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Nonlinear Schrödinger Equation
iut + uxx + 1

2σ|u|
2u = 0, σ = ±1

• Arises in numerous physical applications including:

I water waves (Benney & Roukes [1969]; Zakharov [1968]);
I optical fibres (Hasegawa & Tappert [1973]);
I plasmas (Zakharov [1972]);
I magnetostatic spin waves (Kalinikos et al. [1997]; Xia et al. [1997]).

• A soliton equation solvable by inverse scattering (Zakharov & Shabat [1972]).
• Bright solitons, which decay as |x| → ∞, arise when σ = 1 (“focusing”)

• Dark solitons, which don’t decay as |x| → ∞, arise when σ = −1 (“defocusing”)
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. . . . . .

Brief review on the coupled NLS equation

Two-coupled NLS equation (Manakov system)

iq1,t + q1,xx + 2
(
σ1|q1|2 + σ2|q2|2

)
q1 = 0 ,

iq2,t + q2,xx + 2
(
σ1|q1|2 + σ2|q2|2

)
q2 = 0 ,

Bright-bright solitons to focusing-focusing case (σ1 = σ2 = 1)
Manakov, Sov. Phys. JETP 38, 248 (1974)
Radhakrishnan and Lakshmanan, J. Phys. A 28, 2683 (1995).

Dark-dark and bright-dark solitons to defocusing-defocusing case
Kivshar, Phys. Rev. E 55, 4773 (1997);
B. Prinari, M. J. Ablowitz etc. J. Math. Phys. 47, 063508 (2006).

Bright-dark soliton solution to focusing-defocusing case
Kanna, Lakshmanan etc., Phys. Rev. E 73, 026604 (2006).
Y. Ohta, D.-S. Wang and J. Yang, Stud. Appl. Math. 127, 345 (2011).
Vijayajayanthi, Kanna, Lakshmanan, Phys. Rev. A 77, 013820 (2008).
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. . . . . .

Motivation of the present research

Construct a unified formula for the general soliton solution for the
vector NLS equation of all types

iqj,t + qj,xx + 2

∑
j

σj|qj|2
 qj = 0 , j = 1, 2, · · · ,M

based on the KP theory.
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. . . . . .

Two-bright-one-dark soliton solution to 3-coupled NLS
equation (I)

Assuming q1 and q2 are of bright type, q3 is of dark type

qj =
gj

f
e2iσ3|ρ1|2t , j = 1, 2, q3 = ρ1

h1

f
ei(β1x+(2σ3|ρ1|2−β2

1)t) , (1)

transform three-coupled NLS equation

iqj,t + qj,xx + 2
(
σ1|q1|2 + σ2|q2|2 + σ3|q3|2

)
qj = 0 , j = 1, 2, 3 (2)

into the following bilinear equations

(iDt + D2
x)gj · f = 0 , j = 1, 2

(iDt + D2
x + 2iβ1Dx)h1 · f = 0 ,(

1

2
D2

x + σ3|ρ1|2
)
f · f =

2∑
j=1

σj|gj|2 + σ3|ρ1|2|h1|2 ,

(3)
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. . . . . .

Two-bright-one-dark soliton solution to 3-coupled NLS
equation (II)

.
Theorem
..

......

The 3-coupled NLS equation admits two-bright-one-dark soliton solution

f =

∣∣∣∣∣ A I

−I B

∣∣∣∣∣ , h1 =

∣∣∣∣∣ A(1) I

−I B

∣∣∣∣∣ , gj =

∣∣∣∣∣∣∣
A I ΦT

−I B 0T

0 Cj 0

∣∣∣∣∣∣∣ , (4)

where the elements defined respectively by

aij =
1

pi + p̄j

eξi+ξ̄j , a
(1)
ij =

1

pi + p̄j

(
−

pi − iβ1

p̄j + iβ1

)
eξi+ξ̄j , (5)
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Two-bright-one-dark soliton solution to 3-coupled NLS
equation (III)

bij =

∑2
k=1 ᾱ

(k)
i σkα

(k)
j

(p̄i + pj)
(
1 + σ3|ρ1|2

(p̄i+iβ1)(pj−iβ1)

) , (6)

Φ = (eξ1 , eξ2 , · · · , eξN ) , Cj = −(α
(j)
1 , α

(j)
2 , · · · , α(j)

N ) , (7)

with ξi = pix + ip2
i t + ξi0, pi, αi and ξi0 (i = 1, 2, · · · , N ) are complex

constants.
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. . . . . .

