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@ Brief review on the vNLS equations

@ Two-bright-one-dark and one-bright-two-dark soliton solutions to
3-coupled NLS equation

@ General bright-dark soliton solution to the vNLS equation
@ General soliton solution to the vNLS equation
@ Based on B.F, J. Phys. A: Math. Theor 47 (2014) 355203 (22pp)
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Nonlinear Schrodinger Equation
Uy + Uyy + %0!u|2u =0, oc==+1
e Arises in numerous physical applications including:

» water waves (Benney & Roukes [1969]; Zakharov [1968]);

» optical fibres (Hasegawa & Tappert [1973));

» plasmas (Zakharov [1972]);

» magnetostatic spin waves (Kalinikos et al. [1997]; Xia et al. [1997]).

e A soliton equation solvable by inverse scattering (Zakharov & Shabat [1972]).
e Bright solitons, which decay as |z| — oo, arise when o = 1 (“focusing”)

e Dark solitons, which don’t decay as |x| — oo, arise when o = —1 (“defocusing”)

Bright soliton Dark soliton
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Brief review on the coupled NLS equation

Two-coupled NLS equation (Manakov system)
iq1,t + Q1,00 + 2 (01|q1]* + 02]g2/*) @1 = 0,

ig2,: + q2,00 + 2 (CT1|¢11|2 + 0'2|¢12|2) g2 =0,

@ Bright-bright solitons to focusing-focusing case (o1 = o2 = 1)
Manakov, Sov. Phys. JETP 38, 248 (1974)
Radhakrishnan and Lakshmanan, J. Phys. A 28, 2683 (1995).
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iq1,t + Q1,00 + 2 (01|q1]* + 02]g2/*) @1 = 0,

ig2,: + q2,00 + 2 (CT1|¢11|2 + 0'2|¢12|2) g2 =0,

@ Bright-bright solitons to focusing-focusing case (o1 = o2 = 1)
Manakov, Sov. Phys. JETP 38, 248 (1974)
Radhakrishnan and Lakshmanan, J. Phys. A 28, 2683 (1995).

@ Dark-dark and bright-dark solitons to defocusing-defocusing case
Kivshar, Phys. Rev. E 55, 4773 (1997);
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Brief review on the coupled NLS equation

Two-coupled NLS equation (Manakov system)
ig1,t + q1,00 + 2 (01]a1|? + 02]g2/?) g1 = 0,

ig2,: + q2,00 + 2 (CT1|¢11|2 + 0'2|¢12|2) g2 =0,

@ Bright-bright solitons to focusing-focusing case (o1 = o2 = 1)
Manakov, Sov. Phys. JETP 38, 248 (1974)
Radhakrishnan and Lakshmanan, J. Phys. A 28, 2683 (1995).

@ Dark-dark and bright-dark solitons to defocusing-defocusing case
Kivshar, Phys. Rev. E 55, 4773 (1997);
B. Prinari, M. J. Ablowitz etc. J. Math. Phys. 47, 063508 (2006).

@ Bright-dark soliton solution to focusing-defocusing case
Kanna, Lakshmanan etc., Phys. Rev. E 73, 026604 (2006).
Y. Ohta, D.-S. Wang and J. Yang, Stud. Appl. Math. 127, 345 (2011).
Vijayajayanthi, Kanna, Lakshmanan, Phys. Rev. A 77, 013820 (2008).

