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1 Tue 11/9

Recall definitions:

G = SLs(F,), B—{(S fk)eG}, N—{(é i)eG}:rp,

and if ¢ : 7 — C* is a character, V|, = IndGep.
Also recall that:

e V, is irreducible if ¢? # 1.
e 11 = trivial @ Steinberg
We are working on the case where ¢ =: 7 is a quadratic character (72 = 1). We claim that

V, =V @V, and V. are each of dimension (p + 1)/2.
Recall that V, = {f : G — C with f(nag) = 7(a)f(g)}, where n € N and

a—<g a01>,a€|}_;.

Recall the definition of U: (Uf)(g) = 3 ,en f(w ' ng).
U : V,=>V,-1 is G-linear so if 7 = 771 (so U : V; — V) then V= are the eigenspaces of U.
Let’s verify that U is G-linear:

(UM = Uf)lgg)
= > flw 'ngg)

nenN

= (U(g1f))(9)
because (g1f)(w™'ng) = f(w'gg1).
Uf € Vz; does (Uf)(niag) = 7(a)(Uf)(9)?
(U1)(m0) = Tyer S0 tnmeg) = ey S0 naag); i na = (37) then mya = a (5 ””/1“2)
which we call n3. So ... =3 .y f(w™ lansg) = Y nseN fla=tw=tnzg), (since w™ Lw=1)

= (@) Dyen Fwnsg) = 1(@)(U)(g).
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Claim: U is an isomorphism.
Idea: Restrict U to a subgroup and diagonalize U. Consider V; as a representation of N. The

characters of N are
1 z
(5 1)ve

where 1)(z) is an additive character of F,. Fix a nonzero v; then any other character of [, is
of the form vy (x) := ¢ (tx), for some t € F,, (if t = 0, 9 is the trivial character).

We will show V, = @f;ol V! where V! is the 14-component of V,, meaning that if f;, € V!,
Je # 0, then fi(gn) = ¢(n) fi(g). Also, fi(niagnse) = 7(a)ir(n2)fe(g).

First, we claim that f; is determined by its value at 1, w.

Let’s use the Bruhat decomposition G = B U BwN: either g € B, in which case ¢ = na and
fi(g) = fi(na) = 7(a)fi(1), or g € BwN, in which case g = njawnsz and fi(g) = fi(niawnsy) =
7(a)r(ng) fr(w).

Case: t #0. fi(1) = fi(n-1) = fir(1-n) = (n)fi(1), since ¢y is not trivial, there is an n for
which ¥;(n) # 1 so that fi(1) = 0. Hence f; is completely determined by its value at w. Normalize

by letting fi(w) = 1.
1—0 1—1
fo_{le foo_{w»—>().

Case: t = 0. Let
These span V.? (which is therefore 2-dimensional).
To show V! are stable by U:
Ift #0: Ufy = Mfe for some Ay € C. To compute this Ay, (Ufy)(w) = Aefi(w) = A\ and

(Uf)(w) =3 en fi(w nw), where
(1) ()5 3)
(3 e DA e) 6T,

so fi(wtnw) = (- (@ ) fi(w) = P (—2~ 1)1 (271), (since w € N).
Hence

If x # 0, this is

Moo= Y (=2 ()

zeFy
= > 7(-a)(tr) (v —ah)
TEF
= 7(=t) ) T(2)(x) (tr— )
zeF
= g(7),
this last sum is a Gauss sum and equal to p, so g(7)? = 7(—1)p and g(7) = £/7(—1)p. (Gauss

VP p=1 mod4

iy/P p=3 mod 4 )
If t = 0 (continuing our computation of \;):
Using the fact that V.? is spanned by fo, fo and these are determined by their values at 1 and w,

actually proved g(7) = {



Ufo(1) =X en folw™n-1) =37 v vo(n) fo(w™) = fo(—w)IN| (as w™h = —w) = 7(=1)p;

and (with n as before),

Ufo(w) = Sen folwnw) = X yep 7(2) folw) = ¥er, 7(@) = 0;
Ufoo(1) = 3 pen foo(w™n) = pfoo(—w) = 7(=1)p foo(w) = 0;
U foo(w) = Zm;éo () foo(w) + foo(1) = 1 since foo(w) = 0.

