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Generalized KdV-Burgers Equation

@ Generalized Korteweg-de Vries-Burgers equation [1, 2]
u; + <5uxx + ﬁju”) + auty — ity = 0, (1)
X

where u is a function of x and ¢, «, 8 and p > 0 are real constants, ; and
¢ are coefficients of dissipation and dispersion, respectively.
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where u is a function of x and ¢, «, 8 and p > 0 are real constants, ; and
¢ are coefficients of dissipation and dispersion, respectively.
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@ Choices of § = o = 0 and p = 2 lead (1) to the Burgers equation [3]:
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[3] J.M. Burgers, Trans. Roy. Neth. Acad. Sci. 17 (1939), 1-53
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where

KdV-Burgers Equation Z. Feng Department of Mathematics, University of Texas-Pan American, Edinburg, USA

“4)

&)

5/26


http://faculty.utpa.edu/zsfeng/jphya2.pdf
http://faculty.utpa.edu/zsfeng/nonlin1.pdf
http://faculty.utpa.edu/zsfeng/zamp2.pdf

Introduction
[ o]

Korteweg-de Vries-Burgers Equation

@ Choices of @ = 0 and p = 2 lead equation (1) to the standard form of the
Korteweg-de Vries-Burgers equation [6]:

u; + autty + By, + Sty = 0. 4)
@ Solitary wave solutions of equation (4) are as follows [7, 8, 9]:
332 ) 652 6ﬂ2
) = h“¥ — tanh ¥ + 5
u(x, 1) 25aus sec 25as an 25as’ )

where

[ B, 65
V= [2 <_5Sx:l: 125322‘)} ‘
[6] R.S. Johnson, J. Fluid Mech. 42 (1970), 49-60.
(7] Z. Feng, J. Phys. A (Math. Gen.) 36 (2003), 88178827

KdV-Burgers Equation Z. Feng Department of Mathematics, University of Texas-Pan American, Edinburg, USA 5/26


http://faculty.utpa.edu/zsfeng/jphya2.pdf
http://faculty.utpa.edu/zsfeng/nonlin1.pdf
http://faculty.utpa.edu/zsfeng/zamp2.pdf

Introduction
[ o]

Korteweg-de Vries-Burgers Equation

@ Choices of @ = 0 and p = 2 lead equation (1) to the standard form of the
Korteweg-de Vries-Burgers equation [6]:

u; + autty + By, + Sty = 0. 4)
@ Solitary wave solutions of equation (4) are as follows [7, 8, 9]:
332 ) 652 6ﬂ2
) = h“¥ — tanh ¥ + 5
u(x, 1) 25aus sec 25as an 25as’ )

where

_ |1/ B 65°
V= [2 <_5Sx:l: 125322‘)} ‘
[6] R.S. Johnson, J. Fluid Mech. 42 (1970), 49-60.

[7] Z.Feng, J. Phys. A (Math. Gen.) 36 (2003), 8817-8827.
[8] Z.Feng, Nonlinearity, 20 (2007), 343-356.

KdV-Burgers Equation Z. Feng Department of Mathematics, University of Texas-Pan American, Edinburg, USA 5/26


http://faculty.utpa.edu/zsfeng/jphya2.pdf
http://faculty.utpa.edu/zsfeng/nonlin1.pdf
http://faculty.utpa.edu/zsfeng/zamp2.pdf

Introduction
[ o]

Korteweg-de Vries-Burgers Equation

@ Choices of @ = 0 and p = 2 lead equation (1) to the standard form of the
Korteweg-de Vries-Burgers equation [6]:

u; + autty + By, + Sty = 0. 4)
@ Solitary wave solutions of equation (4) are as follows [7, 8, 9]:
332 ) 652 6ﬂ2
) = h“¥ — tanh ¥ + 5
u(x, 1) 25aus sec 25as an 25as’ )

where

_ |1/ B 65°
V= [2 <_5Sx:l: 125322‘)} ‘
[6] R.S. Johnson, J. Fluid Mech. 42 (1970), 49-60.
(7] Z. Feng, J. Phys. A (Math. Gen.) 36 (2003), 88178827
[
[

8] Z. Feng, Nonlinearity, 20 (2007), 343-356.
9] Z.Feng and S. Zheng, Z. angew. Math. Phys. 60 (2009), 756-773.

