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The Obstacle Problem Revisited

L.A. Caffarelli

The obstacle problem consists of studying the properties of minimizers of the Dirichlet integral
D) = f (Vu)?dX
o

in a domain, D, of R", among all those configurations u(X), with prescribed boundary values:
ulap = f(X), and constrained to remain, in D, above a prescribed obstacle ¢(X).
More precisely, we are given:

a) A (smooth) domain, D, of R".

b) A (smooth) function f(X)ondD.

¢) A (smooth) function ¢(X) on D, with glap < f(X).
In the Hilbert space, H' (D), of all those functions with square integrable gradient, we define K to
be the closed convex set

= 1 -
K={uet' ul =fo0.uz¢
On K, there is a unique point «o that minimizes Dirichlet integral
D) = /(v..)‘ax 5
Such a point ug is called the “solution to the obstacle problem.” Such a problem is motivated by
the description of the equilibrium position of a (the graph of u) thatis “attached™ at level

f(X) along the boundary of D, and is restricted to remain above g, (the obstacle).
Such a membrane will minimize area integral

Alw) =/ 1+ (Vu)idX

that is linearized to Dirichlet integral for small deflections. In any case, the theory developed here
applies to the “minimal surface, , the non-linearized case, but for simplicity we will restrict our
discussion here to the “linear” case.
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