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1. Domains without Cauchy formula for Smirnov class

functions

Let Q = C\ E, E C R, be a multiply (infinitely) connected domain.
E is a closed set of positive length. We deal with multiple-valued
holomorphic (meromorphic) functions f in Q such that |f] is
single-valued. Then of course for w(y) € R, v is a closed loop in Q:

fon(z) = ™M f(z), v € I =fundamental group of Q.

Then '
a(y) =0 T 5T

is a character of fundamental group . The group of characters
will be called T*. So our main object will be holomorphic
(meromorphic) functions which are character-automorphic:

foy=a(y)f.
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2. Smirnov class

Holomorphic character-automorphic function f in Q is called of
Smirnov class if it is of bounded characteristic, namely, f = hy/hs,
h; are bounded character-automorphic holomorphic functions in Q,
and on the top of that h, does not have inner part in its
inner-outer factorization. If by 3 : D — Q we denote the universal
covering map, 3(0) = 00,3/(0) > 0. One may understand the
inner-outer factorization in terms of inner-outer factorization (due
to A. Beurling) of the analytic function h = g o in the disc D.
Hardy classes HP of holomorphic functions with |h|P having finite
harmonic majorant, acquire extra feature:

ho~(z) = a(y)h(z),z € D, 4's are elements of Fuchsian group of
Mobius maps of I to itself, we call this Fuchsian group I, it is
isomorphic to fundamental group of Q, and Q = D/I". As before
a € [*, the group of characters. So g — h = g o3 makes a single
valued function h from multiple valued g, but h has some
“periodicity” property in the disc. We of course call such functions
character-automorphic (w.r.to Fuchsian I') in .
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3. Cauchy formula

1 [ f()

2mi Jrn—¢

is valid for many holomorphic functions in the disc, but not for all.
Obviously we need f(n) € L1(T, m) (m is Lebesgue measure on T).
But this is not enough, (Ms(T)= singular measures on T.)

Q) =

1+z f’]l‘ 1+ze

h(z) = e1-=, or h(z) = e'" 1-=" a 9), € Ms(T)

are all in L°°(T), moreover |h(e'®| = 1 for m-a.e. e’ € T but the
Cauchy formula is false for them. V.l. Smirnov found a simple
necessary and sufficient condition for having Cauchy formula over
the boundary: 1) h € L(on the boundary), 2)

h € Smirnov class in the domain. He did this for simply connected
domains with finite length boundary. Finitely connected domains
are ok too. Jumping ahead: some very good infinitely connected
domains fail to have this property. These will be our main culprits.
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4. Domains without Cauchy formula. No DCT domains

We saw that h € Smirnov class in Q is crucial even for the simplest
Q = D. But there are simple and very good in all other respects
domains Q = C\ E, where the Cauchy formula fails for very good
(Smirnov class and L1(99)) functions. Here E will be a sequence
of segments on R converging to 0, and also [0,1] C E. Then

|E| < 0o, and we build the example Benedicks' theorem, 1980:

Theorem

Let O =(C\ [0,00)) \ UX_;[—m — dm, —m + dp], such that
dm < 1/4,dx < dm, k < m. Consider Martin function

. G(z,iy)+ G(z,—1y)
M(2) = Jim =360, iy)

Then M(z) = |y| iff S350, 1981dn o o

m?2

Growth |y| is maximal possible for 2 D C,. Martin functions are
extremal points of the cone of positive harmonic functions in-€Q.
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5. This is counterintuitive.

The maximal growth should be reserved for “thick” boundaries at
o0, e. g. like O =C\ ([0,00) U (—00, —1]). In Benedicks' theorem
above, dp, can be chosen

— S )
dm~ e \/E, ordm~e ™

easily. This is the choice we will make. Domain with such dy, looks
“almost” like O = C\ [0, c0), for which Martin function has a
much slower growth: M(z) = +/]y|. Making the domain only
slightly smaller with sub-exponentially small d,,, as above “boosts”
Martin function to M(z) ~ |y|. How to use this effect? Consider
c € (—1+ d1,0) and map just constructed O = C\ E by w = Z%C
onto Q=C\ E, E:= w(E). Itis a set formed by [0,|c![] and a
sequence of sub-exp. small segments converging to 0, the length of
the m-th segment is ~ eV /m?.
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6. Good function in €2 without Cauchy formula

Put F(z) := cos+/c — cos y/z, with an obvious choice of the
branch of /z it is analytic function in O. And as

F(x 4 i0) = F(x —i0),x € E (we use that it is a cos!) and we use
that ~ eV /m?-smallness kills growth of cosh:

F(x) _ ‘.
1)/15()(_@2 }[(X_ dx = 0, 2) F(c) = 0, F'(c) # 0.
Changing variable we gat ®(w) = F(Z + ¢) in Q with the

compact boundary E such that
1)[ ()| du < oo,Z)% b(u)du = 0, 3)b(w) ~
E E

Put G(w) :== (w — wp)®(w) — F'(c),wp € Q. Then G(cx) =0
and fE |G|du < oo, but Cauchy formula does not, however, hold:

% G(w)dw _ j{ d(w)dw =0 # —F'(c) = G(w).
E E

EW—wp
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7. Why ® and G are in Smirnov class in Q = C\ E?

