Perverse sheaves on cell-stratified space
(after R. MacPherson)
Notes for Math 278, Fall 1996

1. EXTENSIONS BETWEEN SIMPLE OBJECTS

Let X' be a regular CW-complex. This means that X is a CW-complex such that
the closure of each cell (" is homeomorplic to the closed ball (in a way compatible
with the structural homeomorphism of ¢ with the open ball). Let p: Z.g — Z be
a perversity function, such that p(0) = 0. 0 < p(m) — p(n) < n —m for m < n. We
consider the category C of perverse sheaves on X with respect to p, smooth along
the stratification by cells. Let € be a cell in X, i : € — X be the inclusion.
Let iz O = X be the inlension of the closure of €. The simple objects of C are
Goreskv-MacPherson extensions £ = ic Qe [—p(C)]. where p(C) = p(dim C). Let
us call an teger @ > 0 of type « if p(i) = p(i — 1) — L. and of type ! otherwise (i.e. if
plr) = pli = 1)). It is convenient to assume that 0 is of both tvpes. We sayv that a
cell €' is of tvpe # (vesp. of tvpe D) if dim O is.

Lemma 1.1. For (1//1/ cell C we have P o= ieaQe [=p(CY] if C s of type . and
P~ i Qe [=p(CV] if i is of type . In the latter case Pe ~ iz Qe[—p(C)].

Proof. This follows casily from the fact that if j : B — B is an inclusion of the open
ball iuto its closwe. then ,Qp ~ Qp. O

I this sitnation R. MacPherson defines a perverse dimension of a cell Chas 6(C) =
o(cim (") where {d(d)] is the munber of i's. 0 < i < d. which are of the same type as
o (in partiendar. o(0) = 0). the sign of §(d) for d > 0 is detined by the following rle:
Oy 2> 01f o 1s of tvpe xand 9(d) < 0 otherwise. Notice that 0 maps every interval
0. d] (d > 0) to an iuterval of integers containing zero. and the above definition
establishes a bijective correspondence between perversities and maps 6 1 Z oy — Z
with this property.

From now on we assume that the cell decomposition of X satisfies the following
condition:
for every pair of cells C and C'. the intersection C N C' is either empty
or homeomorphic to a closed ball.

Below we compute Ext-groups iu the derived categorv of sheaves on X' between
siiple objects of C.

Proposition 1.2. Let C and C" be cells. Then Ext'(Pe. Per) = 0 unless i # 6(C) —
o(C"). Furthermore, Ext™(Pe. Per) is non-zero precisely in_one of the following cases:
1) both C'" and C" are of =-type (rf'sp Utype) and C' C C (resp. C < 7). 2) C is
of w-type. C'is of -type and the intersection C N C' is non-empty. In these cases
Ext (P Pev) is one-dimensional.
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