KdV-Burgers Equation Z. Feng Department of Mathematics, University of Texas-Pan American, Edinburg, USA 5/26


http://faculty.utpa.edu/zsfeng/jphya2.pdf
http://faculty.utpa.edu/zsfeng/nonlin1.pdf
http://faculty.utpa.edu/zsfeng/zamp2.pdf

Introduction
oe

Figures of Wave Solutions

Legend
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u4-Kdv

KdV-Burgers Equation Z. Feng Department of Mathematics, University of Texas-Pan American, Edinburg, USA 6/26



Introduction
@000

Planar Polynomial Systems and Abel Equation

@ Consider planar polynomial systems of the form

X:—y+p(x7y), y:x—l—q(x,y) (6)
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@ Consider planar polynomial systems of the form

X:—y+p(x7y), y:x—l—q(x,y) (6)
with homogeneous polynomials p(x, y) and g(x, y) of degree k.
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Planar Polynomial Systems and Abel Equation

@ Consider planar polynomial systems of the form
X=-y+pkxy), y=x+4qxy) (6)
with homogeneous polynomials p(x, y) and g(x, y) of degree k.
@ For the Poincaré center problem, setting x = rcos 6, y = rsinf gives
dr *¢(0)
o~ 1+ rk=1n(0)’

where £ and 7 are polynomials in cos § and sin 8 of degree k + 1.

(7
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e For the Poincaré center problem, setting x = rcos ), y = rsinf gives
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P
we get an Abel equation
dp 2 3
— =a(f b(6
& = a(0)? +b(0)p
where a = (k— 1) +n' and b = (1 — k)én.
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Traveling Wave Solution

@ Assume that equation (1) has the traveling wave solution of the form

u(x,t) =u(§), &=x-—ct,

KdV-Burgers Equation Z. Feng Department of Mathematics, University of Texas-Pan American, Edinburg, USA 8/26



Introduction
[o] le]e}

Traveling Wave Solution

@ Assume that equation (1) has the traveling wave solution of the form

u(x, 1) =u(§), &=x-—ct,
where ¢ # 0 is the wave velocity. Then equation (1) becomes
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KdV-Burgers Equation Z. Feng Department of Mathematics, University of Texas-Pan American, Edinburg, USA 8/26



Introduction
[o] le]e}

Traveling Wave Solution

@ Assume that equation (1) has the traveling wave solution of the form
u(x,t) =u(), &=x-—ct,
where ¢ # 0 is the wave velocity. Then equation (1) becomes
ou" — pud" + (a0 — ) + P~ =0, (8)
where v/ = du/d€. Integrating equation (8) once gives

' —gu —eu—fi —d=0, 9
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where v/ = du/d€. Integrating equation (8) once gives
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wheree = %, g =L f = — p% and d is an integration constant.
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Traveling Wave Solution

@ Assume that equation (1) has the traveling wave solution of the form
u(x,t) =u(), &=x-—ct,
where ¢ # 0 is the wave velocity. Then equation (1) becomes
ou" — pu” + (o — o) + Bu’ ' =0, )]
where v/ = du/d€. Integrating equation (8) once gives

' —gu —eu—fi —d=0, 9

wheree = %, g =L f = — p% and d is an integration constant.

@ Assume that y = u and «’ = z, then equation (9) is equivalent to

Y =z
{Z’zey+gz+]‘}ip+d. (10)
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Global Structure of p = 2

-
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Transformed to Abel Equation

o It follows from system (10) that
dz _ey+gz+fif +d

dy z

(11)
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@ Question: Under what condition one can determine the number of closed
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Transformed to Abel Equation

o It follows from system (10) that
dz _ey+gz+fif +d

= 11
dy z b
o Letz=r"1. Equation (11) reduces to
d
& =407 +b0)r (12)

where a(y) = —g and b(y) = —(ey + H” + d).

@ Question: Under what condition one can determine the number of closed
solutions of the Abel equation (12).