To be in Smirnov class is a conformal invariant property. So it is
enough to check that F(z) = cos+/c — cos+\/z € Smirnov(O). But

e2iﬁ

1
F=C—cos+/z; cos\/z = ii—i_, ratio of two bounded functions in O.
e

\/E
Notice that log |Denominator| =~ /[y| << M(z) = |y| by
Benedicks' theorem. But the inner part of the Denominator elVz
can hide only at infinity and can be only of the type
e—2(M(2)+iM(2)) ' \where M is the harmonic conjugate to M and
a > 0. If so, then it must be that log|Denominator| ~ aly|, a > 0.
Contradiction.
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8. Our €2 is a very good domain. It is a Widom domain.

Question: In which domains any character o € I'* arises as a
character of nice character automorphic function? Widom
answered in Ann. of Math. 1971:

Vo € I*3h € H®(a),h# 0iff > G(c) < oo.
VG(c)=0

Here G(z) = G(z, a), we let a =00 € Q. Let {¢;} be critical
points of G(z). So Q is Widom iff the character-automorphic
Blaschke product

Ag = e 21 G(z,6)+iG(z,ci) convergesz € Q
One of the main player will be
A:=Aqgo3:D—D

the character-automorphic Blaschke product in D. Its character
will be denoted by letter v, v € T*.
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9. Widomness and finite entropy

Theorem

For a plain domain such that E :== 0Q C R TFAE: 1)Q isa
Widom domain, 2) there is a conformal map of C. onto a comb
domain such that E goes to its base, gaps go to “teeth”, and the
comb has locally rectifiable boundary, 3) the entropy of harmonic
measure is finite: [, logw(x)w(x)dx < co, w being the density of
dw(x, c0) with respect to the length dx, 4)

Jo Betti(G(z) > t)dt < co.

Sketch of proof 1) = 3). Put w(x) := 2%(x), Q/ = Q\ D(0, R).
Then

G, 0G 0 oG
/Ewo(x) log wo(x)dx = /E B log %dx = ConsH—/E G% log %—i-

/ AGlog|VG(z)y—/ GAlog|VG(z)| = Const + ) _ G(c;,0).
& 3 i=1
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10. Widom and Hardy classes of ch.-automorphic functions

Theorem

1) infoers supseproo(ay,|ifllo<1 [T (0)| = [A(0)] > 0 iff Q is Widom.
2) Let Q = (C\ E.ECR, E:= [bo, ao] \ Uj’il(aj, bj), ap = 1.
Then 6 := —G(z) + iG(2) is the conformal map of C onto comb
(—m,0,00) with teeth of the height G(c;). It maps gaps (aj, bj)
into j-th tooth of the comb.

Notations. bq := ef(2) p = bq o3. It is a ch.-autom. Blaschke
product in D w.r. to Fuchsian group I':
bo~(¢) = pu(y)b(¢),l € D,y €T. Letter pu denotes the character
of b. So

A e H®(v), b e H*(un)

/L(PYJ) = e_27rin7 wj = WQ([ij aO]a OO),

where ; corresponds to a loop going through the gap (aj, b;) and,
say, point 2014.
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10a. Picture of the conformal map 6 : C,. — Hedgehog
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11. Group orbits

Fix zo € Q. Put orb((o) = 3 1(20) = {7(C0)}~er be the orbit of a
point in D under the Fuchsian group. One can define the Blaschke
product with zeros on this orbit: log |b,,(¢)|~! = G(3(¢), z0). If, as
always, ¢; are critical points of G(z) = G(z,00), then

A(C) = N1 b6 (C),
Simple facts. bg = e~ ¢~/¢, b, = |VG| on E. Pommerenke: b’
is Smirnov for Widom domains, the inner part of b’Q is Aq, the
inner part of b’ is A. Let ¢ be analytic ch.-automorphic in Q.
Then (denoting D(Q2) := Smirnov(R2))
¢» € D(Q) < o(bg)out € D(Q) & % e D(Q) & A‘z’;gﬂ e D(Q) &
In fact, b in denominator can only introduce Blaschke zeros, no
singular inner parts. But the only zero got cancelled out:
bg(z) = 2—12, ba(z) ~ L at co.
The display line can be rewritten in terms of D as in the following
slide:
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12. Change of variable

Let f = ¢o3j, then f € HY(v) < [;|f|dm < oo, f € D(D). This is
the same that

¢ € D(Q), and/ |p|dw(x) < o0.
E
Therefore, this is the same that (recall that |b;| = [V G| on E)

F .= obg
Aqbg

€ D(Q2), and / |Fldx < oo
E

Also change of variable in integral without absolute values gives
|b(x)|dx = dw(x) = dm(0) if 3(e’) = x, and
b (x)/ba(x) = i|bg(x)|, thus we have

1 1 (> f £(0)/A(0) 1

— = — —db, F(z) = .
o f PO =52 |  FZ) z 22
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frame

13. No DCT (= no direct Cauchy theorem)

Definition. We say that domain Q = C\ E, o0 € , has no DCT
if there exist F analytic in Q, F € D(Q), [ |F(x)| dx < oo,
F(z) ~ 2+ O(%), but

fE Flx)dx £ A.