B.-F. Feng (UT-Pan American) General soliton solution to vector NLS November 22, 2014 3/30



Motivation of the present research

@ Construct a unified formula for the general soliton solution for the
vector NLS equation of all types

igjt + QGaa+2 | Y 0ojlg51* | @5 =0, j=1,2,---, M
J

based on the KP theory.
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Two-bright-one-dark soliton solution to 3-coupled NLS

equation (I)

Assuming g; and q- are of bright type, g3 is of dark type

- hy |
9% = gfgemalplm i=1,2, qs= plfel(ﬁlmﬂ%alpllz_ﬁ%)t)a (1)

transform three-coupled NLS equation
igj: + gj,zx + 2 (0'1|ql|2 + o2|g2|* + 0’3|Q3|2) g; =0, 7=1,2,3 (2)
into the following bilinear equations

(iD; + D?)g;-f=0, j=1,2

(iD: + D; + 2i31Dgz)h1 - f =0, @)

1 2
(302 +oalnl?) £+ 1 = Y- o3lasl? + alo Pl

Jj=1
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Two-bright-one-dark soliton solution to 3-coupled NLS
equation (Il)

Theorem
The 3-coupled NLS equation admits two-bright-one-dark soliton solution

T

A T AL T 4 1 q’T
f=\_; glm=|_; gpo=|-1 B 0|, (4

0 C; ©

where the elements defined respectively by

, a,(l) _ 1 (_ Di — i,61> eEi‘l‘ﬁ_j , (5)
I Pi + Dj Pj +iBs

;eﬁi‘i‘éj

Pi + Dj

a;; —
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Two-bright-one-dark soliton solution to 3-coupled NLS

equation (llI)

S oo

bij = ) (6)
D . __oslpa|®
(Pi +pj) (1 + (m+iﬁi)(;j—iﬁl))
"I’:(eglae&a"' 76£N)a Cj:_(agj)aagj)"" ’a%))a (7)

with & = p;x + ip?t + &io, Ps, o; and & (i = 1,2,- -+, N) are complex
constants.
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Three-component KP hierarchy and its Gram-type solution

Define a tau-function for three-component KP hierarchy,

A I
ki _
TOJO ’ .

2N X2N

where A and B are N x N matrices whose elements are

k
ki _ 1 _bi—¢c ' &i+E;
a;; = — — € )
Pi + Dj pj+c
bij — et + #exi‘i‘)_c.j ,
g +q; rit+T;
with
=D =)
R + piza + &io, & = i pe T PiTLT ;@2 + &jo,
3 ’L

nNi = qzyl + Mios T = qul + 7505
Xi = szl + Xj0s Xj = 7']'!/1 + X;j0-
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Three-component KP hierarchy and its Gram-type solution

Furthermore, we define the following tau-functions

A I &7 A 1 07
me=|-1 B 0T |, h,=| -1 B ¥"|, 9)

0o —-% o0 -& 0 0

A I &7 A 1 07
ni=|-I B 0T |, mt,=| -1 B X' |, (10

0o - o -& 0 0

®, ¥, Y, ®, ¥ and Y are N-component row vectors whose elements are
defined respectively as

P = (651’,,, 7e£N) ) \I;:(eTll’,,, 7eTIN) ’ T = (6X19"' ’eXN) 9

= (el,... ,e7N> LT = (€M, ™) X = (X, &)

B.-F. Feng (UT-Pan American) General soliton solution to vector NLS November 22, 2014 9/30



Three-component KP hierarchy and its Gram-type solution

Based on the KP theory, the above tau functions satisfies the following
bilinear equations

( (D, — )7'10 7'00—0

(Dgz, — )7'0 1 7'0 0=20,
(Dg, — Dgl 2cDm1)T§5+1 Toh =0,

ki k1 _ 11
leDygl)TO’O Tob = 27'1 07'_1 0 (11)

k1 k1 __ k1
DmlD (2>7'oo T0,0 = —27' 1T0—1>

<Dm1D - 2) o Tob = —2Tob Tob |

The proof of above equations can be done by using the Grammian
technique.
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Reductions to two-bright-one-dark soliton

Reduction 1: Complex conjugate reduction

Assume p; means the complex conjugate of p;, x1, a:(_li, y&l), yiz) are real,
x5, ¢ = i3 are pure imaginary

For simplicity, we define

f = T(?,oa g1 = 7-10,03 g2 = T(?,la h; = T(},()-

Then we can show that f is real and

—— 0 o 0 T -1
91 = —T_10 92= —Tg_1» hi =19,,
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Reductions to two-bright-one-dark soliton

In this way, the bilinear equations (11) read

(Day — D3 )gi - f=0, j=1,2
(DQ'S2 - Dil - 2iﬂ1D:l!1)h1 * .f = 07
D, D or f - f = 29595, 7 =1,2

(DmlDz(_li — 2) f-f=—2hih,.