@ Open Problem: There have been two longstanding problems, called the
Poincaré center-focus problem and the local Hilbert 16th problem. Both
are closely related to the Bautin quantities and the Bautin ideal of the
Abel equation.
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Integral Form

@ Consider the generalized Abel equation

' =a()r* + b)), rltg) =c, t€lt,n], n>3. (13)
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Integral Form

@ Consider the generalized Abel equation

' =a()r* + b)), rltg) =c, t€lt,n], n>3. (13)

e Dividing both sides of equation (13) by r* gives
/

% = a(t) + b(1)" 2. (14)
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Integral Form

@ Consider the generalized Abel equation

' =a()r* + b)), rltg) =c, t€lt,n], n>3. (13)

e Dividing both sides of equation (13) by r* gives
/

r
5= a(t) + b(6)r" 2. (14)
o Integrating equation (14) from #; to ¢ yields

r(7)

C
- 1
1 —cA(t) — ¢ [} b(r)r"2dr’ (15)

where A(f) = [ a(r)dr.

To
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Integral Form

@ Consider the generalized Abel equation

' =a()r* + b)), rltg) =c, t€lt,n], n>3.

e Dividing both sides of equation (13) by r* gives

/

5 = al) + b,

o Integrating equation (14) from #; to ¢ yields

(1) = 1 —cA(r) — cft; b(T)}’"_sz,

where A(t) = f[; a(T)dr.
@ Rewrite equation (15) as

He) = ¢ (1 +A() + (2) / tb(T)r”_sz> .

KdV-Burgers Equation

Z. Feng

fo

Department of Mathematics, University of Texas-Pan American, Edinburg, USA
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Qualitative Analysis
oe

A Nonlinear Operator

@ Let C[0, 1] denote the Banach space of all continuous functions on the
interval [0, 1] with the norm ||f|| = maxo<,<; |f()|. We define the
operator [10]:

T, :Cl0,1] — €0, 1],
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A Nonlinear Operator

@ Let C[0, 1] denote the Banach space of all continuous functions on the
interval [0, 1] with the norm ||f|| = maxo<,<; |f()|. We define the
operator [10]:

T, :Cl0,1] — €0, 1],

def

T = 1 —cA(r) — cfo ) 247’
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A Nonlinear Operator

@ Let C[0, 1] denote the Banach space of all continuous functions on the
interval [0, 1] with the norm ||f|| = maxo<,<; |f()|. We define the
operator [10]:

T, :Cl0,1] — €0, 1],

T.(f) (1) =

1 —cA(t —cfo "sz

for given a, b € C[0, 1] and ¢ € R. ObV10usly, T, is well defined on an
arbitrary bounded set of C[0, 1] if ¢ is suitably small. Let us first observe
some useful properties of 7.
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Qualitaf
oe

A Nonlinear Operator

@ Let C[0, 1] denote the Banach space of all continuous functions on the
interval [0, 1] with the norm ||f|| = maxo<,<; |f()|. We define the
operator [10]:

T, :Cl0,1] — €0, 1],

T = 1 —cA(r) — cfo ) 247’

for given a, b € C[0, 1] and ¢ € R. ObV10usly, T, is well defined on an
arbitrary bounded set of C[0, 1] if ¢ is suitably small. Let us first observe
some useful properties of 7.

[10] Z. Feng, Z. angew. Math. Phys. under review.
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Introduction

Property of Our Operator

Lemma (1)

Forf € C[0,1] and ¢ € Rwith ||f|| < M and |c| < co = (Ha|| + ||b||M—2) !
T.(f) is well defined and differentiable, and satisfies

%Tc(f)(t) = a)[T.() D)) + b(O) [T () ()] (1) 2.
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Forf € C[0,1] and ¢ € Rwith ||f|| < M and |c| < co = (Ha|| + ||b||M—2) !
T.(f) is well defined and differentiable, and satisfies

%Tc(f)(t) = a)[T.() D)) + b(O) [T () ()] (1) 2.

Furthermore, we have an identity

00 - o)) = TLOOT0 | b)) — glr) 2,
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yduction

roperty of Our Operator

Lemma (1)

Forf € C[0,1] and ¢ € R with ||f|| < M and |c| < co % (||a|| + |b|M"~2)~",
T.(f) is well defined and differentiable, and satisfies

%Tc(f)(t) = a)[T.() D)) + b(O) [T () ()] (1) 2.