By considering G(z) := (z — z9)F(z) — A we see that no DCT is
exactly the same that the Cauchy formula does not hold for some
Smirnov class functions summable on the boundary. By the slides
11, 12 we proved the following theorem:
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14. No DCT domains

Theorem

TFAE: 1) Domain Q2 has no DCT, 2) the Cauchy formula fails for
some functions from Smirnov class integrable on the boundary, 2)
for some functions f € H*(v) in D, where v is the character of A
constructed on slide 8 the following formula must fail:

Q) . F(0)
| 5% = 5@y

4) for some functions f € H}(v) (meaning f(0) = 0) in D, where v
is the character of A constructed on slide 8 the following formula

must fail: £(0)
/T RGO =0

Proof was done. Notice 3) < 4) by f; := f — f(0)A € H}(v) iff
f e HY(v).




15. Our Q = w(0),w = 1/(z — ¢) is a Widom domain

Fix a character o € I'*. Notice that Benedicks construction allows
to have Q Widom. In fact Widomness is conformal invariant, so

= (C\ [0,00)) \ Un=100[—m — dpm, m + dp], small dp,, has to
be Widom. This is so by the theorem of Koosis.

Domain Q =C\ E,E C R,a € Q has Martin function M(z) such
that M(z) = |y| iff

G(x,a)dx < 0.
R

As our choice of d), ensures the this growth of Martin function,
slide 5, we conclude that [, G(x, c)dx < infty. Critical points e; of
G(z,c) lie by one in each E-complementary interval (gap)

L; := (A;, Bi), G is concave on L G(ei, ¢) = maxxer; G(x,¢).
Therefore, 3~; G(ej, c)Li < [ G(x, c)dx < infty. But obviously
|Li| >1/2 as all d, <1/4. So O € Widom, so is Q = w(O).
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16. Natural Hardy spaces: H2(a)

Functions from the usual Hardy space H? in the disc, which have
character-automorphic property:

ho~(¢) = a(y)h(¢),¢ € D,y € Fuchsianl, v € T

form a closed subspace of the usual H2. We call it hat-space. It
the largest natural space of ch.-automorphic functions in H? with
character automorphism . ~

Recall that with the usual duality annihilator of H? is H3. Can it be
that annihilator of H?(«) is something like AZ(a~1)? Not at all.
First of all our ubiquitous Widom function A intervenes. Slide 8.
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17. Check spaces H?(«)

The annihilator to Hg(a) consists of functions A¢y such that
#1 € H?*(a~tv) and such that

/ 190 4 — 0, Vo € F2(a).
r A

The fact that Yo € T* this annihilator is equal to the whole
AR2(a~1v) is equivalent to

f 2
/ —dm =0, Vf € H}(v).
T A

Corollary
If Q is a Widom domain with no DCT, then annihilator of
Hg(ya_l) for a certain oo € T'* is a proper closed subspace of

AH2(a). Call it AH2(«
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18. Check spaces H?(«)

In fact, we saw (slide 14) that no DCT means the existence of
f € HE(v) such that [ £dm # 0. Let us factorize this f = hohy,

hy = (f)o{,t, then automatically h; is modulo automorphic:

|h1 o y| = |h1]|, then so is hg, then they are both

character-automorphic.

Let the character of be «, then the character of hg has to be
1y. Then ho € I:I2( 1), b € H?(a), but Ah_l is not in

ann|h||ator of AZ(a~'v). So the annihilator of AZ(a~tv) is strictly

smaller than AH2(a). This is why it deserves a new name: and
the space H?(a) appears.

The space H?(a) is the smallest natural closed subspace of H?
having a-automorphic property. Domain is no DCT iff

~

Ja €T H?(a) € H?(a).
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19. Check spaces H?(«)

We just repeat what has been already said: Flz(a) is the collection
of character automorphic functions f from H? with character «,

such that
feo

Adm—O Vgo € HZ(a"tv).

Symmetrically, we will see that I:I2(a) is the collection of character
automorphic functions f from H? with character «, such that

fe
godm =0, Ygo € H3(atv).
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20. Properties of check and hat spaces H2(«t), H2()

Theorem

1) AH2(a) is the annihilator of HZ(a~1v).

2) AHZ(a) is the annihilator of H2(a 1)

3) AH2(«) is the annihilator of H3(a~tv).

4) AA2(«) is the annihilator of H3(a~tv).

5) H?(«) is the closure of P*(AH>), where P projection L*(T)
onto LY(«) is given by

PO(f) := a i (M|f oy

,CeT.
Zyer h//|

yel

6) 3’3’3(@) c E/Z(a)-
7) 3H3(a) C H?(a).
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21. Divisibility property |.
1) H3(a) = bH*(ap™),

) Hg(a) = bH?(ap™t). Only 2) should be proved. Let us prove
that if ¢ = b¢ and ¢ is in check space, then ¢ is also in check

space. First prove
() ~
/¢A =0, Vo € H*(a ).