So U acts on V; as (T(_Ol)p (1)) (with respect to the basis (fo, foo)) With eigenvalues +g(7).
So U diagonalizes as % g(7)’s followed by % —g(7)’s.

Let VE={f €V, :Uf = =+g(7)f} be the eigenspaces of U.

G preserves each space V, = V" & V.= (each of dimension %)

Summary: take any character ¢ : F; — C* and decompose V, to obtain the principle series:

Number Space Dim.

o? # 1 p%g Ve p 1‘11

=T 2 | 7 Vo =

p=1 2 trivial, Steinberg 1,p
This gives us % +4=2 ;5 representations; we need p + 4.
(There is some stuff I don’t understand here, and then .... )

Example, with p = 3. |G| =3+ (32 — 1) = 24. PSLy(F,) = SLa(F,)/{£1} ({£1} is the center).

This is simple for p > 3. For p =3, PSL3 ~ Ay.
Conjugacy classes look like

Triv. St. v+ V-

10

< 01 > 1 3 2 2
-1 0
0 1 > 1 3 -2 -2
1 1 1 0 1+£v/=3 1£/=3
0 1 2 2
I -1 1 0 1E/=3 1£/73
0 1 2 2

-1 1 1+/=3 1+V/=3
0 1 0 =

1 2 2
-1 -1 > 1 0 1E/3 12/73
0 -1 2 2
0 -1
10 ) 1 -1 0 0
1

We should be able to find some representation of A4 from here. The first two come from PSLs.

(& 5)«a2e



(é 1>H(123)

< é _11 ) « (132)

(There are still two representations of A4 we haven’t found.)
Example: p =5, PSLy(F5) ~ As.

10
<01> 5 3 3

(—01 _01) 5 3 3
(é i) 0 ¢ ¢
<(1) ?) 0 ¢ =
<01 _11> 0 ¢ ¢
<_1 _21> 0 ¢ =
(22) 1o
<‘; ?),x27é1 -1 0 0

where € = 1.,.\/57 ¢ =125 Some correspondences with As are

;
o= (1 1)
o= (3 2)
(3 7)
e~ (5,0 )

PSLy(Fy) ~ As, PSLy(Fg) ~ Ag, PSL4(F2) ~ Ag these are the only isomorphisms between the
PSL family and the alternating family.

2 Thu 11/11

Let H = p, x L x L, (p > 2) where L is a vector space over [, of dimension 2. Let B: Lx L — [,
be a nondegenerate symmetric bilinear form. Let

-3t



and

oo (015,

This is a non-degenerate skew symmetric form on L x L.
((ll, lg) (lll, l,)) = llBl, and \I/((ll, 0), (O, lg)) = B(ll, lg).
) = 627r7,/p\1j © = e?m/pq) bh=e2™pB.
The whole point is the connection
G = SLy(F,) — {Sp(U) : ( . ; ) — (u s o)}, where U = L x L, Sp(U) = {u: U —
U preserves ®}.
u = (l1,l2), uo = (I1,12) ( : g = (aly +7lz2, Bly + 6la).

(I; and Iy are themselves vectors of dimension 2.)

o — OfIQ ﬁ[g
vly | 61y )
o preserves @, i.e.

aly | vI 0 |B aly | I \ . _
( 51, | ok > ( "B 0 Iy [ o1 = ® using det(o) = 1.
We can embed Sp(U) in Auto(H) (these preserve the center).
(¢, u) = (Vo(w), uo)) where V,(u) = (LU2u2)y1/2,

P(u,u)
We have the Schrodinger representation of H,

p: H— GL(V)

where V = {f : L — C}, defined by p((,0) — (. The center acts by multiplication; ¢ € p, acts by
sending f to (f.

e (1,(11,0)) acts by I — f(I+ 1)
° (1, (0,[2)) acts by [l — f(l)\I/(l,lg) = f(l)b(l,lg)

If 0 € Auto(H), then the composition p” := p o o acts on the center in the same way.