Furthermore, we have an identity

00 - o)) = TLOOT0 | b)) — glr) 2,

0<r<1

for arbitrary f, g € C[0, 1] and c € R with ||f]|, |lg|| < M and |c| < co.
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Qu
0®00

Outline of the Proof

Step 1: well-defined

1—cA(t) — c/otb(r)f(T)”sz =0=>
] > — > 1
A@)] + [y lb(r)f (r)=2|dr — llall + [[bllM"2
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Qualitative Analysis
0e00

Outline of the Proof

Step 1: well-defined

1—cA(t) — c/otb(r)f(T)”sz =0=>
] > — > 1
A@)] + [y lb(r)f (r)=2|dr — llall + [[bllM"2

Step 2: A direct calculation gives

d == Ca( ) — cb(0)f ()"
ETCU)(I) (1 —cA(r) — cfo 7)f (7)"2dT)?
_ cza(t) N czb(t)f(l‘)”_2
(1 —cA(t —Cfo ) 2dr)? (1 —cA(t) — ¢ Otb(T ) (7)2d7)?

H(f) H(g)

KdV-Burgers Equation Z. Feng Department of Mathematics, University of Texas-Pan American, Edinburg, USA 14/26
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Lemma 2

Let ¢y = (||a|| + ||b|| + 1)~". Then we have

ITfl <1 if lIfl <1 and |e| <cr.
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Introductio

Lemma 2

Let ¢y = (||a|| + ||b]| + 1)~L. Then we have

ITf <1 i IfIl <1 and e < cy.

Outline of the Proof.

If |f]] < 1 and |c| < ¢}, then we have

||
ITfIl < —
1— el (lall + lIBI1IF1"—2)
§ c
— L—[c|([lall +ll2]])
< 1.
The conclusion follows. [l
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Lemma (3)

Letc; = (\/(n = 2)[|b]| + llal| + |||l + )7L If|c| < o, then T, is a
contraction mapping on the close unit ball By = {f € C[0, 1]| |If]| < 1} of
C[o, 1].

Outline of the Proof.
It follows from Lemmas 1 and 2 that

160 - @O < LA -
= CH(f - g)(fn73 —|—fn74g SRR +fgn*4 + gn73)H
< (n=2)c|lf —ll;

¥ 2
(1 N ||br>> 171
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Introductio

Theorem 1

Theorem (1)

For given a, b € C[0, 1] and ¢ € R with

lc| < (\/(n—2)||b]| + ||a|| + [|b]| + 1)~ the solution r(t, ¢) of equation (1)

with r(0, ¢) = ¢ can be uniformly approximated by an iterated sequence

{12010}

r(t, ¢) = lim T'(f)(1), 0<t<1, (17)
n—o00
that is,
c
r(t, ¢) = (18)
? 1 [t b(t;)dt
1— CA(t) — " fO l—cA(tl)—C"’*] fotll : b(tp)dty

N7
1—cA(1y) —cn—1 102

for arbitrary f € C|0, 1] with ||f|| < 1. Furthermore, the following error
estimate holds

r(t, ¢) = T(f)(1) = O(c™).
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@ Denote
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@ Denote

Theorem (2)

Suppose a, b € C|0, 1] and ¢ € R with
le| < max{(+/[[b]| + lla|l + lI6] + D', 2M)~'}.

Then, in formula (18), the following part is bounded

b(t1)
t)dt
T e
1 c
= —-b(n)-
c 1—cA(t) — ¢ [, b( —1 TRy cn
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ximate Solution

2D Korteweg-de Vries-Burgers Equation

@ Consider the 2D Korteweg-de Vries-Burgers equation:

(Ut + aUUy + BUxx + sUpix)x + Uy =0, (19)
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2D Korteweg-de Vries-Burgers Equation

@ Consider the 2D Korteweg-de Vries-Burgers equation:
(Ut + aUUy + BUxx + sUpix)x + Uy =0, (19)

where «, 3, s, and -y are constants and a5sy # 0.
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Approximate Solution
°

2D Korteweg-de Vries-Burgers Equation

@ Consider the 2D Korteweg-de Vries-Burgers equation:
(Ut + aUUy + BUxx + sUpix)x + Uy =0, (19)

where «, 3, s, and -y are constants and a5sy # 0.