Three-component KP hierarchy and its Gram-type solution

Define a tau-function for three-component KP hierarchy,

τk1
0,0 =

∣∣∣∣∣ A I

−I B

∣∣∣∣∣
2N×2N

, (8)

where A and B are N × N matrices whose elements are

ak1

ij =
1

pi + p̄j

(
−

pi − c

p̄j + c

)k1

eξi+ξ̄j ,

bij =
1

qi + q̄j
eηi+η̄j +

1

ri + r̄j
eχi+χ̄j ,

with

ξi =
x
(1)
−1

pi − c
+ pix1 + p2

ix2 + ξi0, ξ̄j =
x
(1)
−1

p̄i + c
+ p̄jx1 − p̄2

jx2 + ξ̄j0,

ηi = qiy
(1)
1 + ηi0, η̄j = q̄jy

(1)
1 + η̄j0,

χi = riy
(2)
1 + χj0, χ̄j = r̄jy

(2)
1 + χ̄j0.
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. . . . . .

Three-component KP hierarchy and its Gram-type solution

Furthermore, we define the following tau-functions

τk1
1,0 =

∣∣∣∣∣∣∣
A I ΦT

−I B 0T

0 −Ψ̄ 0

∣∣∣∣∣∣∣ , τk1

−1,0 =

∣∣∣∣∣∣∣
A I 0T

−I B ΨT

−Φ̄ 0 0

∣∣∣∣∣∣∣ , (9)

τk1
0,1 =

∣∣∣∣∣∣∣
A I ΦT

−I B 0T

0 −Ῡ 0

∣∣∣∣∣∣∣ , τk1

0,−1 =

∣∣∣∣∣∣∣
A I 0T

−I B ΥT

−Φ̄ 0 0

∣∣∣∣∣∣∣ , (10)

Φ, Ψ, Υ, Φ̄, Ψ̄ and Ῡ are N -component row vectors whose elements are
defined respectively as

Φ =
(
eξ1 , · · · , eξN

)
, Ψ = (eη1 , · · · , eηN ) , Υ = (eχ1 , · · · , eχN ) ,

Φ̄ =
(
eξ̄1 , · · · , eξ̄N

)
, Ψ̄ =

(
eη̄1 , · · · , eη̄N

)
, Ῡ =

(
eχ̄1 , · · · , eχ̄N

)
,
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. . . . . .

Three-component KP hierarchy and its Gram-type solution

Based on the KP theory, the above tau functions satisfies the following
bilinear equations

(Dx2 − D2
x1
)τk1

1,0 · τk1
0,0 = 0 ,

(Dx2 − D2
x1
)τk1

0,1 · τk1
0,0 = 0 ,

(Dx2 − D2
x1

− 2cDx1)τ
k1+1
0,0 · τk1

0,0 = 0 ,

Dx1Dy
(1)
1

τk1
0,0 · τk1

0,0 = −2τk1
1,0τ

k1
−1,0 ,

Dx1Dy
(2)
1

τk1
0,0 · τk1

0,0 = −2τk1
0,1τ

k1
0,−1 ,(

Dx1Dx
(1)
−1

− 2

)
τk1
0,0 · τk1

0,0 = −2τk1+1
0,0 τk1−1

0,0 .

(11)

The proof of above equations can be done by using the Grammian
technique.
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. . . . . .

