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SKT cross-diffusion system

@ Let Q c R" be open, smooth, bounded and n > 2. Consider
the Shigesada-Kawasaki-Teramoto system of equations

ur = Al(dy + ajqu+ av)u] + u(ar — byu —c1v), Q2 x (0, o),
vi = A[(d2 + az1u + a2v)v] + v(az — bau — c2v), 2 x (0, ),

with homogenous Newman boundary conditions and
u(-,0)=up(:) >0, v(-,0)=w(-)>0 inQ.

@ This system models the segregation phenomena of two
competing species.

@ u and v denote the population densities of two species.
@ dk, ak, bk, cx > 0 and g; > 0 are constants;

@ ay1, ax are self-diffusion coefficients and ai», a>1 are
cross-diffusion coefficients.
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Divergence form

The PDE of the SKT system can be written in the divergence form:

Up = V- [J(U)VU] + F(U),

where
_[u . di + 2a11u—+ agpv apVv
U_(V)’ J(U)_( aru d2+a21u+2a22v)’
and

F(U):( u(ay — bju—cyv) )

v(ag — bou — cov)
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Local well-posedness: H. Amann Theorem

Theorem (H. Amann, 1990)

Let po > n and Uy € WP (Q)? with non-negative entry. Then,
there exists maximal existence time tymax > 0 such that the SKT
system

Ut =V-[JU)VU] + F(U),  2x(0,),
& =0, 9 x (0, o),
U(', O) = U09 Q,

has unique, local non-negative solution U = (u, v)" with
U e C([0, tmax); W' (Q)2) N C™(Q x (0, tnax))?.
Moreover, if tnax < oo then

lim |U(-,

tg) tr;ax

t)HW‘PO(Q)xWWD(Q) =%
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Global or finite time blow-up solution?

@ The solution for the STK system when Jis a FULL 2 x 2
matrix, i.e.

J(U) = di +2a11u+ agv a2V
aoiu d2 + asiU + 280V ’

exists globally in time or has finite time blow up? Vastly
Unknown.

@ We restrict our study on the case when axy = 0, that is

_[(dy +2a11u+ arpev a2V
J(U) o ( 0 o + 2822V) )

Let us call the SKT system with this J: Triangular SKT
System.
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: Known results

@ The Triangular SKT System, i.e.

U~ =V-[JU)VU] +FU), Qx(0,),
> =0, A9 x (0, ),
U(', 0) = UO, Q’
with
. di + 2aj1u+ agav aqoV
J(U) - ( 0 o + 2822V) ’

has global solution when n < 9.
@ Y. Lou, W.-M. Ni and J. Wu (1998): n = 2.

@ D. Le, L. Nguyen, T. Nguyen (2003); Y. Choi, R. Lui, Y.
Yamada (2004): n < 5.

@ T.P.(2008): n < 9.
@ Many other results: Restrictive conditions on the coefficients.
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Today main result

Theorem (L. Hoang, T. Nguyen and T. P. —2013)

Let Q2 c R" be open, bounded for any n > 2, and let
Uo € [W'P(Q)]2 with py > n. Then, the solution U = (u, v)" of the

Triangular SKT system
Ut =V [J(U)VU] + F(U), Q x (0, o),
& =0, 9 x (0, o),
u(-,0) = U, Q,

where

_[(dy +2a11u+ arev a2V
J(U) - ( 0 d2 T 2322V)

exists uniquely, globally in time and

2

Ue [co.ox @] n[c=@x (0.)
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|deas of the proof

@ Let T > 0 be the maximal time existence and assume T < co,
we prove by contradiction that

i {16 Ollyrangay + IV Ollyrmgey | < =
@ Sufficient to establish the bound (0 < € <« 1)

IVVIIiLe(ax(e,my) + lUllie(axey) < C(T), p>n+2.

@ Important known estimates:
(i) Maximum Principle (Lou-Ni-Wu, 2003): The PDE of v is

vi = V- [(do + 2axVv)VV] + v(ax — bou — cav).
Therefore, 0 < v < max { maXxg Vo, i—z} However, M.P. is not
available for u, b/c
ur = V-[(di +2a1u+ ai2v)Vu+ anuVv] + u(a; — bju—cyv).
(i) T. P (2008): [[VVl<(ax(o.1) < C(T).
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Key iteration lemma
@ The PDE of u:

ur = V- [(di +2a11u+ as2v)Vu+ aipuVv]| + u(as — biu—cqv).

Lemma

Let p > 2 and assume that

IVVilLer) < C(p, T).

p(n+1)
(n+2-p)+

Then for each q € [p, ] with q # o, we have

lullLaer) < C(p,q. T).

@ Main question: If u € L9(Q27), can we derive the estimate

IVVllLaor) < C(q.p. T) 7
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Regularity problem

@ The PDE of v:
Vi = V- [(d2 + 2a22v)VVv] + v(az — cov) — bouv, in Q2x (0, T).