@ Assume that equation (19) has an exact solution in the form

Ulx,y,t) = U(€), €=hx+1ly—wr. (20)

KdV-Burgers Equation Z. Feng Department of Mathematics, University of Texas-Pan American, Edinburg, USA 19/26



e Solution

2D Korteweg-de Vries-Burgers Equation

@ Consider the 2D Korteweg-de Vries-Burgers equation:
(Ut + aUUy + BUxx + sUpix)x + Uy =0, (19)

where «, 3, s, and -y are constants and a5sy # 0.

@ Assume that equation (19) has an exact solution in the form
Ulx,y,t) =U(&), &=hx+1ly—wr (20)

@ Substitution of (20) into equation (19) and performing integration twice
yields
U (&) + AU (&) +aU*(€) + bU(E) +d =0, 1)

where v = U(€) € [vo, vi], A = b=k andd = —

a = S

B el
sh’ 2sh2 ’ \h4
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ximate Solution

Resultant Abel Equation

o Letv=U(¢) and y = U (€). Equation (21) becomes

d
d—zy+)\y+av2+bv+d:0. (22)
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e Solution

Resultant Abel Equation

o Letv=U(¢) and y = U (€). Equation (21) becomes

d
d—zy+)\y+av2+bv+d20. (22)

Using z = }1 yields

d
d—i =\ + (@ +bv+d)2, z(v) =

—c.  (23)
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e Solution

Resultant Abel Equation

o Letv=U(¢) and y = U (€). Equation (21) becomes

dy

$y+Ay+av2+bv+d:0. (22)

Using z = }1 yields

dz 9 2 3 1

— =X+ +bv+d = =c. 23

o =% (av v+d)z’,  z(vo) U %) c (23)
o Letn = ;=1 thenn € [0, 1] and v = vo + (vi — vo)7.
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Approximate Solution
@O0

Resultant Abel Equation

o Letv=U(¢) and y = U (€). Equation (21) becomes
dy

d—y+)\y+av2+bv+d20. (22)
%
Using z = }1 yields
dz 2 2 3 1
— = X4+ (av" +bv+d)7, z(vg) = —— =c. (23)
ay =) =g
® Letn = ;=1 thenn € [0, 1] and v = vo + (vi — vo)7. So equation (23)
reduces to
ro=h(n)r* +k(mr, r0)=c, (24)
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Approximate Solution
@O0

Resultant Abel Equation

o Letv=U(¢) and y = U (€). Equation (21) becomes
dy

d—y+)\y+av2+bv+d20. (22)
%
Using z = }1 yields
dz 2 2 3 1
— = X4+ (av" +bv+d)7, z(vg) = —— =c. (23)
ay =) =g
® Letn = ;=1 thenn € [0, 1] and v = vo + (vi — vo)7. So equation (23)
reduces to
ro=h(n)r* +k(mr, r0)=c, (24)

where h(n), k(n) € C[0, 1], and
h(n) = (vi —vo)A,
k(n) = (vi — vo)(@v* + bv + d).
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Approximate Solution
(o] J

Solution to Equation (24)

e By virtue of Theorem 1, if |c| < (\/||k| + |4l + ||k]| + 1)~1, the
solution to equation (24) is

r(n) = lim T¢(w)(n), (25)

n—-+o0o
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e Solution

Solution to Equation (24)

e By virtue of Theorem 1, if |c| < (\/||k| + |4l + ||k]| + 1)~1, the
solution to equation (24) is

r(n) = lim T¢(w)(n),

n—-+o0o

where 0 < 7 < 1 forany w € C[0, 1] with ||w|| < 1, and

Te(w) = 1 —cH(n) —c [ k(x)w(x)"~2dx
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Approximate Solution
(o] J