Reductions to two-bright-one-dark soliton

Reduction 1: Complex conjugate reduction
Assume p̄j means the complex conjugate of pj , x1, x

(1)
−1, y

(1)
1 , y

(2)
1 are real,

x2, c = iβ1 are pure imaginary
For simplicity, we define

f = τ0
0,0, g1 = τ0

1,0, g2 = τ0
0,1, h1 = τ1

0,0.

Then we can show that f is real and

ḡ1 = −τ0
−1,0, ḡ2 = −τ0

0,−1, h̄1 = τ−1
0,0 ,
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. . . . . .

Reductions to two-bright-one-dark soliton

In this way, the bilinear equations (11) read

(Dx2 − D2
x1
)gj · f = 0 , j = 1, 2

(Dx2 − D2
x1

− 2iβ1Dx1)h1 · f = 0 ,

Dx1Dy
(j)
1

f · f = 2gj ḡj , j = 1, 2(
Dx1Dx

(1)
−1

− 2

)
f · f = −2h1h̄1.

(12)



(iDt + D2
x)gj · f = 0 , j = 1, 2

(iDt + D2
x + 2iβ1Dx)h1 · f = 0 ,(

1

2
D2

x + σ3|ρ1|2
)
f · f =

2∑
j=1

σj|gj|2 + σ3|ρ1|2|h1|2 ,
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Reduction for two-bright-one-dark soliton

Reduction 2: Dimension reduction
If the following dimension reduction holds

fx1 = σ1fy
(1)
1

+ σ2fy
(2)
1

− σ3|ρ1|2fx
(1)
−1

, (13)

thus,
fx1x1 = σ1fx1y

(1)
1

+ σ2fx1y
(2)
1

− σ3|ρ1|2fx1x
(1)
−1

. (14)

Then from the last two bilinear equations in (12)

f
x1y

(1)
j

f − fx1fy
(1)
j

= |gj|2 , f
x1x

(1)
−1

f − fx1fx
(1)
−1

− f2 = −|h1|2 , (15)

we have

fx1x1 − f2
x1

+ σ3|ρ1|2f2 = σ1|g1|2 + σ2|g2|2 + σ3|ρ1|2|h1|2 , (16)

which is exactly the last bilinear equation in (3)
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How to realize the dimension reduction?

Note that, by row operations, f can be rewritten as

f =

∣∣∣∣∣ A′ I

−I B′

∣∣∣∣∣ , a′
ij =

1

pi + p̄j
,

b′ij =
1

qi + q̄j
e(ηi+ξ̄i)+(η̄j+ξj) +

1

ri + r̄j
e(χi+ξ̄i)+(χ̄j+ξj),

where each exponent in b′ij can be divided into two parts

ηi + ξ̄i = qiy
(1)
1 +

1

p̄i + c
x
(1)
−1 + p̄ix1 + · · · ,

η̄j + ξj = q̄jy
(1)
1 +

1

pj − c
x
(1)
−1 + pjx1 + · · · ,

χi + ξ̄i = riy
(2)
1 +

1

p̄i + c
x
(1)
−1 + p̄ix1 + · · · ,

χ̄j + ξj = r̄jy
(2)
1 +

1

pj − c
x
(1)
−1 + pjx1 + · · · .
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. . . . . .

How to realize the dimension reduction?

Therefore, under the reduction conditions

σ1qi = p̄i +
σ3|ρ1|2

p̄i + c
, σ1q̄i = pi +

σ3|ρ1|2

pi − c
, (17)

σ2ri = p̄i +
σ3|ρ1|2

p̄i + c
, σ2r̄i = pi +

σ3|ρ1|2

pi − c
, (18)

the following relation holds

∂x1b
′
ij =

(
σ1∂y

(1)
1

+ σ2∂y
(2)
1

−σ3|ρ1|2∂x
(1)
−1

)
b′ij ,

which realizes the dimension reduction condition

fx1 = σ1fy
(1)
1

+ σ2fy
(2)
1

− σ3|ρ1|2fx
(1)
−1

.
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How to recover the N -soliton solution in Gram determinant?

