
PDE I – HOMEWORK ASSIGNMENT 5

Due Monday, October 4, 2010. Please write clearly, and staple your work !

1. Problem

Show that

u(x, t) =

{
−2

3(t+
√

3x+ t2) if 4x+ t2 > 0
0 if 4x+ t2 < 0

is an entropy solution of

ut + (
u2

2
)x = 0 in R× R+

u = g in R× {t = 0} ,
where g(x) = 0 if x ≤ 0, and g(x) = −2

3

√
3x if x > 0.

2. Problem

Assume that u(x+ z)− u(x) ≤ Ez for all z > 0. Let uε := ηε ∗ u, where ηε is a standard
mollifier (satisfying

∫
R ηε(y)dy = 1), and show that

uεx ≤ E .

3. Problem

Compute explicitly the unique entropy solution of

ut + (
u2

2
)x = 0 in R× R+

u = g in R× {t = 0} ,
with

g(x) =


1 if x < −1
0 if − 1 < x < 0
2 if 0 < x < 1
0 if x > 1 .

Draw a picture to illustrate the solution at t > 0.
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