@ Goal: To establish

IVVIlLe(x(0,7)) < C|1 + llulle(ax(o, 1)) |-

o Difficulties:
(i) Main term (d> + 2ax2v) depends on solution. Therefore, its
oscillation is not small.
(ii) The equation is not invariant under either of the scalings

v(x,t)

v(6x, 6°t
v(x,t) — — O v(x,t) = v(ox.0°1)

, 4,6>0.
0

(iii) The equation is not invariant under the change of coordinates.
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Equations with double scaling parameters

@ Denote Q1 = Q x (0, T), we study the equation:

w; = V-[(1+ law)AVW] + 2w(1 — Aw) — 6cw in Qr,
w on 89 x (0, T),

oV _
w(-,0) = wp() in Q.

@ Here, 6,1 > 0 and a > 0 are constants,
® c(x, 1) is a nonnegative measurable function,

® A = (aj): Q1 = M™" is symmetric, measurable and 3A > 0
such that

AER < ETA(x, 1)E < NEPP for a.e. (x,t) € Q7 and for all £ € R".
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Calderdn - Zygmund type estimates

Theorem (L. Hoang, T. Nguyen and T. P., 2013)

Let p > 2. Then there exists a number § = §(p, A\, n,a) > 0 such
that if Q is a Lipschitz domain with the Lipschitz constant < 6 and
[Alauwo(er) < 9, then for any weak solution w of

W = V-[(1+ law)AVw] + 2w(1 — Aw) — A6cw in Qr,
a—VZ =0 on a2 x (0, T),

ov )
w(,0) = wp() in Q.

satisfying 0 < w < 17" in Qr, we have

P
/ |[Vw[P dxdt < C {(f \Y ||w||L2(QT)) +/ lc|P dxdt}
Qx[L.T] A Qr

for every t € (0, T). Here C > 0 is a constant depending only on Q,
t, p, \, @ and n and independent of 6, /.

o
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Main steps in the proof (interior estimates)

@ PertursaTioN TECHNIQUE(Caffarelli-Peral): Comparing the
solution of

wy = V- [(1 4+ daw)AVw] + w1 - aw) - 0cw in Qs (1)
with that of the reference equation
hy =V -[(1 4+ dah)Ag,(1)Vh] + 6?h(1 = 2h) in Qi (2)
where Ag, (1) is the average of A(-, t) over By, that is,

Ag,( A(x, t)dx.

t) i = —
) |Bal JB,

@ Notice that h is a weak solution of (2) iff h := 1h is a weak
solution of

hy = V-[(1 + ah)Ag,(t) VA] + 6°A(1 = h) in Q4.
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Gradient estimate of solutions for the reference equation

Lemma

Let h be a weak solution of
hy =V -[(1 +ah)Ag,(t)Vh] +6#*h(1 = h) in Q

satisfying 0 < h < 1in Q4. Then

_ 1 _
”Vh“i”(Qg) < C(n, A, a)m a |Vh|2 dxdt.
4

Key Ideas: De Giorgi - Nash - Moser.
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First approximation lemma

Lemma

For any ¢ > 0, there exists § = §(¢, n,\, @) > 0 such that if

/ [lA(x, t) — Ag, (D) + lc(x, t)|2] dxdt < 6,
Q4
and w is a weak solution of (1) in Qs satisfying

o<w<a' and IVwi? dxdt < 1,
Q4

and h is the weak solution of (2) with h = w on 0,Q4 and
0<h<A'inQu, then

/ lw — h|? dxdt < e.
Qs

Key Ideas: Compactness argument + energy estimates.
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Second approximation lemma

Lemma

For any & > 0, there exists § = é(e, n,\, @) > 0 such that for all
0<r<Ai,if

1
|Q4r| Qur

[lA(x, t) - Ag, ()P + lc(x, t)|2] dxdt < 6,
then for any weak solution w of (1) in Qs, satisfying

O<w<A"'in Q and IVwi? dxdt < 1,

|Q4r| Q4I’
and weak solution h of (2) in Q4 sastifying h = w on d,Q4, and
0<h<aA', we have

’
lw — h|? dxdt < er®> and
1Qarl Jaq,, 1Qarl /s,

[Vw — Vh|? dxdt < e.
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Decay estimate of distribution of maximal function

Lemma

Assume ¢ € L2(Qg). AN = N(n,\,a) > 1 such that for any & > 0,
we can find 6 = (e, n,\) > 0 such that if

sup sup IA(x. ) — Ag, (1) dxat < 6,

0epza (y.5)ear 1Q (V-9 Ja,(y.)
then for any weak solution w of (1) satisfying
0<w<A' in Qs and [{Q: Mq,(IVWP) > N}| < £lQy],
we have
[{Q1 : Moy (IVw?) > Nj|
< (10)”+Ze{|{o1 - Moy (VW) > 1] + 1@y - May(c?) > 5}|}.

.
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