Applying variable transformations

x1 = x, x2 = it , (19)

i.e.,
∂x1 = ∂x, ∂x2 = −i∂t , (20)

Under above variable transformations, the variables y
(1)
1 , y(2)

1 , x(1)
−1 become

dummy variables, which basically can be treated as constants. Consequently,
we could let eηi = ᾱ

(1)
i , eη̄i = α

(1)
i ,eχi = ᾱ

(2)
i ,

eχ̄i = α
(2)
i (i = 1, 2, · · · , N ), further, we let

−Ψ̄ = C1 , −Ῡ = C2.

Obviously (8) - (10) recover the two-bright-one-dark soliton solution (4).
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. . . . . .

One-bright-two-dark soliton solution to 3-coupled NLS
equation (I)

Assuming q1 is of bright type, q2 and q3 is of dark type

q1 =
g1

f
e2i(σ2|ρ1|2+σ3|ρ2|2)t ,

ql+1 = ρl

hl

f
ei(βlx+(σ2|ρ1|2+σ3|ρ2|2−β2

l )t) , l = 1, 2

transform three-coupled NLS equation

iqj,t + qj,xx + 2
(
σ1|q1|2 + σ2|q2|2 + σ3|q3|2

)
qj = 0 , j = 1, 2, 3

into the following bilinear equations

(iDt + D2
x)g1 · f = 0 ,

(iDt + D2
x + 2iβlDx)hl · f = 0 , l = 1, 2(

1

2
D2

x +

2∑
l=1

σl+1|ρl|2
)
f · f = σ1|g1|2 +

2∑
l=1

σl+1|ρl|2|hl|2,

(21)
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. . . . . .

One-bright-two-dark soliton solution

.
Theorem
..

......

The 3-coupled NLS equation admits one-bright-two-dark soliton solution

f =

∣∣∣∣∣ A I

−I B

∣∣∣∣∣ , hl =

∣∣∣∣∣ A(l) I

−I B

∣∣∣∣∣ , g1 =

∣∣∣∣∣∣∣
A I ΦT

−I B 0T

0 C1 0

∣∣∣∣∣∣∣ , (22)

where the elements defined respectively by

aij =
1

pi + p̄j

eξi+ξ̄j , a
(l)
ij =

1

pi + p̄j

(
−

pi − iβl

p̄j + iβl

)
eξi+ξ̄j , (23)

bij =
ᾱ

(1)
i σ1α

(1)
j

(p̄i + pj)
(
1 +

∑2
l=1

σl+1|ρl|2
(p̄i+iβl)(pj−iβl)

) , (24)
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Two-component KP hierarchy and its Gram-type solution

Define a tau-function for two-component KP hierarchy,

τk1,k2

0 =

∣∣∣∣∣ A I

−I B

∣∣∣∣∣
2N×2N

, (25)

where A and B are N × N matrices whose elements are

ak1,k2

ij =
1

pi + p̄j

(
−

pi − c

p̄j + c

)k1
(
−

pi − d

p̄j + d

)k2

eξi+ξ̄j ,

bij =
1

qi + q̄j
eηi+η̄j ,

with
ξi =

1

pi − c
x
(1)
−1 +

1

pi − d
x
(2)
−1 + pix1 + p2

ix2 + ξi0,

ξ̄j =
1

p̄i + c
x
(1)
−1 +

1

p̄i + d
x
(2)
−1 + p̄jx1 − p̄2

jx2 + ξ̄j0,

ηi = qiy
(1)
1 + ηi0, η̄j = q̄jy1 + η̄j0.
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. . . . . .

