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Structure of the talk]

m Point processes

m Palm probabilities

m Mecke’s invariant measure eguation
m Point maps

m Dynamical systems

m Point map probabilities




COUNTING MEASURES]

m Let ¢ be a finite or countably-infinite collection of points of IR,
without accumulation

m One can think of ¢

— either as a set of pointsyp = {t,} C IR?

— Or as acounting measure ¢ = Y &,




POINT PROCESS]

m /V: space of all counting measures
m \: o-field of M generated by¢ — ¢(B) € IN, B Borel sets of IR
m (2, F, IP): probability space

m A point process® is a(N, N )-valued random variable on (€2, F, IP)




STATIONARY POINT PROCESS]

m Let {0,},.p« be a measure preserving flovon (2, F, IP)

m A point process® is stationary if
the translations of ® are a factor of the flow 6;:

®o6,(B)=d(B+1t) Vit VB

m Implies the existence of an intensity\ assumed finite below




/
Palm Probability of a Stationary Point Process|
m Probability 1P, = IPy on (N, ) such that
— Mecke:
| reew@)ew @) = [ sz, Vi o
RIx RIx N
— Matthes:
E> 1 Lo
IPy(A) = 2 lneslaotyen o N,¥B Borel

E Z 1tneB 7

m The support of /7, is contained Iin
N': space of counting measures with a point at the origin.
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/ Palm Probability of a Stationary Point Process (continued) \

m Interpretation

— Conditional: distribution of the point process given that the origin
IS Included in the point process

— Ergodic: empirical distribution of the sequence{®o6, } for all points
t, of & in alarge ball




Point-Shift on Point Processes

m Maps each point of® to some point of®
m Point-Shifts in the literature:

— Point-Shift H. Thorisson 00

— Allocation rule e.g. byA. Holroyd & Y. Peres 05
m Initial motivations :

— Palm calculus

— Navigation on the points ofd

— Cracks in materials




Example 1 of Point-Shifts on Point Processes|
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Example 2 of Point-Shifts on Point Processes|

® S
Directional PS PM o s .
F.B. &
C. BORDENAVE o °
07 e

T progress of PM




Example 3 of Point-Shifts on Point Processes|

Closest-Closest PS
@ ®
@
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Example 4 of Point Shifts on Point Processes|

Directional PS on the
supercritical
random geometric graph

The PS a.s. leads to &rap
even when departing from points
In
the infinite connected
component.
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Factor Point-Shifts]

m Point Shift
fsupp(®) — supp(®) :  f(P,t,) =ty

m Factor Point-Shift:
there exists a functiong called the point map, defined on NV
which associates to each € N a point of its support and s.t.

f(tn) =1l,+go etna vn

m Notation: f, or g;
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Point Stationarity

m Theorem Mecke (1975)
If fis an a.s. bijective factor point shift, then its associate@oint map
g preserves the Palm probability of all stationary point processes. i.e.

(99>*1P5I’ — ]PO@’ Vo
Palm probabilities are the only probability measures onN' preserved

by all a.s. bijective factor point shifts.
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/ Point Stationarity (continued) N

m Example: Closest-closest PS

m Example of a.s. bijective factor point shifts visiting all points of a
Poisson point process inRk? in Ferrari, Landim, Thorisson 04




Mecke's Invariant Measure Equation

m Question
Let f be a factor point shift. Let ¢ denote its point map.
What is the set of all probability measures onN" satisfying

(04):Q=0Q 7 (1)

m The point stationarity theorem says that if f is bijective, the Palm
measure of any stationary point process solves (1).
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Invariant Measure Equation|

m Questionlf fis not
bijective, can we -
construct a solution to (1) . @
from the Palm probability , @

of a stationary point
process? I

m Neither strip PM nor ,
directional PM are

.;

bijective. Can we find
solutions to (1) for these
PMs?
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Notation for Point Shifts|

m Image of a point
xr € CI), f@(l‘) = f(q),l‘)

m Image of the point process

fo(®) = {falz), z € P}.

m Notation:
— M*Y(N): set of probability measures onN

— M*Y(NY): set of probability measures on/N"
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Four Actions of IV]

m Actions 7 = {m,} of (N, +) on the topological spaceX:
1 X = N, equipped with the vague topology, and for all, € N,

Tn(®) = 3@

1* X = M!'(N), equipped with the weak convergence of probability
measures onV, and forall @ € X, n € IN,

T(Q) = (f69); Q € M'(N)
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/ Four Actions of IN (continued)

2 X = N, equipped with vague topology, and’/¢ € N’ andn € N,
() = Ogn()(6) € N

2 X = M*Y(N), equipped with the same topology as/*(V), and for
all 9 € MY(N")andn € N,

mn(Q) = (Ogn(g)):Q € M'(N?)




N

Action 1

m Possible behaviors:

— p-periodicity

— Evaporation: Action 1 converges a.s. to the null measure of

m Let

[ ={pe N"VneIN,Jyc ¢s.t. fo(y) =0}

m Lemma 1 For all factor point shifts f and all stationary point pro-

cesse®, there is evaporation of® under f if and only if IP°[I] =0
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/ Action 1 (continued) I

m Example of p-periodicity
— Directional PS on the super-critical RGG:p =1
— Closest-Closest PS = 2

m Examples ofEvaporation

— Ferrari, Landim, Thorisson 04: If & is a stationary Poisson point
process inIRk?, then the strip PS evaporatesp

— The same holds true for the directional PS on a stationary Heson
point process inIRk?