Solution to Equation (24)

e By virtue of Theorem 1, if |c| < (\/||k| + |4l + ||k]| + 1)~1, the
solution to equation (24) is

r(n) = lim T¢(w)(n), (25)

n—-+o0o

where 0 < 7 < 1 forany w € C[0, 1] with ||w|| < 1, and

To(w) =
(w) 1 —cH(n) — cfo )" —2dx

where

U U
:/ h(x dx—/ (vi —vo)Adx = (vi —vo)An,
0

k x (V] — V()) ( (V() + (Vl — V()) ) + b(V() + (Vl — V())x) + d) .
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Approximate Solution
@00

Approximate Solution to 2D-KdV-Burgers Equation

@ Recall that r = %, y=U'(£),n =222 and v = U(£). When conditions

V1—V
of Theorem 1 are fulfilled, we have s
1 c
= (26)
U’ _ 2 1€ b(ty)dt
& 1 cA(&) — ¢ f() A2 f()ll] ] b(12)dty

N7
lch(tz)fzrz ]02
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Approximate Solution
@00

Approximate Solution to 2D-KdV-Burgers Equation

@ Recall that r = %, y=U(&).,n =2 +— o and v = U(). When conditions
of Theorem 1 are fulfilled, we have

1 c
U©) 1 —cAl©) e f; - - b()dr
cA(t

)_02 fll b(lz)dtz
0 1—cA(r ),.2]"2...
C. 9] c 0

(26)

@ When c is small, according to Theorem 2, the coefficient of 2 is
bounded. So we can drop the term containing ¢ and get

U ~ 1 - c(vlc— Vo)A
1 aW©-w)
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e Solution

Approximate Solution to 2D-KdV-Burgers Equation

@ Recall that r = %, y=U'(£),n =222 and v = U(£). When conditions

Vi—V,
of Theorem 1 are fulfilled, we have C
1 c
= 26
U'€) 1-cAle)—c[f bl )dh 20
0 1—cA(t;)—c? fll _ bl)dn ;
0 lch(tz)fzrz ]02
@ When c is small, according to Theorem 2, the coefficient of 2 is
bounded. So we can drop the term containing ¢ and get
/ 1 —c(vi —vo)\n
v ~ o
1 eAU() — )
" .
That is,
/ 1
U +AUE) = E+)\v0' 27
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e Solution
(o] T}

Approximate Solution to 2D KdV-Burgers Equation

@ Solving equation (27) gives

1
z + )\Vo . Cef)‘é

U('x7 y? t) = )\ b

E=hx+1ly—wt

where \ = %
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Approximate Solution
oeo

Approximate Solution to 2D KdV-Burgers Equation

@ Solving equation (27) gives

1
z + )\Vo . Cef)‘é

Ux,y, t) = 5y , E=hx+1ly—wt
where A = %
o If we take vy = zﬁ and choose ¢ = —=2¢— sufficiently small, when
a A/ b2—dad
A¢ — +00, we obtain
b*> —4ad b
Ulx, v, 1) ~ ———— 4 —. (28)
( Y y Y ) _2 a 2 a
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Approximate Solution
oeo

Approximate Solution to 2D KdV-Burgers Equation

@ Solving equation (27) gives

1
z + )\Vo . Cef)‘é

Ux,y, t) = 5y , E=hx+1ly—wt
where A = %
o If we take vy = % and choose ¢ = —=2¢— sufficiently small, when
M/ b2 —dad
A — 400, we obtain
b*> —4ad b
U )~ ——— 4+ —. 28

o It is remarkable that the approximate solution (28) is in agreement with
main results described in [7, 8] by the Hardy’s theory and the theory of
Lie symmetry.
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Approximate Solution to 2D KdV-Burgers Equation

@ Solving equation (27) gives

1
z + )\Vo . Cef)‘é

Ux,y, t) = 5y , E=hx+1ly—wt
where A = %
o If we take vy = % and choose ¢ = —=2¢— sufficiently small, when
M/ b2 —dad
A — 400, we obtain
b*> —4ad b
U )~ ——— 4+ —. 28

o It is remarkable that the approximate solution (28) is in agreement with
main results described in [7, 8] by the Hardy’s theory and the theory of
Lie symmetry.
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Approximate Solution to 2D KdV-Burgers Equation

@ Solving equation (27) gives

%4‘)\\/0

Ux,y, t) = +ee™™, E=hx+ly—wt

B
sh*
2a

_ b _ = :
e If we take vg = 5 and choose ¢ = W sufficiently small, when

where \ =

A¢ — +00, we obtain

b*> —4ad b
U )~ ——— + —. 28
o It is remarkable that the approximate solution (28) is in agreement with
main results described in [7, 8] by the Hardy’s theory and the theory of

Lie symmetry.