Two-component KP hierarchy and its Gram-type solution

Furthermore, we define the following tau-functions

τk1,k2

1 =

∣∣∣∣∣∣∣
A I ΦT

−I B 0T

0 −Ψ̄ 0

∣∣∣∣∣∣∣ , τk1,k2

−1 =

∣∣∣∣∣∣∣
A I 0T

−I B ΨT

−Φ̄ 0 0

∣∣∣∣∣∣∣ ,
Then the following bilinear equations hold

(Dx2 − D2
x1
)τk1,k2

1 · τk1,k2

0 = 0 ,

(Dx2 − D2
x1

− 2cDx1)τ
k1+1,k2

0 · τk1,k2

0 = 0 ,

(Dx2 − D2
x1

− 2dDx1)τ
k1,k2+1
0 · τk1,k2

0 = 0 ,

Dx1Dy
(1)
1

τk1,k2

0 · τk1,k2

0 = −2τk1,k2

1 τk1,k2

−1 ,(
Dx1Dx

(1)
−1

− 2

)
τk1,k2

0 · τk1,k2

0 = −2τk1+1,k2

0 · τk1−1,k2

0 ,(
Dx1Dx

(2)
−1

− 2

)
τk1,k2

0 · τk1,k2

0 = −2τk1,k2+1
0 · τk1,k2−1

0 .

(26)
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Reductions to one-bright-two-dark soliton

Reduction 1: Complex conjugate reduction
Assume p̄j means the complex conjugate of pj , x1, x

(1)
−1, y

(1)
1 are real, x2,

c = iβ1, d = iβ2 are pure imaginary
For simplicity, we define

f = τ0
0,0, g1 = τ0,0

1 , h1 = τ1,0
0 , h2 = τ0,1

0 ,

Then we can show that f is real and

ḡ1 = −τ0,0
−1 , h̄1 = τ−1,0

0 , h̄2 = τ0,−1
0
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. . . . . .

Reductions to one-bright-two-dark soliton

In this way, the bilinear equations (26) read

(Dx2 − D2
x1
)g1 · f = 0 ,

(Dx2 − D2
x1

− 2βlDx1)hl · f = 0 , l = 1, 2 ,

Dx1Dy
(1)
1

f · f = 2|g1|2 ,(
Dx1Dx

(l)
−1

− 2

)
f · f = −2|hl|2 l = 1, 2 .

(27)



(iDt + D2
x)g1 · f = 0 ,

(iDt + D2
x + 2iβlDx)hl · f = 0 , l = 1, 2(

1

2
D2

x +
2∑

l=1

σl+1|ρl|2
)
f · f = σ1|g1|2 +

2∑
l=1

σl+1|ρl|2|hl|2,
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. . . . . .

Reduction for one-bright-two-dark soliton

Reduction 2: Dimension reduction, if

1

qi + q̄j
=

σ1

(p̄i + pj)
(
1 + σ2|ρ1|2

(p̄i+c)(pj−c)
+ σ3|ρ2|2

(p̄i+d)(pj−d)

) ,

then
fx1 = σ1fy

(1)
1

− σ2|ρ1|2fx
(1)
−1

− σ3|ρ2|2fx
(2)
−1

, (28)

which also implies

fx1x1 = σ1fx1y
(1)
1

− σ2|ρ1|2fx1x
(1)
−1

− σ3|ρ2|2fx1x
(2)
−1

. (29)

From the last two bilinear equations in (27) are reduced to

fx1x1 − f2
x1

+

2∑
l=1

σl+1|ρl|2f2 = σ1|g1|2 +

2∑
l=1

σl+1|ρl|2|hl|2 ,

which is exactly the last bilinear equation in (21)
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. . . . . .

General bright-dark soliton solution to M-coupled NLS
equation (I)

A general soliton solution with m-bright solitons and (M − m)-dark solitons

qj =
gj

f
e2i

∑M−m
k=1 σk+m|ρk|2t , j = 1, 2 · · · ,m

qm+l = ρl

hl

f
ei(βlx+(2

∑M−m
k=1 σk+m|ρk|2−β2

l )t) , l = 1, 2, · · · ,M − m

transform M -coupled NLS equation

iqj,t + qj,xx + 2

∑
j

σj|qj|2
 qj = 0 , j = 1, 2, · · · ,M

into the following bilinear equations

(iDt + D2
x)gj · f = 0 , j = 1, 2, · · · ,m ,

(iDt + D2
x + 2iβlDx)hl · f = 0 , l = 1, 2, · · · ,M − m,(

1

2
D2

x +

M−m∑
l=1

σl+m|ρl|2
)
f · f =

m∑
j=1

σj|gj|2 +

M−m∑
l=1

σl+m|ρl|2|hl|2 .
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. . . . . .

