
Homework 10 Hints

1
∪Ak = (∪Nk=1)Ak ∪ (∪∞k=N+1Ak). By finitely additivity, we have µ(∪Ak) =

∑N
k=1 µ(Ak) + µ(BN ),

where BN = ∪∞k=N+1Ak. BN ↘ φ, so µ(BN )→ 0. Thus we have the countably additivity.

2
(i) φ = π−11 (φ), so φ ∈ A.
(ii) If A ∈ A, then for some n and B measurable, we have A = π−1n (B). Then we have Ac = π−1n (Bc).
(iii) If A1, A2 ∈ A, suppose Ai = π−1ni

(Bi), i = 1, 2 and n1 ≤ n2. Then A1 ∪ A2 = π−1n1
(B1 ×

[0, 1]n2−n1 ∪B2).

3
There are various counter examples. For example, we consider An = π−1n {1}, then ∩An = {1}N which
is not in any Bn.

4
To prove finitely additivity, we consider Ai = π−1ni

(Bi), i = 1, 2 and n1 ≤ n2, since A1 ∩ A2 = φ,
so we have B1 × [0, 1]n2−n1 ∩ B2 = φ, thus µ0(A1 ∪ A2) = π−1n2

(B1 × [0, 1]n2−n1 ∪ B2) = mn2
(B1 ×

[0, 1]n2−n1 ∪B2) = mn1
(B1) +mn2

(B2) = µ0(A1) + µ0(A2).
Then we want to show if A1 ⊃ A2 ⊃ · · · with ∪nAn = φ, then limn→∞ µ0(An) = 0. First we observe
that if F = π−1n (K) with K closed in [0, 1]n, then F is closed in [0, 1]N under the defined metric. Let
Ai = π−1ni

(Bi) and we can make ni ≤ ni+1. For any ε > 0, there is K1 closed in [0, 1]n1 , such that
K1 ∈ B1 and mn1

(A1−K1) < 1
2ε. Let F1 = π−1n1

(K1). We have µ0(A1−F1) < 1
2ε. In [0, 1]n2 , we can

choose K2 closed such that K2 ∈ K1× [0, 1]n2−n1 and mn2
(B2−K2) < ( 1

2 + 1
4 )ε. Let F2 = π−1n2

(K2),
then F2 ⊂ F1 closed and µ0(A2−F2) < ( 1

2 + 1
4 )ε. Keep on doing the process, we have {Fn}n decreas-

ing closed sets in [0, 1]N, Fn ⊂ An and µ0(An−Fn) <
∑n

k=1
1
2k
ε. Since ∩nAn = φ, so ∩nFn = φ. But

[0, 1]N is compact under the defined metric, so there exists N such that FN = φ. Then for n ≥ N ,

µ0(An) <
∑N

k=1
1
2k
ε < ε. So we know limn→∞ µ0(An) = 0.

5
We just prove that Br(0) is measurable. Br(0) = { 12 |x1| < r} ∩ { 12 |x1|+

1
4 |x2| < r} ∩ · · · . This is a

countable intersection of measurable sets in [0, 1]N, so Br(0) is measurable.

6
B = {x ∈ [0, 1]N, lim supi→∞ xi = 1} = ∩∞k=1 ∩∞N=1 ∪∞n=N+1{xn > 1− 1

k}. So it is measurable.

We note µ((∪∞n=N+1{xn > 1 − 1
k})

c) = 0 for k,N fixed, so µ(∪∞n=N+1{xn > 1 − 1
k}) = 1. Thus by

countably additivity, µ(B) = 1.
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