expansions for six differeetedi
tions. This step take®(p®) operations as well.

Since the ®rst step is independent of the targetAmae only needs to perform it
once for each boB. The same is true for the last step as it is independent of the
source boxB. On the other hand, the second step, which can be called agasan
189 times for each box, is relatively cheap as its complésig)( p?).

4 Kernel Independent Fast Multipole Method

The FMM introduced in the previous section is highly ef®tjet quite technical. As
we have seen, both the representations and translatidms 8Dt case depend heavily
on the results from special functions and their derivatiaresfar from trivial. The
Laplace equation is only one of the elliptic PDEs with nocitetory kernels: other
examples include the Stokes equations, the Navier equdtienYukawa equation
and so on. Deriving expansions and translations for thegtemf these equations
one by one can be a tedious task. In this section, we intrathedeernel independent
fast multipole method which addresses all these kernelsimi®@ed framework [27].
Some of the ideas in this framework appeared earlier in [1, 4]
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The geometric part of the kernel independent fast multipoéthod is exactly
the same as the standard FMM. Hence, our discussion focagesrothe analytic
part. We will start with the 2D case and then comment on thfemifhce for the 3D
case.

4.1 2D case
Far ®eld representation

Let us consider a simple physics experiment ®rst (see F)g.Sl§pose thaB is
a box with radiug and that we have a set of chardefsg atfy;g insideB. These
charges qﬂlerate a non-zero potential in the far ®eld. Lebwsput a metal circle
of radius 2r around these charges and connect this metal circle to thendro
As a result, a charge distribution would appear on this mgtale to cancel out
the potential ®eld generated by the charges inside the hoxt®the linearity of
the problem, we see that the potential ®eld due to the chagjde the box can be
reproduced by the charge distribution on the circle if weitgsign. This experiment
shows that the volume charges inside the box can be replaitedaw equivalent
surface charge distribution on the circle if one is only ieted in the potential in
the far ®eld.

Fig. 19.The existence of an equivalent charge distribution.

A natural question to ask is, given a prescribed accuedypw many degrees
of freedom one needs to describe the equivalent chargebdisti. Let us recall
that the far ®eld representation is only needed for the far ®és well-known that
the potential generated by the high frequency modes of thyggetdistribution on
the circle dies out very quickly in the far ®eld: it decay®lfk 2=3)" for the nth
mode. As a result, we only need to capture the low frequencyesiofithe charge
distribution. Our solution is to plad@(log 1=e) equally spaced poinfsy,'f‘;':gk on the
circle. The equivalent chargésff;':gk supported at these points are used as the far
®eld representation (see Fig. 20).
































































