[7] Z. Feng, J. Phys. A (Math. Gen.) 36 (2003), 8817-8827.
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Approximate Solution to 2D KdV-Burgers Equation

@ Solving equation (27) gives

%4‘)\\/0

Ux,y, t) = +ee™™, E=hx+ly—wt

B
sh*
2a

_ b _ = :
e If we take vg = 5 and choose ¢ = W sufficiently small, when

where \ =

A¢ — +00, we obtain

b*> —4ad b
U(X, y, t)N—iza_{_% (28)
o It is remarkable that the approximate solution (28) is in agreement with
main results described in [7, 8] by the Hardy’s theory and the theory of
Lie symmetry.

[7] Z. Feng, J. Phys. A (Math. Gen.) 36 (2003), 8817-8827.
[8] Z. Feng, Nonlinearity, 20 (2007), 343-356.
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Approximate Solution
ooe

Boundedness of Solutions

@ Note that equation (26) can be rewritten as
L c
U'(€) 1 —cA(§) —2D(€)
where L < ®(¢) <R.

(29)
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Approximate Solution
ooe

Boundedness of Solutions

@ Note that equation (26) can be rewritten as
L c
U'(§)  1—cA(g) — 2@(g)’
where L < ®(¢) <R.
e When @ is a quadratic or cubic function or special function of U(§), we

can analyze equation (29) qualitatively and numerically with
classifications. For instance, if ® is quadratic, we take vy = Tba and

(29)

choose ¢ = ﬁ sufficiently small, we can obtain the solution of
the type
332+ y+¢c 5, 68%+~v+c 6/32
t ——sech®{ — ———tanhé + —— + Cp.
U, y, 1) 25as ech’e 25as anh & 25as +Co
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e Solution

Boundedness of Solutions

@ Note that equation (26) can be rewritten as
L c
U'(§)  1—cA(g) — 2@(g)’
where L < ®(¢) <R.
e When @ is a quadratic or cubic function or special function of U(§), we

can analyze equation (29) qualitatively and numerically with
classifications. For instance, if ® is quadratic, we take vy = Tba and

(29)

choose ¢ = ﬁ sufficiently small, we can obtain the solution of
the type
332+ y+¢c 5, 68%+~v+c 6/32
t ——sech®{ — ———tanhé + —— + Cp.
U, y, 1) 2Bas o ¢ 25as anh & 25as +Co

@ When & is a function with the lower and upper bounds, we can also find
bounds of solutions of equation (29) by the comparison principle, which
match well with the phase analysis described in [7].
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Conclusion
[ ]

Summary

@ In this talk, we provided a connection between the Abel equation of the
first kind, an ordinary differential equation that is cubic in the unknown
function, and the Korteweg-de Vries-Burgers equation, a partial
differential equation that describes the propagation of waves on
liquid-filled elastic tubes. We presented an integral form of the Abel
equation with the initial condition.
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Conclusion
[ ]

Summary
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@ By virtue of the integral form and the Banach Contraction Mapping
Principle we derived the asymptotic expansion of bounded solutions in
the Banach space, and used the asymptotic formula to construct
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@ By virtue of the integral form and the Banach Contraction Mapping
Principle we derived the asymptotic expansion of bounded solutions in
the Banach space, and used the asymptotic formula to construct
approximate solutions to the Korteweg-de Vries-Burgers equation.

@ As an example, we presented the asymptotic behavior of traveling wave
solution for a 2D KdV-Burgers equation which agrees well with existing
results in the literature.

@ Under certain conditions, we can also study bounds of traveling wave
solutions of KdV-Burgers type equations by the comparison principle.
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@ Thank you.
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