Actions 1* and 2

m Actions 17 is only of interest in the non evaporation case

m Action 2 is not a topological dynamical system in dim> 1:

m Lemma 2 For d > 2, there is no continuous point map on the whole
NV other than the identity.
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Action 2*

m First g-Palm probability of &:
lPOq’l = (0y)« 11

m Interpretation: distribution of ¢ given that the originisin f(®),
considering multiplicities of the points of the image proces
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/ Action 2% (continued)

m n-th g-Palm probability of ¢:
distribution of ¢ giventhatOisin ()

PY" = (6,). P
taking multiplicities into account.

m Interpretation :
distribution of ¢ seen from a typical point of /().




Definition of Point Map Probabilities|

m Let

— g be a point map

— ¢ be a stationary point process with Palm distributionP
m Definition

— Every element of thew-limit set of Py under the action of { (0,2 ). }nen
will be called a g probability of P,

— If the limit of the sequence

{(00).Po}oZy = {P" 1oy
exists, it is calledthe g probability of P, and denoted byP]
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Neither Existence nor Uniqueness are granted

m Example with no converging subsequence:

B, (z): Ball of radius r and center z
m(z) .= ®(Bi(x))
f(z) = argminly — z[:m(y) > 2m(z)

PI[O(B1(0)) > 2n] = 1

m Examples with convergent subsequences with different lins
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Periodic Case

m Theorem 1If f := f, is 1-periodic on®, then the g probability Pj of
P, exists and is given by
fg®
Py = o, P,*
Furthermore P is absolutely continuous with respect tdP,, with

dP?  (f0) ({op

dp,  o({0})
In addition, Pj = (6,).[P

m Similar statements hold in thep-periodic case
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Evaporation Case

m Theorem 2
Assume

— ¢ evaporates under the action off,,
— the g probability ] of P, exists
— it satisfiesP; = (6,).Py,

then IPJ is singular with respect to P

m Relies on Lemma 1: underPy, I is of probability 1; under Py, it is of
probability O.
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Sample of the Point Process under its Palm Probability|
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Grey level proportional to the "age” of the point w.r.t. the PM
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Sample of the Point Process unde its Point Map
Probability
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A point is black if it has pre-images of all orders and grey otlrerwise
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Mecke's Invariant Measure Equation

m Consider the Cesro sums

n—1

~ 1 |
Pi" ==Y P§', neN.

n <
1=0

When the limit of P" exists (w.r.t. the topology ofM*(N?)), let

n—1

N 1 .
Pg — lim — g IP’%’Z.
n—o0 M, 4 -

Z:

In general, P{ is not a g probability.
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Mecke’s Invariant Measure Equation (continued)

m Theorem 3
Assume

m Proposition 1 N
If 6, is P-almost surely continuous, then(d,).. is continuous atP;

m Proposition 2 N
If ¢ isPJ-almost surely continuous, then(d,). is Pj-continuous

— there exists a s,ubs,equenc{eﬁf%””};’i1 converging to a probability I@g
— (0,), is continuous atP!

Then IP{ solves Mecke’s Invariant Measure Equation
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Construction of Point Map Probabilities|

m Tightness

m Markov
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Tightness Approach|

m Tightness LemmakKallenberg 1986
The sequence of point processes with distributiong),, is sequentially
compact iff for all bounded Borel B C IR,

lim limsup @,(®(B) > r) = 0.

m The tightness lemma gives a necessary and sufficient conaiti for the
existence of converging subsequencesmof’”.

m Example: Any point-map on the Matérn hard core model
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Markovian Approach|

m lllustrated by the Strip PS

m Proposition 3
If f = f,isthe strip PS on the stationary Poisson point process of#??,
then

—the sequencdF;" is convergent

— 0, is IPj-a.s. continuous
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Sketch of Proof]|

m B (0): right open half disk of radius r

m B (0): left closed half disk of radiusr

m Itis sufficient to show the convergence i3 (0) and B, (0) for all r.
m A" C Bf(0)and A~ C B, (0).
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Sketch of Proof]|

Pz > T

+ Strong Markov property of the Poisson point process.
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Directional PM]|

The edge process
(Un — Tn - Tn+1>
IS not a Markov Chain.

There exists a sequence of
finite stopping times (7.) S.t.

Dy, = (UTk7 e UTkH—l)

Is a V-irreducible, aperiodic
Markov Chain which admits a
small set and is
geometrically ergodic

/ —
N

i

=
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Conclusions]

m Transformations associated with point shifts lead to avariety of topo-
logical and metrical dynamical systemson stationary point processes

m The main new object of this presentation,point map probabilities,
generalize strictly Palm probabilities
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Future Research

m Ergodicity and mixing properties of the measure preservingransfor-
mations. partial results available on Poisson point processes.

m Better understanding of the space of solutions of Mecke’s invariant
measure equation

m Random dynamical systems on point processe9artial results on
random walks on this type of random medium
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