R -
Write & = ¢ — 2(Qk* A4_<l>(0)k A

N O (0) Ak L0) ®; + ®5. Then
q)l € HO o 1/ f 1
And

(1)

= 0 by the definition of check space

/T‘b‘A"h _ C/TMI - c/ bdke ™" = bgk*(0) = 0.

(1) is proved. Rewrite it as [ 2% 95® _ 0 but bd runs over all
§(a™ yu) as division is possible in hat spaces. So ¢ belongs to
(ap™1) by the definition of what is check
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22. Divisibility property II.

1) 3F3 (@) € A¥(a).
2) 5H3(a) € F(a).

Again only 2) should be proved. We know that

HZ(a) = bH?(ap™t). Also it is clear that 3b = (zbg) © 3, SO
3b € H®(u). We now see that

3H3(r) = 3bH?(ap™) C H(u)H?(ap™). The space H*(u)
multiplies hat spaces obviously. So by the description of the
annihilators fT P10 = 0 on slide 17, it also multiplies check
spaces.

We are done with 2).
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23. Our H?(«) spaces and reflectionless Jacobi matrices

We call a closed subspace H?(a), our Hardy space with character
o if
1) H?(a) € H?*(a) € H?(a),
2)3H3(a) € H*(a).

Check spaces and hat spaces are our Hardy spaces.

Any our Hardy space defines a reflectionless Jacobi matrix
J(H?(v)) with spectrum E. If E is weakly homogeneous in the
sense of Poltoratski-Remling, then J(H?(«)) is purely absolutely
continuous.

Several slides contain the sketch of the proof.
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24. Duality formulae

Let &* be a normalized in L2 reproducing kernel of H2(v),
&> = k@/1/k2(0); Let & be a normalized in L2 reproducing kernel

of H?(a), & = k*/4/k*(0).

1) Age™'v = &% on T;

2) /ke(0) - ka*(0) = A(0);

3) &(0) - & '¥(0) = A(0).

Proof: using slide 20 we can write
L2(a) = A3 () ® AH2(a"1v) = H3(a) @ {Ag 'V} @& AH2 (0~ 1)
and L2(a) = H?(a) ® AHZ(a~1v) = A3 (a) @ {6°} @ AH3(a~1v).

Iy

Comparison gives 1): Ag® ¥ = &~ on T. Multiply on &* and

p1ed

1y aa
integrate on T: 1= [ |8%]2dm = [ & dm
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25. Duality formulae

M

Repeating: 1 = [|&%|°dm = fe
written as

ra_ & "A aa g !
1= [p (e EESTOION (0))' x
0+ W&(O)éw '(0)22 v (0) = 8(0) - & ¥(0).
We got 0 in the first term because the big bracket expression is
€ H3(a) and &' e H2 (1), see slides 19, 20. Hence we
proved 3) of the previous theorem. But 2) is the same as 3).
Theorem is proved.

€% dm. The RHS can be

v —1 o —1
’]r av ea I/dm —
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26. Construction of J(H?*())

Given our Hardy space H?(«) define H?(au™!) as
bH?(ap™") = Hj(a),

that is: by division. It is a well defined closed subspace of
F2(ap™1), and superspace of H2(apu~1) because division by b
preserves check and hat.

One need to check that thus defined H?(apu™1) is also our Hardy
space.

One need to check that fy € H3(ap™t) implies 35 € H?(au™1).
By definition the latter means exactly 3bfo € H3(«). For that it is
enough to check that 3bfy € H?() (notice double zero of bfy at
0). But H?(a) was assumed to be our space. Therefore, of course
3bfy € H?(a) if bfy € H3(a). But fo € H3(ap™t) € H?*(ap™1), so
bfy € H2(c) by the definition of H?(apu~t). We are done.
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27. Construction of J(H?*(a))

We just proved

Theorem

If H?(«) is our Hardy space, then all Hardy spaces in the next
chain of equalities are also our Hardy spaces: 1)

H(a) = {e*} ® bH(ap ") = {e®} @ {be™ '} ® b?H?(ap~2) =
{e*} @ {be* '} @ {bPe* "} @ B3HX(ap3) = ..., where ™"
is a normalized reproducing kernel of our Hardy space H?(cyu™").
2) These vectors form the basis in H*(«). 3) e* is is orthogonal to
3bke ™ for all k > 2.

. . . —k
Now negative direction: call e, := bke® " k > 0.

e?(0) > &%(0) > A(0) > 0. Hence 3¢9 has a simple pole at 0. By
3) of the Theorem above jep is orthogonal to b>H2(ayu=2). Hence
3€0 = poe-1 + doco + p1é,

where e_1 is orthogonal to ey, e1, and thus to all ex, k >0, e_1
has a simple pole at zero.
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28. Construction of J(H?*(«))

By definition
H? (o) == bH?(o) @ {be_1}.

Again one can prove that this is our Hardy space.

e_1 = b le®", where e** is the normalized reproducing kernel of
H?(au) at 0.