(iDt+Dz)gj°f:Oa j=12
(iD; + D2 + 2i31Dg)hy - f =0,

1 2
<2D92: +°'3|P1|2) f-r= Zaj|gj|2 +03|P1|2|h1|2»

i=1

November 22, 2014
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Reduction for two-bright-one-dark soliton

Reduction 2: Dimension reduction
If the following dimension reduction holds

Jo, = 01f )00 +02f @ — oslpil*f,w (13)
1 1 —1

thus,
2
foror = 01f,, 0 +o2f, & —aslpi]*f, ) - (14)

Then from the last two bilinear equations in (12)

f.of— fmlny(l) = lg;|*, f O f = faor fo0) = 2 =—lhl*, (15)

mlyj m1m7

we have

forer — F2, 4+ oslp1*f? = 01]g11* + 021921* + os]p1|*|Ra|?,  (16)

which is exactly the last bilinear equation in (3)
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How to realize the dimension reduction?

Note that, by row operations, f can be rewritten as

AT , 1
f= 1 B |’ A5 = —
Pi + Pj
bgj — 1 — e(m-f—ﬁ_i)-i-(ﬁj-f—ﬁj) + 1 — e(Xi+£_i)+(>2j+£j)’
q; + qj ri + 7

where each exponent in b;; can be divided into two parts

_ 1
mi+&=ayV + ——a2") 4 piwi 4+ -,
pi +c
1
M+ & = ijgl) +7w(_1% +pjxr1+---,
pj—c

_ 1
Xi + & = Tiyiz) + _733(_1{ + pixy + -,
pi +c
1
Xi+& =Ty + a2l Fpjwi ot
bj —c¢
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How to realize the dimension reduction?

Therefore, under the reduction conditions

_ . os|pa]? _ os|p1|?

o1¢; =pi+——, o1 =pi+ ———, (17)
pi +c pPi—¢C
_ 03|P1|2 _ ‘73|P1|2

O =Pi + ———, Oy =pi+ ———, (18)
pi +c pPi —cC

the following relation holds
amlb;j = (Ulayin + 0’28y§2)—0'3|p1|28m(_1;) b;:j .
which realizes the dimension reduction condition

2
for = 01f 00 +02f @ — o3]p1] RO
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How to recover the N-soliton solution in Gram determinant?

Applying variable transformations
T, =x, xz =it, (19)

ie.,
8w1 = 8w, 8m2 = _iata (20)

Under above variable transformations, the variables yﬁl), y§2), :c(_lf become

dummy variables, which basically can be treated as constants. Consequently,
we could let €™ = 6451), el = agl),e’“ = 5452),

eXi = a§2)(i =1,2,---,N), further, we let
-9 =C,, —Y=0C,.

Obviously (8) - (10) recover the two-bright-one-dark soliton solution (4).
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One-bright-two-dark soliton solution to 3-coupled NLS

equation (I)

Assuming q; is of bright type, g2 and g3 is of dark type

g = &e2i(62|91|2+0’3|P2|2)t ,

qiy1 = pli;lei(ﬁtw+(o’z|P1|2+a'a|P2|2_B12)t) d=1,2

transform three-coupled NLS equation
igjt + Qjex + 2 (01|q1|® + 02|q2|* + 03]g5|%) g¢; =0, j=1,2,3
into the following bilinear equations
(iD¢ + D2)g1- f =0,
(iD: + Di +2i3iDz)hy - f =0, 1=1,2
1 2 2
<2Di + Zat+1|pz|2> Fof=oial? +) oualel* |l