General bright-dark soliton solution

.
Theorem
..

......

The M -coupled NLS equation admits m-bright-M − m-dark soliton solution

f =

∣∣∣∣∣ A I

−I B

∣∣∣∣∣ , hl =

∣∣∣∣∣ A(l) I

−I B

∣∣∣∣∣ , gj =

∣∣∣∣∣∣∣
A I ΦT

−I B 0T

0 Cj 0

∣∣∣∣∣∣∣ , (31)

where the elements defined respectively by

aij =
1

pi + p̄j

eξi+ξ̄j , a
(l)
ij =

1

pi + p̄j

(
−

pi − iβl

p̄j + iβl

)
eξi+ξ̄j , (32)

bij =

∑m
k=1 ᾱ

(k)
i σkα

(k)
j

(p̄i + pj)
(
1 +

∑M−m
l=1

σl+m|ρl|2
(p̄i+iβl)(pj−iβl)

) , (33)
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. . . . . .

Reductions from multi-component KP hierarchy

We consider a (m + 1)-component KP hierarchy with (M − m)-copies of
shifted singular points in first component. Based on the KP theory, the
following bilinear equations hold

(Dx2 − D2
x1
)gj · f = 0 ,

(Dx2 − D2
x1

− 2iβlDx1)hl · f = 0 ,

Dx1Dy
(j)
1

f · f = 2gj ḡj ,

Dx1Dx
(l)
−1

f · f − 2f2 = −2hlh̄l ,

(34)

where j = 1, 2, · · · ,m, l = 1, 2, · · · ,M − m

Dimension reduction

m∑
j=1

σjfy
(j)
1

−
M−m∑
l=1

σl+m|ρl|2fx
(l)
−1

= fx , (35)
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. . . . . .

Unified formula for the general soliton solution to the vector
CNLS equation(I)

.
Theorem
..

......

The M -coupled NLS equation admits general soliton solution

f =

∣∣∣∣∣ A I

−I B

∣∣∣∣∣ , hl =

∣∣∣∣∣ A(l) I

−I B

∣∣∣∣∣ , gj =

∣∣∣∣∣∣∣
A I ΦT

−I B 0T

0 Cj 0

∣∣∣∣∣∣∣ ,

The general bright-dark soliton solution has been given previously. The
condition for the regularity of the soluton is given by(

m∑
k=1

ᾱ
(k)
1 σkα

(k)
1

)(
1 +

M−m∑
l=1

σl+m|ρl|2

|pi − iβl|2

)
> 0 , i = 1, 2, · · · , N .
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. . . . . .

Unified formula for the general soliton solution to the vector
CNLS equation(II)

.
Theorem
..

......

The M -coupled NLS equation admits general soliton solution

f =

∣∣∣∣∣ A I

−I B

∣∣∣∣∣ , gj =

∣∣∣∣∣∣∣
A I ΦT

−I B 0T

0 Cj 0

∣∣∣∣∣∣∣ ,

The general all bright soliton solution can be given if the element in
matrix B can be adjusted into

bij =

∑M
k=1 ᾱ

(k)
i σkα

(k)
j

(p̄i + pj)
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. . . . . .

Unified formula for the general soliton solution to the vector
CNLS equation(II)

.
Theorem
..

......

The M -coupled NLS equation admits general soliton solution

f =

∣∣∣∣∣ A I

−I B

∣∣∣∣∣ , hl =

∣∣∣∣∣ A(l) I

−I B

∣∣∣∣∣ ,
The general all dark soliton solution can be given if bij = δij . The
reason lies in a simple fact that∣∣∣∣∣ A I

−I I

∣∣∣∣∣ = |I + A| .

M∑
l=1

σl|ρl|2

(p̄i + iβl)(pi − iβl)
= −1 ,
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. . . . . .

Thank you!
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