Proof: it is enough to check that be_; is proportional to k“*. But
if f = cobe_1 + cibey + ... then f(0) = cp(be—1)(0). But by
orthogonality (f, be_1) = cp. Therefore, k" = (be_1) - (be_1)(0).
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29. Construction of J(H?(c))

Starting now with our H2(ayu) we build our H?(ap?) and
o = b=2e%* | etc. Finally we get

Theorem

Starting with our H?(«) one builds the chain of our H?(ayuX),

k € Z, such that their normalized reproducing kernels e give us
the orthonormal basis e} := b_kea“k, k € Z, and the operator of
multiplication on 3 (real function on T) in the space L(a) has a
three-diagonal Jacobi form in the basis { e }kez. Moreover,

365 = pn{0)eis + (0 + P, where (o) =Ployc™),
an(er) = Q(ap™"), and P(a) = (36)(0)/ oy Q) =

This matrix is reflectionless.

Proof: For the formula, take n = 1 and decompose
se5 = p()es 1 + an(a)ef + pi1efq near ¢ = 0.
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30. Reflectionlessness of J(Hz(a))

Skip index a. It is known that
1

ri(z) == ((Jy —2) leg, e0) = — e
Z—=90 — 7=g,—0

But from the previous slide
€0 1

Poé—1

2

_ - - p: .
C qo0 C—qi—...

We get
rG(O) = ——2—(¢), (€D (and( € Tae.) 2)

Po€-1

Exactly as for hat we have orthogonality and check: exactly so for
any our spaces H3(a), H?(«) we get that their annihilators are

AR2(a~1v), AH (o~ 1v) = AbH2(u1a~1v).

And all space above are our Hardy spaces.
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30a. Reflectionlessness of J(Hz(a))

Then we have the dual basis of normalized reproducing kernels
&, := b"e "'V Exactly the same Duality formulae, slides 24, 25
will hold:

bé, = Ae_,—1 onT. (3)

We also get the inversion of matrix:
TJ(H*(a)) = J(H*(pta™ '), 7pp = p-niTdn = G-n-1-

Therefore, denoting r_(z) = ((J- — z) te_1,e_1) we get

Hence, - (31(0) = —p":o‘l(() = —";O_éf =par—(3(¢)) a. e. (€ T. So
rix) par_(x) a. e. dwg(x), which is mutually absolutely
continuous with Lebesgue measure dx|E for Widom domains.
Reflectionlessness is proved.
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31. Poltoratski-Remling condition: J(E) = {J(H?(a))}.

Bijection.
Our E contains [0, 1] and small intervals accumulating to 0.
Automatically
/ dx
5
£ |x]

Let J(E) denote all reflectionless Jacobi matrices with spectrum E.
Here is the corollary of Poltoratski—-Remling weak homogeneity
criterion.

Let E be as above (countable sequence of intervals converging to 0
and integral above diverges). Then all J(E) are purely absolutely
continuous.

In particular this is our situation by a trivial reason that [0,1] C E.
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32. J(E) = {J(H?*(a))}. Bijection.

Theorem

Let Q =C\ E,E C R, be a Widom domain. And let J be a
reflectionless matrix with the spectrum E. Then a) there exists a

unique factorization
1 €0
rog=——2 ©)
Po €-1

such that po(e-1(¢)eo(¢) — eo(¢)e-1(¢)) =

\/(5 —ao0)(3 — bo) szl 7W, for € T, where ey and
be_1 are of Smirnov class with mutually simple singular parts and
e0(0) > 0. b) (eo)inn is Blaschke product, which is a divisor of
Mby;, where x; € (aj, bj) are poles of

%70 = % —p3r_, Roo:={(J—z) ey, &). ¢) e € H?(a) for
some o € [*. d) If in addition J has purely a. c. spectrum , then
there exists our Hardy space H?(a) such that J = J(H?(a)).
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33. Inversion formula

Let e_1, ey denote standard vectors in ¢?(7Z). For an arbitrary
two-sided Jacobi matrix J span{e_1, ey} is a cyclic subspace. The
spectral 2 x 2 matrix measure do is defined by

R(z) = &*(J — 2)71€ = /dax)

X —Z

where £ : C2 — (2, by £((a, b)) = ae_1 + beg. And by general
inversion formula

C W [CR A H G

In particular,

1 2
Rooz) ~ ri(z) TP (7)
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If ry is as in (5) and reflectionlessness holds, then

sl pgl _ plea(Qal) - a©ea@) g
Ro,0 ry ileo(C)[?

But R0 is purely imaginary on E a. e. by (7) and

reflectionlessness. And it is real on R\ E. Also Ry is of positive

imaginary part in C,. Such function can be restored by its purely

imaginary values on E Ryo(z) = \/;I_IC?SI . =
z—ap)(z—bo) IT+/(z—aj)(z—bj)
ne, 228 29 Put W(z) =N, 23,
\z— ao)(z J lz—g v/ (z—aj)(z—by) Jj=lz—g

Comparing two formulae above and Wronski formula on slide 32
we get that |eg(¢)|> = W o 3. This defines uniquely the outer part
of eyp. Furthermore, ry is of positive imaginary part in C, and all
its poles are in gaps (aj, bj), not more than one in each. Therefore
one can apply Sodin—Yuditskii theorem that says that such
functions in Widom (2 satisfy that ry o 3 has its inner part only the
ration of two Blaschke products. So (ep)inn is a Blaschke product
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Automatically ey has the form

S [WoesA(Q)

eo(¢) = Mj>1bx° = inner - outer.