=1 =1

(21)
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One-bright-two-dark soliton solution

The 3-coupled NLS equation admits one-bright-two-dark soliton solution
A I &7
A T AO 1
f:‘—IB ’hl:‘_l B sg1=| -1 B oT ) (22)
0O C; O
where the elements defined respectively by
1 : 1 i — 1 :
a;j; = _ebité | g) _ (_1_) I’Bl> ebité (23)
Di + Dj pi + Pj pj +1iB
b i o (24)
i — _ ' Ul+1|Pl|2 9
@: +25) (1+ Zics G tonian)
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Two-component KP hierarchy and its Gram-type solution

Define a tau-function for two-component KP hierarchy,

i

S :' A I
2N X2N

0 -1

where A and B are N x N matrices whose elements are

k k
gkiks _ 1 (_pi - C> ' <_pi - d) C gt
id Cpi+P;\ Pt pj +d

bij = _il_ - em-i—ﬁj,
q; qj
with
1 @ 1 @
&:E + —d x| + pixy —|—P z2 + &io,
_ 1
Eg—ﬁ +cw9{+ —d (_zierJml—prer&o,

n; = Q'Lyl + Nios M5 = 4;Y1 + Njo-
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Two-component KP hierarchy and its Gram-type solution

Furthermore, we define the following tau-functions

A 1 T A 1 07
m*2 =1 -1 B of |, = 1 B @T |,
0o —-¥% o -® 0 0

Then the following bilinear equations hold

(Dm2 ) ki,k2 k1,k2 =0,
(sz D: - 2CDCC1) bk Tkl’kz =0,

(Dm2 _ Df: — 2dD,,)T, (’;51,’624—1 k1,k2 =0,

leD (1)7’01’ 2. 01’ 2 = 2 2 1]’ 2, (26)
k]_ kz k]_ kg k1+1 kg kl—l kz
DmlD (1) 2 TO ’ TO ’ —_ 2 ’TO ’ )
kl k2 kl kz kl k2+1 kl kg—l
DmlD (2) —2 To ’ *To ’ = —21’0 ’ *To ’
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Reductions to one-bright-two-dark soliton

Reduction 1: Complex conjugate reduction

Assume p; means the complex conjugate of p;, 1, :c(_li, yﬁl) are real, xs,
c = i3, d = i35 are pure imaginary

For simplicity, we define

o 0,0 1,0 01
f—T(),()’ g1=7, hi=7y" ha=1",

Then we can show that f is real and

- 0,0 —1,0 0,—1
g1=-1_"0, hi=7"", ha=1y
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Reductions to one-bright-two-dark soliton

In this way, the bilinear equations (26) read

(Da, — D§1)91 -f=0,
(Do, — D2 — 28Dy, )by - f =0, 1=1,2,
Dz, D o f - f = 2lg:]*, (27)

<Dm1Dm(l) - 2) f ° f = _2|hl|2 l= 1,2.
-1

(iDt + Dz)gl -f=0,

(iDt + D?c +2i3iDy)hy - f=0, 1=1,2

1 2 2
<2D§ + Zﬂzﬂlszz) fof=0o1lgl®+ > oalpl®lhl?,

=1 =1
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Reduction for one-bright-two-dark soliton

Reduction 2: Dimension reduction, if
1 _ o1

q; + G B (Ps + pj) (1_|_ oz|p1|? + a3|p2|? ) ’
Pi T Pj (Pi+c)(pj—c) (Pi+d)(p;—d)

then
fz, = 01f 00 — oalp1*f ) — oslp2|*f @ (28)
1 -1 -1

which also implies
foran = 01f, oo — o2|p1|? fora® — oslp2|*f,, . @ (29)