By Stone-von Neumann, R(c)'pR(c) = p° for some R(c) € GL(V). Pick such an R(o) for
each 0. It’s well defined up to a scalar by Schur. It follows that c(o1,02)R(0102) = R(01)R(02)
for some c(o1,09) € C*.

R : G — PGL(V) is a projective representation. Can we lift it to GL(V)? Plan: let’s try to
understand R for some o € N, T and ¢ = w, and then extend with Bruhat.

) a O
Case (1) 0 = < 0 a- )
let h = (1,u) € H for notation.

Subcase (1): u = (I1,0) so uo = (aly,0). For f € V, (h?f)(1) = f(l+aly), (hf)(1) = f(l+11).
Subcase (2): u = (0,l2), uo = (O,a_llg). (h?f)(1) = b(a -1 2, 1) f(1), (hf)(l) = b(l2,1) f(1).

Define (R(o)f 1([

f(al). We claim that this works (satisfies R(c)"'pR(c) = p?).
Proof: (R(o)™'h aly) =

) =
R(0)f)(1) = (R(o)'hf)(al) = R(o) " f(a(l + 1)) = (
Case (ii}:azw—( 0 >



Subcase (1): u = (11,0), uoc = (0,11). (h7f)(]) =
Subcase (2): u = (0,12), uo = (—l2,0). (h7f)(1)
To find R, let’s define a “Fourier transform”:

= L7723 pn(, 1)

l'el

b(l, 1) f (1), (RF)(1) = f(L+ 1)
= f(I=1la), (hf)(1) = b(l, 12) (D).

and define fi(l) = f(l +11). Then
FAM) = L7 A, -T)

l'eL

= [LI7V2 " A+ Db(, )
l'eL

= L1720 AL " + 1)
l//eL

= (1, )Ff(D).
Now Fh=h’F = FhF'=h" = R(( %)) ="
Case (iii): 0 = < L x)xe[l-_.

0 1
Subcase (1): u = (11,0), h7 = (Vs (u), (l1,xl1)), uoc = (I, zl1);
U(uo,uo) = V((l1,zl), (l1,zl1)) = B(ly, xly),

W (u,u) = ¥((l, )(ll, 0)) =0,

s0 v (u) = b(ly, 1)"/?

(R f)(1) = b(ll, zl)x/%(l ) fF+ 1) = b1y, 1) 26(1L, 1) f(1+11);
(hH)A) = f+ ). ,

Claim (R(o)f)(1) == b(1,1)*/2f(1) = em@BULO/P (1) works:

(R(o) " hR(0) f)(1) = (R(o) " R)(F(Db(L,1)*/?)
=R(o) " fI+ )b+ 13,1+ 14)™?
= b(L, 1) 2o(L+ 1y, L+ 1) f (L + 1)
= b(1, 1) b1, )2 F (1 + 1)
= (R7)(1)
Now use Bruhat to define R(o) for arbitrary o (v # 0):

(a B\ (1 ay? 0 —y! 1 oyt
wo= (55 ) =00 )0 ) )

define R(o) = R(...)R(...)R(...).
Verify: if 01,09,0109 € G\ B, then ¢(o1,02)R(0102) = R(01)R(02) with

( ) +1 (I) — done — principal series
01,02) =
b2 —1 (II) — replace R by — R on G\ B — cuspidal series

(Something missing here....)
Consider characters of the circle group

)\:Kz{'ye[l-_;;:h\lfyzl}atﬁx.

If A2 # 1, Vy is irreducible of dimension p — 1. If A2 = 1, V), splits into V/\+, Vy~ each of dimension
%. These give the missing representations. Case (I) recovers what we did before.