Mj>1b,(0)

Conversely, define eg by this formula (x; are zeros of r,) and define
poe—1(C) then by (5). Then Wronski formula of Theorem on slide
32 follows. In fact, it follows from (8) of the previous slide, i. e.
from reflectionless, and from the fact that ey defined above
automatically satisfies |eg(¢|> = W o 3. Of course we use the
formula for Ry o from the previous slide again.
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36. J(E) C {J(H?(a))}. Sketch.

Let e 1, ey denote standard vectors in ¢?(Z). For an arbitrary
two-sided Jacobi matrix J span{e_1, ey} is a cyclic subspace. The
spectral 2 x 2 matrix measure do is defined by

Rlz)=¢&'(J—2) '€ = /x—z

where £ : C% — (2, by £((a, b)) = ae_1 + beg. Let us make the
correspondence of standard vectors in /2 to elements of L?(do):

—poQ;F P,
n — ) —n—1 — —|>
¢ [ 'Drjr ] ¢ ' [—Pan ]

where P and QF are orthogonal polynomials of the first and
second kind generated by Ji. The operator J becomes the
operator multiplication by independent variable in L?(do).
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37. J(E) C {J(H*(a))}. Sketch.

Assume, in addition, that J € J(E) has absolutely continuous
spectrum. Then the map

F F
[Ggg] S F(Q) = e 1(Q)F 03 + @(€)G 03, [68] € 12(do),
(9)
acts unitary from L2 to L?(«), a = m(J). Moreover, the
composition map
F 02 = 1%(do) — [2(a)

is such that H3 := F(¢%) possesses the properties

H(a) € HI C A?(a), 3(H3)o C H3.

In other words, this J = J(H?(a)) with our Hardy space.
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38. J(E) C {J(H*(a))}. Sketch.

Sketch: Looking at slide 32 and defining the dual functions &y, &_1

we consider
W= —py [éo 0] b= [fl _eo} . (10)
0 e € €e_1
And by general inversion formula
R_1-1 R-1p r='(z)  po -
{Ro,;1 Ro,(;] (2) = [ po f+1(2)} ' (1D
In particular,
_ Ro,i(z) _ _r+tz) v RRr(2). (12)
we get
Rojz=Wwo L
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39. J(E) c {J(H*(a))}. Sketch.

Now if f(¢) = e_1({)F o3+ ep(¢)G 03, [ggﬂ € L%(do) then

P e | AR AR

Therefore, we have

s(Lirorantor+ [ 11@Pam) = [ [E] wietase [E] o

because 7,c = (®71)*® 1 det d from o} . = 51:(R — R*) and the
formula for R at the end of the previous slide. Then of course we
get That this map is an isometry from L?(do) onto L?(«) if sigma
is absolutely continuous.
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40. J(E) c {J(H*(a))}. Sketch.

On the previous slide we used that det®(x)w(x)dx = 1, where
harmonic measure density w has the formula

_ 1 n. X —Cj
Vx—a)bo—x) = x—a)x—b)

and det d(x) = e_18_1 — epéy = e_1€ — epé_1 = reciprocal see
slide 32, Wronski relationship, and use the fact that dual & can be
defined by flipping the matrix and that they will satisfy duality

relation for reflectionless J: 21 — 2%
Po€o é_1

w(x)
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41. J(E) c {J(H*())}. Sketch.

Let

en(C) = F(en) = —poe-1(¢)Q, (3) + ea(C)P4 (3), n > 0.

Since —Q;F /P is the Padé approximation for r, this function has
zero of exact multiplicity n at the origin. Thus, it is of Smirnov
class, and therefore belongs to H2(a). It proves H3 C H?(«) and
3(H?)o C H3. The latter because of the definition of H? as the
span of {e,({)}n>0 as above and because with this definition of
en(¢) the Jacobi 3-terms relationship obviously holds (and with
coefficients coming from the initial matrix J of course).

To show that H2(a) C H3 we pass to the dual representation for
the flipped matrices

A(¢)e-n-1()/b(¢) = —po2-1(C)Qx (3) + &(C)P7 (3), n > 0.
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42. For Widom domain H?(a) = H?(a) for a. e. a

Let Q be a Widom domain. V3 € T* 3w € H>(3) Blaschke
product such that Yo € T*, wH?(a)) € H?(af).

Proof: Consider linear functional A on AI:Il(,B_ly) given by

and extend to LY(T). We get wy € L>°(T) such that

woHr(B7v)
/TAdm = £(0).