From the last two bilinear equations in (27) are reduced to

2 2
forzn — F2, + Zo'l+1|pl|2f2 =o1lg1|* + ZUH—1|Pl|2|hl|23

=1 =1

which is exactly the last bilinear equation in (21)

B.-F. Feng (UT-Pan American) General soliton solution to vector NLS November 22, 2014 23/30



General bright-dark soliton solution to M-coupled NLS

equation (I)

A general soliton solution with m-bright solitons and (M — m)-dark solitons

gj 2i o P 2t .
. k4 k I 2 .«
q‘7 = e Zk—l mlPkl s ] ) s M

b
h m
Ami1 = pliel(ﬁzm-l-(Z Sl Cktmlok|2—BE)t) JA=1,2,---, M —m

transform M -coupled NLS equation
in,t+Qj,ccm+2 Zaj|qj|2 Qj=07 j=12,---, M
J

into the following bilinear equations
(iDt+D923)gj'f:07 j:1’27"'3m7
(iD; + D? 4+ 2i3D)hy - f =0, 1=1,2,--- ,M —m,

M—m M—m

*Dz-l- Z U'H—mlpll f-r= Zo'g|gg|2+ Z Uz+m|Pl| [ha|? .
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General bright-dark soliton solution

The M -coupled NLS equation admits m-bright-M — m-dark soliton solution
A I &7
A I A T
.f:' I B ’hl:| I B sy 95 = -1 B oFf ) (31)
0 C; 0
where the elements defined respectively by
1 5 1 i — i AL
ai; = _titli | o) — _ (_1_’ f'@l> eSité | (32)
Di + Dj pi + Pj pj +1iB
m (k) (k)
_1 0O, OO
bij = =t s, (33)
= ) —m Ti4m|PL
(P: +p;) (1 + 2 (ﬁi+im)(pj—iﬁl)>
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Reductions from multi-component KP hierarchy

We consider a (m + 1)-component KP hierarchy with (M — m)-copies of
shifted singular points in first component. Based on the KP theory, the
following bilinear equations hold

(D:cz - Dil)gj -f=0,
(Dwg - D:I - 2i/8le1)hl -f=0,

_ (34)
DmlDyij)f - f =2g;9;,
Dm1Dm(_L)1-f * f - 2.f2 = _2hlﬁl 9
where j =1,2,--- ,m,l =1,2,--- ,M —m
Dimension reduction
m M—m
Y oif,o = . omlal’f0 = fa, (35)
j=1 =1
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Unified formula for the general soliton solution to the vector
CNLS equation(l)

Theorem
The M -coupled NLS equation admits general soliton solution

T
A I AD 71 A I @
f= 1= s9i=| —I B 0T |,
-1 B —-I B 2
0 C; 0

@ The general bright-dark soliton solution has been given previously. The
condition for the regularity of the soluton is given by

Ol+m .
(Z dgk)a. a(k)> <1+ Z 1+ |lgl||2> >0, 21=1,2,.-- ,N.
k 1

=1
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Unified formula for the general soliton solution to the vector
CNLS equation(ll)

The M -coupled NLS equation admits general soliton solution

A I &7

A I -
f= —IB’gj: —I B O )

0 C; 0

@ The general all bright soliton solution can be given if the element in
matrix B can be adjusted into

M _(k k
_ > k=1 az( )‘Tka§' )

bij = -
’ (P: + pj)

B.-F. Feng (UT-Pan American) General soliton solution to vector NLS November 22, 2014 28/30



Unified formula for the general soliton solution to the vector
CNLS equation(ll)

The M -coupled NLS equation admits general soliton solution

AO T

F= I B

9

’ l:‘

@ The general all dark soliton solution can be given ifb;; = é;;. The
reason lies in a simple fact that

A T
=|I+ Al.
|—I E [T+ A
ud oilpi|?

_]_,

= (P +iB) (pi — iB1) N
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Thank you!
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	Bilinear equations for two-bright-one-dark soliton solution of 3-coupled NLS equation



