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Einstein: E2 = p? +m?2, Schidinger:(id;)% = (—iV)2y + m?2y
E=\/m2+p2~m+ Z,Lm [SchidingePY]: i,y = S22 (—iV)%yp
[Dirac?®: E = /p2 + m2 = a - p + Bm,

104 = (_ia -V + ﬂm) P, ¢($at) €C47 z€R?

D,

a; (1<j<3) andg3 are self-adjoint and such thi?2, = —A + m?

o I, 0]

0

_ 0
Standard choicec; = LJ_ 0o —1I,

} (Pauli matrices), 8 = {



Self-interacting spinors

Models of self-interacting spinor field:
[Ilvanenkd8, Finkelstein et aP1, Finkelstein et aPb, Heisenber§’] [...]

Massive Thirring modelThirring®®] in (n+1)D:
)'“T“

Larm = P(iyH 0, — m)Y + (P pyHy k>0 (V-v)

Soler model $oler 9 in (n+1)D:

ZSoler = "Z(":’Vuau' - m)¢ + ("Z"p)k—'_l (S'S)
In (L+1)D: massive Gross-Neveu modéirpss & Nevel*, Lee & Gavrielide$?]



Soler model: NLD with scalar-scalar self-interaction

0 = (—ia -V +mpB)y — (Yy)*By, yecCV, zeR”

Dm

e [Soler©, Cazenave & ¥zque29]: existence of solitary waves iR3,

"p(m’t) = ¢w(m)6_iwt’ w e (0’ m)

e Attempts at stability: Bogolubsky®, Alvarez & Sole?®, Strauss & \dzque29] ...

e Numerics Plvarez & Carrera8l, Alvarez & Solef3, Berkolaiko & Comect] suggest that
(all?) solitary waves in 1D cubic Soler model are stable

e Assuminglinear stability, one tries to prove asymptotic stability
[Pelinovsky & Stefand¢, Boussaid & Cuccagn]



Nonrelativistic limit of NLD: w — m

Solitary wavep(x, t) = [ﬁgﬂ et ¢, p € C?

ip=(—i [,, e 7 ;)V] +mB) — ($v)* By,
o[ =i v g 5] e[
fw<m: 2mp= —ic-Ve¢, ¢ satisfiesNLS:
1
—(m—w)¢ =~ Ad — |66,
m
Scaling:¢(x) = €'/*®(ex),

1
—P=——AD — |D|*p
2m



NLD: linearization at a solitary wave

Giveng,, (x)e~**, considens(x,t) = (¢ (x) + r(z,t))e " I
Linearized eqn om(x,t) € CN, i8yr = Dy, — wr + ... (m+ w)i
9 Rer| 0 D,,—w+...| |Rer
tlimr| ~ |—Dpp +w + ... 0 Im»r
(m — w)i
A,
o(Dp, — w)
o-ess(Aw)
0
-m — w m—w I



o(Ay)

I 2ma

Linear instability of NLD I
(m + w)i

Theorem 1 ((Comech & Guan & Gustafsdf]).
If NLS, is linearly unstable, then

forw <m,3 £+, € ga(AL), (m — w)i
o000 - .
ReA, >0, A, s 0 By .

1D, above quintic
2D, above cubic

3D cubic and above I I —2mi

w < m w=m

Proof: Rescale; use Rayleigh-Sédinger perturbation theory.



Linear stability of NLD

Theorem 2 ([Boussaid & ComecH]).
Assume X, € op(AL), w Sm

1, ;::;{0; + 2mi}.

2. If Re A, # 0, then\,, j) 0,

A= li Y € NLS
S — oy & Tr(NESe)

3. A # 0 unless critical case:
2D quintic; 3D cubic

o(Ay)

I I2nﬂ
(m + w)i
% 2wi
(m — w)i
oo —~ ——hr ——
—Aw Aw
I-—2nn
w < m w=m

Proof: Limiting absorption principleAgmor{®, Berthier & Georgesctr]



o(Ay)

Linear stability of NLD I IZmi
(m + w)i
Corollary 3 ([Boussaid & ComedH]).
1D cubic:
(m — w)i
oe” ™t are linearly stable fow < m * S B
I I —2ma
Remark 4. Also true for 1D cubic and 2D quintic
w<m w=m

(“charge-critical NLS”)
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Figure 1: Upper half of the spectral gap. TOP: 1D cubic Soler
BOTTOM: 1D cubic massive Thirring
O
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Figure 2: 1D quintic (“charge critical”). TOP: Soler; BOTMD massive Thirring
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Figure 3: 1D, seventh order. Soler and MTM
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Bifurcationsfrom o

Let 2 € (0,m)

Theorem 5 ([Boussaid & ComecH]).

If Aw €0p(Au), Red, # 0,
Awu:S)]Ag € R

then Aq € 0p(Aq);, |[Aa|l <m+Q

Moreover,
A€o, NiR = | A <m+|Q|

19

7 (Aq) I
(m + Q)4
A‘;’.o ..i‘ﬂ.
(m — Q)1
L 2
° o ye PO I




Theorem 6 ( [[Berkolaiko & Comech & Sukhtyatt).
| Q' (w) =0andE(w) = 0 correspond to the boundary of the linear instability region
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Figure 4: quadratic MTM. TOP: Charge.{.) and energy{—) as functions ofv.
BOTTOM: Purely imaginary eigenvalues ¢) of the linearized equation in the spectral gap
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