So for wy := Awg we have

N

(H(671v), wa) = £(0).
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43. For Widom domain H?(a) = H?(a) for a. e. a

Put wy := Pﬁfl”wl, then
(AH(5~'v), wa) = £(0).
Hence, (Ahg, wa) = (PP~ Ahg, wy) = 0 for all hy € H® (as
(P“Ah)(0) = A(0)h(0)). Therefore wz := A € H*(3). And
WSt £(0), vf € B (Bw).
T A
Test on f = Afy, f; € H®(B71). Then
w3(0)A(0) = [ 25 = £(0) = £A(0)A(0). So

ws3(0) = A(0).
So . (0)
w3 w3 1
— = f feH .
Consider finally w := w3 /||w3||~, then again
wf w(0)

— —f(O) Vf € HY(Bv), w € H(B), ||w|loo = 1

T A 0 ' ’ ’ '
Alexander Volberg Solving a problem of Kotani-Last



44. For Widom domain H?(a) = H?(a) for a. e. a

IW3lloo < |IWillco = ||Wolloo — [|A]] < 1. Therefore, the last
functional /\/”W3HOO has norm > 1. Hence there exists
f € HY(8~),||f|l1 = 1 such that

w(0) (f) / —dm>1 (13)

Factorize f = hiH», h; € Hz(ao) for some ag € ",
hy € H?(ay B8~ 1v), = ||h2|l2 = 1. We can write these
functions as follows

koo R
hy = h1(0)—=——+ H, H1 € Hj(ao)
\/ keo(0)
A —1p-1
ko B8~ tv N
hy = h1(0)°— + Ha, Hy € H3(ag'B71v)
ka 15— 11/(0)
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45. wH?(a) C H?(ap)

On fact, it is very easy to see the following result:

Theorem
Function w € H*(3) satisfies

wf w(0) »
AT mf(0), vf € HY(Bv) (14)

iff wH?(a) € H?(ap).

In fact, given (14) we have
whi - ho
T A
for all hy € A?(a), hy € /:Ig(oflﬁfly). By definition of check
spaces on slide 19 this means that wH?(a) C H?(af3).
Conversely, if wH?(a) © H?(a3), we just factorize f € Hi(Bv) to
get (14) for Vf € A}(Bv). Then f € HY(Bv) is done, see slide 14.
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46. For Widom domain H?(a) = H?(a) for a. e. a

Therefore,
|h1(0)]7 2
1= (U2 A
(fuoggy * IHIB)(
Taking into account (13) from slide 44, we get
MmO [h(O) _, _ w(0)m(0)h2(0)
Vi) ies s (o) 80

And we obtained

[h2(0)?
PRE()

w(0) > A(0) _ ¥ (15)
Jkeo(o)kes 50y &)

We used here duality formula fro slide 25.

: B
w(0) = infer« %.
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47. For Widom domain H?(a) = H?(a) for a. e. a

Proof: we need now only

&5(0)

&(0)
(1

Proof: we come back to relationship

w(0) < (16)

4) on slide 45:

/VfEHH%LWEHmeWHw:L

Take an arbltrary « € " and test this relationship on

~ An—lp—1
f=eo%.px B

aa '\a71 711/
Then "(08 (O)A?O) ~0) < [ |w||f|dm < 1. This means that

A(0) &7 (0)
W(O) < aa aa~1g- 1y ~ o ’
ex(0)-@ (0)  &(0)
In the last equality we again used duality formula from slide 24. So
(16) is done.
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48. For Widom domain H?(a) = H?(a) for a. e. a

w as in (14) of slide 45 or (the same) as i Theorem 20 is a
Blaschke product.

Proof: it will be easy to prove that w is an inner function. Lower
semi-continuity of the RHS in Theorem 20, slide 46, mean that inf
is min, and let ag be where it is attained.

0 < [we — &% |3 4 ||(1 — [w|?)M/?e%||3 = 2 — 2(wa, &*F) =

2208 (0)

sB — _kooB
&*08(0)"

Therefore, |[w| =1 a. e. on T, so w is inner.
To prove that it is a Blaschke product is more complicated.
Fortunately all is ready for that. We just saw

éaoﬁ o (éaO’B)inn (17)
eoo B (éao)inn ‘
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49. For Widom domain H?(a) = H?(a) for a. e. a

S0 Wjn, divides (8208);,,. Choose J = J(H?*(apf3)). We use r, for
this operator. Function ey below exactly coincides with &8 We
combine a Theorem of Sodin—-Yuditskii and formula (2) from slide
30: rpo3= _poeeo,l' We already mentioned and used the following
Sodin—Yuditskii's theorem:

Let Q be a Widom domain. Let F be meromorphic in €2, analytic
and with positive imaginary part in C. and let its poles satisfy the
Blaschke condition in Q. Then F o 3 is of bounded characteristic,
and F;,, is the ratio of two Blaschke products.

Function ry is exactly like this, all its poles are in gaps of E = 01,
at most one in each gap of E = 0f2, so Blaschke condition on
poles is obvious from the fact that our Q is a Widom domain.
Obviously we conclude that (820%);,, = (eg)inn divides the
Blaschke product in the numerator of (ry)inn, so it is a Blaschke

product itself.
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50. For Widom domain H%(a) = A?(a) for a. e. «

Now we are ready to prove that Widomness of Q implies

A?(a) = H?(a), for daa.e.a.

Take 8 = id € " and choose function w as before:

wH?(a) € H?(a). In Widom domain we proved it is necessarily a
Blaschke product: w = 1j>1bx,. We denote by 'yjflr* the
character of by,. Then

Bn:=71...Yn — id in T".

We know by, w1 H2(a)) C H2(a), so by, wiH?(a) € H2 ().
Now use divisibility theorem (for y; not for 0) from slide 21:
wi H?() C by, H*(ay1). Hence,

wiH? (o) € H?(am), . .., woH? () € HP (a1 ... yn) = H*(aBn).

Theorems on slides 45, 46 imply then that Va w,(0) < égf—z((,()’)-
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51. Finishing the proof that H?(a) = A?(a) for a. e. « for

Widom domain

Again Yo w,(0) < éZfZ(()()))‘ So

&*(0 gPn(0) [ &Pn(0) &*(0)
12/ . &(0) éaﬁn(O)d“‘/ . &5(0) am(0) "7

&*(0)
> w,(0) /* @aﬁn(o)da

1> liminf W,,(O)/ &°(0) da = lim W,,(O)Iiminf/ &°(0) da.
r r

n—o00 « éaﬁn(O) n—o00 n—o00 N éaﬁn(O)

Q\_/

R

Il
—

limp— 00 wn(0) = 1 because w is a Blaschke product
w = by, ... by, w,. By Fatou's lemma and upper-continuity of hats

o &9(0 . &2 (0 20
liminf, [ éaﬁg(%)da > [r liminf, W,S(z))da = eangda =1.

Therefore,
&*(0) = &%(0) a.e.

So H?(a) = H?(a) a. e.
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52. There exists J € J(E), which is not almost periodic

Let © C I* of irregular points o, that is a: H2(a) # H?(a).

We know that © # () and the set of regular points is not empty an
set, R :=1T\ © # () for Widom domains without DCT.

Fix @ € ©. Denote J := J(H?()), J := J(H?*(a)). Fixany B € R
and find subsequence [|m,} such that

ap~™ — Bin ",

We have 7 : J(E) — ' (Abel map) because every J € J(E) is
J(H?(a). On the other hand, it is a continuous map as in classical
theories. Clearly

7(§™ISTM) = p(S™JSTM) = apT™ — .

Passing to subsequence twice we WLOG think that these
sequences weakly converge to some reflectionless Ji, /. We saw
that J; = J(H?(B)), Jo(H?(B)). But there is only one our space
H?(B) as B E€R. So J1 = Jo = Jy.
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53. Almost all J € J(E) are not almost periodic

Now if both J and J were almost periodic, then passing to
subsequence of {m,} (but keeping the notation), we would get
Then [|S™JS~™ — Jo|| — 0, ||S™IS~™" — Jg| — O.

0<||J=J|=|8mIS~m —||S™]JS~™]| — 0.

Contradiction. So we have a non-almost periodic element from
J(E). With purely abs. continuous spectrum (all of them are like
that).

Consider any invariant ergodic probability measure o on J(E).
Push it forward by m. Measure 7*¢ is then p-invariant. But

() = e2wj |n generic position of E these wj are rationally
independent. So we have only unique p-invariant ergodic measure.
So

da = Haar measure = 7*0.
So o(771@) = 0.



54. Almost all J € J(E) are not almost periodic

Let Jy be a non a. p. matrix. Take a sequence of open
neighborhoods {V,,} of Jy, N, V,, = {o}.

Let Q — C\ E,E C R, be a Widom domain such that all Jacobi
matrices from J(E) are purely absolutely continuous. Then for any
open set Vin J(E) (open in the weak topology), one has o(V) > 0.

Consider TJ:=SJS7 L, and &, :=U,, T ™V,. By ergodicity of o
and by Theorem above, o(X,) = 1Vn. Put ¥ :=N,X,. Then
o(X) = 1. Also VJ € X there is a subsequence {m,} such that
T J — Jo weakly. If J were a. p. then a subsequence of m,
(keep the same notation) would give || T™J — Jy|| — 0. But then
for the norm-topology orbits we have

oerOH'|| C oerH'H
A. p. of J then would imply a. p. of Jy. But Jy is not a. p. So L,

(] — d oln 0) aleln D neg
Solving a problem of Kotani-Last
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55. All J € J(E) are not almost periodic

As we already proved (the end of slide 53) that

o(r'R) =1
and that

o(non a. p.) =1,

we can fiNnd J such that it is non a. p. and such that
m(J)=p0 € R =T"\0O. Suppose that J € J(E) is a. p. Let
m(J) = ~y. Find subsequence {m,} such that

Y™ — B
Then take a weakly converging subsequence (keep the name) such
that 7™ J weakly converges to some (of course reflectionless)

matrix. As /3 is regular, then there is only one our space H2(ﬁ~) =
T™ — J. Passing to subsequence once more and using that J is

~ = —
a. p. we get that || T™J — J|| — 0. But then orb] = C orbJ!!
Almost periodicity of J then would imply a. p. of J. This

contradicts the choice of J. We are done.
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56. Picture of the Abel map 7 : J(E)rightarrowl*
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